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Antenna Subtraction

* NNLO subtraction scheme:

* Antenna functions describe the emission of unresolved partons between a pair of hard
radiatiors;

* Real emission subtraction terms are constructed with antennae and reduced matrix
elements.
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Antenna Subtraction

* Flexibility;
* Fully analytical integration of antenna functions;

* Locality;

Succesfully applied to a variety of LHC processes in the past decade with NNLOJET:

Full NNLO formulation . I .. )
with hadronic initial states Z] [JJ (LC) ] [VBF H] [VH] VHJ
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Antenna Subtraction

Limitations:

* Poor scaling with the number of external partons 7. Increasing 7, beyond previously
available results requires a lot of work.

 Highly non-trivial construction of subtraction terms beyond leading colour for n, > 4.

e.g. dijet production @NNLO: LC FC

[Currie, Gehrmann-De Ridder, [Chen, Gehrmann, Glover, Huss, Mo ‘22]
Gehrmann, Glover, Huss ‘17]
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Antenna Subtraction

Limitations:

* Poor scaling with the number of external partons 7. Increasing 7, beyond previously
available results requires a lot of work.

 Highly non-trivial construction of subtraction terms beyond leading colour for n, > 4.

e.g. dijet production @NNLO: LC FC

[Currie, Gehrmann-De Ridder, [Chen, Gehrmann, Glover, Huss, Mo ‘22]
Gehrmann, Glover, Huss ‘17]

A new formulation is required:

e automation and efficiency;

* improved understanding/organization of the subtraction infrastructure;
* n, = 9. 3-jet production @NNLO [Czakon, Mitov, Poncelet ‘21]
*(np>57)
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Colourful Antenna Subtraction

Traditional approach

[ Virtual subtraction terms ]

A

Must be analytically analytical integration
integrable over d®,.q

4[ Real subtraction terms ]
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Colourful Antenna Subtraction

Traditional approach

[ Virtual subtraction terms ]

A

integrable over d®,.q

4[ Real subtraction terms ]

[MUSt be analytically ] analytical integration

New approach

Virtual subtraction terms ]

Must be written in a
suitable way for the
unintegration

\4

“unintegration”
or insertion of
unresolved partons

[ Real subtraction terms ]
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Colourful Antenna Subtraction

Traditional approach

[ Virtual subtraction terms ]

A

integrable over d®,.q

4[ Real subtraction terms ]

[ Complexity lies in the real radiation ]

[MUSt be analytically ] analytical integration

New approach

Virtual subtraction terms ]

Must be written in a
suitable way for the
unintegration

\4

“unintegration”
or insertion of
unresolved partons

[ Real subtraction terms ]

[ Predictability of virtual singularity structure ]
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Colourful Antenna Subtraction

Traditional approach New approach
[ Virtual subtraction terms ] Virtual subtractio”
A \*\
Must be writt~ ,O(\

MUSt be analytically ana|ytica| integration SUlltable v 06 1 of
integrable over d®,.q unin* \\)O ~uived partons

4[ Real subtraction terms ] L i Subtraction terms ]

[ Complexity lies in the real radiation ] [ Predictability of virtual singularity structure ]
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Colourful Antenna Subtraction @NLO

Partonic cross section @NLO:

A _ AR
doep,NLO = /(daab NLO T d%b Nro) + / doap NLO
n n+1

Subtraction @NLO:

. _ AV AT ~R
doep,NLO = /[d%b,NLo —do 4 NLo) ‘|‘/ [d6b NLo — daab NLO
n n+1

~ S
d%b NLO — /d%b,NLo d%b NLO
1
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Colourful Antenna Subtraction @NLO

Partonic cross section @NLO:

A _ AR
doep,NLO = /(daab NLO T d%b Nro) + / doap NLO
n n+1

Subtraction @NLO:

. _ AV AT ~R
doep,NLO = /[d%b,NLo —do 4 NLo) ‘|‘/ [d6b NLo — daab NLO)
n

n+1
4 )
A ] Goal:
[d%b NLO = /1d0asb,NLO d& 5N NLOJ * generate dé”
 systematically infer ds°;
. J
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Colourful Antenna Subtraction @NLO

IR singularity structure in colour space at one-loop: [Catani ‘98]

AL o) = TW (e, u)| A2 ) + finite terms

1 1 eVE 1 b() —Si4 —c 11
) = Y @ T I e I )= i |5+ 2 () w=
(i,9) "

The virtual correction IR poles can be extracted in a general way:

Poles (d64,) = Ny / d®,, J"(®,,) Poles

Z <A2+2 T - T A2+2> 2Re (Iz(glg)g (€, Ng))]

(ig:d9)
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Colourful Antenna Subtraction @NLO

We define a new dipole operator in colour space:

. . . . 1
T = 3" (T Ty) I (igajg) + > (T1-Ta) IS (Lg,ig) + > (T Ti) J5 (2, 49) + (T1 - T2) I3V (14,2)
(i,5)>3 i#1,2 i#1,2

One-loop colour stripped integrated dipoles:

1
1),. .
Ty (ig.g) = 573 (s1)
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Colourful Antenna Subtraction @NLO

We define a new dipole operator in colour space:

. . . . 1
T = 3" (T Ty) I (igajg) + > (T1-Ta) IS (Lg,ig) + > (T Ti) J5 (2, 49) + (T1 - T2) I3V (14,2)
(i,5)>3 i#1,2 i#1,2

One-loop colour stripped integrated dipoles:

W, . 1, Integrated antenna functions
gy (igydg) = 5}—3 (si5)
1 g )
J2(1)(19a.79) = §f??,g(81j)|“ §Fglg)($1)52
I (15:29) 4 F gylorn) [ gT0 e = 5T @ | (o
. VAN ) Splitting kernels
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Colourful Antenna Subtraction @NLO

The following relation holds:

IPOlGS |:J2(1)(ig7jg)i| | IPoles [Re (Iz(gjg (€, ,UJ%)>L

Integrated IR singularities
antennae of one-loop ME

The virtual subtraction term @NLO is constructed as:

dxi dos n
ATy wio =Ny [ SC200, T1(®,) 2040, T VA0 )
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Colourful Antenna Subtraction @NLO

Construction of the real subtraction term:

~5 _ ~T
dagg,NLO = —1Ins [dagg,NLO}

remove splitting kernels from the integrated dipoles;

replace integrated antennae with their unintegrated counterparts according to:

FF: F3(sij) — 3 f5(i, k, j), IF: F3 ,(s13) = 2 f3 ,(1,k,4), IL: Fy  4(s12) = F3 (1 k,2)

perform a momenta relabelling in any function accompanying the antennae (matrix
elements, jet function, ...):

f(...,pi,...,pj,...)—>f(...,pz.~k,...,pgjf,...)

adjust phase space and overall factors and sum over permutations of external momenta;
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Colourful Antenna Subtraction @NNLO

Partonic cross section @NNLO:

~ . ~VV ~MPF,2 ~RV ~MF,1 ~RR
dGab,NNLO = /(daab,NNLO +dé, Nvro) T / (d6oy nvro + 40 NNro) T / Aoy NNLO
n+1 n+2

n

Subtraction @NNLO:

ARV AT
[d6oy Nvro — d0u NNLO) + /

N . /\VV "U
doep,NNLO = /[d%b,NNLo - dUab,NNLo] ‘|‘/
n n+

~RR ~ 5
[d%b,NNLo - d%b,NNLo]
n+1 2

A S _ A S,l A 5,2
dog, Nnvro =0, nyvro T A0 NN Lo

AT _ AVS AS,]. /\MF,].
Aoy NNLOo = A0y NNLO — /d%b,NNLo - dUab,NNLo
1

U _ VS A 5,2 ~MF,2
Aoy NNLO = —/d%b,NNLO — /d%b,NNLo - d%b,NNLo
1 2
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Colourful Antenna Subtraction @NNLO

Partonic cross section @NNLO:

n

~ . ~VV ~MPF,2 ~RV ~MF,1 ~RR
dGab,NNLO = /(d%b,NNLO +dé, Nvro) T / (d6oy nvro + 40 NNro) T / Aoy NNLO
n+1 n+2

Subtraction @NNLO:

~ _ /‘VV AU
doep,NNLO = /[d%b,NNLo - dUab,NNLo] ‘|‘/
n

ARV AT
[d6oy Nvro — d0u NNLO) + /
n+1

n—+

5.2 N\ (Goal: )

A S _ A
dog, Nnvro =0, nyvro T A0 NN Lo

~RR A5
[d%b,NNLo - d%b,NNLo]
2

generate déV ;

AMF,]. —

T VS .51 systematically infer part of d&7';
Aoy NNLOo = A0y NNLO — /1d%b,NNLo - dUab,NNLo y Y P

generate missing part of ds7;

~U _ ~VS ~S,2 ~MF,2 i - ~S .
d6%, Nnro = —/d%b,NNLo _ /d%b,NNLo —dé systematically infer dé” ;
1 2

ab,NNLO) \ j
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Colourful Antenna Subtraction @NNLO

IR singularity structure in colour space at two-loop: [Catani ‘98]
o [Bern, De Freitas, Dixon ‘03]
|AZ ) = I(l)(cs,,u72“)|A1 o) + I (e, p)| A2 ) + finite terms [Becher, Neubert ‘09]
10 (e.p2) =~ 3057 (T 7)) (T T) T (e i) (e,
2 () (o)
by,

1 2
ST THI (e 12) + D (Ti - TH) TS (e, 12)
(¢,9) (i,5)

(2) 2\ _ _—€VE
Iigjg (67 Iur) =€ € lglg

(1 — 2¢) (bONC

N. )™M (2 (2) _ o™
F(].—G) +k0 ) igdg ( € :ur) H; ()7 kO G’

@ (o ¢ Nets5 AL 5 G
Wi = 5ra=g e 2t T

29/04/2022 Loops and Legs in Quantum Field Theory




Colourful Antenna Subtraction @NNLO

We define a new dipole operator in colour space:

TD =N 3 (T -T;) I (i gg) + Ne D (T1-Ti) 5 (1g,9) + Ne > (T2 - Ti) J$(24,1g) + Ne(T1 - Ta) J5P (14, 2)
(i,5)>3 i#1,2 i#1,2

Two-loop colour stripped integrated dipoles:

L 1 1 1bo (Isii|\ ° 1
Ky = 170+ g7+ 5 (B mp S e

2 , 1 1 1bo (|s15]\ ° 1 1=(2)
K00 = 570+ 370+ g (B8 8, - R, 0, - ST e

99

adj 1 n.adj bO S12 - ]-_(2) 1_(2)
I3 (1g,29) = Firge + S Fags™ + Fi gy + = (' - ') FR g0~ T899 ® T3 gl = 5Tgq (11)02 = 5Tg (w2)1

e \ 12 9" 99
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Colourful Antenna Subtraction @NNLO

The following relation holds:

Potes | 1§71y dy) = "0 iy dy) | = Potes e (22, (e - 222 () )

| | | ‘ |
Integrated IR singularities
antennae of two-loop ME

The double virtual subtraction term @NNLO is constructed as:

dil?l dxz

d6gg NNLO =va/w—1x—2d<1>nJ;”‘(<I>n)

X2{<Ag+2|~7(1)|A711+2> -+ <A7lz—|-2|*7(1)|A91—|—2> — <A2+2|~7(1) & J(l)|A%+2>

_ boNg

(Aol T WA o) + (49| T P49, }
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Colourful Antenna Subtraction @NNLO

e Single insertion from VV to RV; 46U daUb 45U
A% U, ag U, a 2(U,b) J- —(U,b) A9xD Xl Gxd | ay
 New terms at RV level: L |
c.id. a.c.c.| |-xfay 2047
+ e-finiteness; T T -

T,C] d T,Go = T,Cz

+ Oversubtraction;

+ Large angle soft radiation; RV My || X} Jx

dgTe dg ™t o’ dg™b2 dgTbs

Single insertion from RV to RR;

RR daSae d&Sd dgSc déS:b2 dgsSh

Double insertion from VV to RR
(iterated or simultaneous);
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Colourful Antenna Subtraction @NNLO

Simultaneous insertion of two unresolved gluons:

A A 0
AGSh = ~Tnsy |dgVeX |

Practically analogous to a single insertion with:

FF: F(si) > 4[FRa (0,1 5) + FQ, k1,5
IF:  FQ (s1) = FP(1,k,14);
I Fyal(s12) = FQ(1,k,1,2);

Fypt(s12) = FP(1,k,2,1);

and suitable NNLO momentum mapping.
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Status

e Systematic construction of the real virtual and double real subtraction terms;

* Full N.dependence retained working in colour space;

0000000000000000

* Numerical validation of the subtraction terms against
matrix elements; S
] NNLOJET pP(99)-999 Vs=13TeV Lo _QVNLOJET pp(gg)~999 Vs =13TeV
* Successful computation of gg — ggg @NNLO o i e
in the gluons-only assumption (see 2203.13531); :
o — .

Hr [GeV] Yios
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* Inclusion of the fermionic degrees of freedom:
* quark-gluon and quark-antiquark integrated dipoles: Done;
 Insertion of an unresolved quark-antiquark pair: Done;
* Improvements in the ds7>c sector: Work in progress;

* Identity chaging contributions: Worlk in progress;

 Calculation of pp - jjj @NNLO in full colour;
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Thanks for your attention!



Backup: colour space

A0y = Y Te(T%m . T) AN (o (py), ..., (pn))
oc€ESH/Zn
[n/2]+1 Cpio=NTr(Tw® . T%m)
|A}z> — Z Z ck,c,aA}z(O-(pl) 7777 0(pn))
c=1  0€S,/Sn.c Cpeo=Te(Tw® T )T (T% . T%m)

fe(pn) =g 41 Co(0,0") ab (0, 0"; {p})

ap (0,0’ {p}) = AN (e({p})) A5 (0" ({p}))  ap (0,05 {p}) = 2Re [A}, .(o({p})) 4] (o' ({p}))]
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Backup: MF @NLO

Exploiting colour conservation any operator proportional to the identity in colour space can
be written in terms of colour charge dipoles:

Y T;=0, Y T;-T;=-T;-T;=-C;Id

]
The mass factorization counterterm can be written as:

~ dil,’l d.CUQ n
oo =Ny [ TEETAD, @A [T A0 )

T (21, 22) = = [0 (21)0(1 — 22) + T{H (22)5(1 — 21)] o ZT T;, T (x) =—=Nep),(z)
i7]
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Backup: VV poles

The double virtual correction IR poles can be extracted in a general way:

Poles ( ) Nyv / do, J (P, _ . . L :
one-loop dipole insertion within one-loop amplitude

«Poles{ 'S 2Re [11) (e.12)] [(AL oI T, - T, A5} + (A2 [T, - T, AL )]

(ig,dg)
5 S S e[ ()] 2Re [711) (i) (Ao, T ) (T, - T, ) A
| (7'9 Jg) (kgilg) double one-loop dipole insertion |
bON

Z2Re[ J) (€, '“72”)} (Api2|Ti, - Tj,|Anss)

(4,9)
two-loop dipole insertion

IZ 2Re [ (€ ,Ur)] <A2—|—2|T TngAn—|-2>|}
(2,9)
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Backup: MF @NNLO

Analogously to the NLO case, the double virtual mass factorization counterterm is expressed
in colour space:

X dxy dx ng
do %5\’21\%0 = NVV/—1—2d(I) Tn® {(A2+2|I‘(1), ($1,$2)|A717,+2>+<A717,+2|I‘(1)- (3717$2)|A91+2>

99;99 99:99

1
—2(AS 5l Tge © TO] (@1, 2214010 + 5 (A% 2l TGy © Tlgg] (@1,22)|45. 1)

_ boNg

€

©(AD o ITGL) o (@1, 2) A0 o) + (A T (21, 72)] A9 10) |

—(2 —(2
T (1, 22) = —[T0 (21)0(1 — m) + T (22)5(1 — 1) ZT T,
A iz
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Backup: validation RV

t = logqy (]1 — ME/sub))

Single soft, LC Single collinear, LC
17501 Points: 10000 — x=10" 1600 points: 10000 — x=10"°
outside: 0/5 — x=10"° outside: 0/29 — x=1077
10/0 1400 0/0 — x=10"°
1500 52/0 0/14
1200
1250
0 »n 1000
c c
1000
g ¢ 800
w w
# 750 * 600
500 400
250 200
=10 o
Single soft, SLC Single collinear, SLC
points: 7500 — x=10"* — x=10"% —— x=10"° 1000 points: 10000 — x=10"° —— x=10"7 —— x=10"°
1600 outside: 0/724 outside: 0/3246
0/24 0/911
1400 0/26 800 0/222
1200
wn %]
‘€ 1000 2 600
g 2
w800 W
#* #* 400
600
400 200
200
0 0 =
=10 -9 -8 -7 —6 -5 —4 -3 -2 -8 -7 -6 -5 -4 -3 -2 -1
try try
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Backup: validation RR

t = logqy (]1 — ME/sub))

Double soft, LC

10001 points: 10000 — x=10"3
outside: 5/6 — x=107*
35/0 — x=10
150/0
800 /
2
£ 600
[
>
]
* 400
200
0—8 -7 —6 =5 —4 -3 -2
trRr
Double soft, SLC
1000 X
points: 10000 — x=107 — x=10"* — x=10"°
outside: 0/2048
2/449
800 2/114
£ 600
c
[
>
1w
# 400
200
G—8 =7 -6 =5 -4 -3 -2
trr
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1000

800

o
o
o

400

Soft and collinear, LC

points: 10000
outside: 0/932
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trr
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Backup: Computational setup

VV ME 5-gluon two-loop: public C++ implementation;

[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov ‘19]
[Abreu, Cordero, Ita, Page, Sotnikov ‘21]
[Chicherin, Sotnikov 10] [Gehrmann, Henn, Lo Presti 18]

RV ME 6-gluon one-loop: OpenLoops, crucial IR stability;

[Buccioni, Lang, Lindert, Maierhéfer, Pozzorini, Zhang, Zoller ‘19]

RR ME 7-gluon tree-level: analytical;

Subtraction terms 5- and 6-gluon tree-level, 5-gluon one-loop: analytical
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Backup: ggggg @NNLO

NNLOJET pp(gg)—=ggg Vs =13TeV NNLOJET pp(gg)—~ggg Vs=13TeV NNLOJET pp(gg)—ggg Vs =13TeV
102 —— LO —— NLO —— NNLO-LC —— NNLO-FC 103 —— LO —— NLO —— NNLO-LC —— NNLO-FC 104 —— LO —— NLO —— NNLO-LC —— NNLO-FC
10°
102 NNPDF31_nnlo_as_0118 102 NNPDF31_nnlo_as_0118 101 NNPDF31_nnlo_as_0118
Fg 7-point scale variation Fﬁ 7-point scale variation § 7-point scale variation
= . = 10! - = 107 -
- 10! He=pr=Hr = He=pr=Hr = Hy= e =Hr
> > S 1072
=~ =~ 100 =
Q qQ Q e
3w 3 2
3 S 107 5 10
107! 10-6
1072
1077
102 1o
1.5 125 15 =
'_I_| I | T
] 2 100 - : : 2,10
%90 : . %9 — °9
=52 w2075 =2
4 4 - 1 < 05
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o : co i 0o
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Backup: ggggg @NNLO
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. e .
—— LO —— NLO —— NNLO-LC —— NNLO-FC —— LO —— NLO —— NNLO-LC —— NNLO-FC 3.0 —— LO —— NLO —— NNLO-LC —— NNLO-FC
2.0 2.0
NNPDF31_nnlo_as_0118 NNPDF31_nnlo_as_0118 25 s o NNPDF31_nnlo_as_0118
E 15 7-point siale variation E 15 7-point sciale variation E 2.0 7-point sfale variation
~ e == Hr o ue=pr=Hr o He= = Hr
= = S
3 10 3 10 3
3 3 3
3 3 3
0.5 0.5
0.0 0.0
1.25 1.25 1.25
PR — .
o  1.00———xf e o 1.00 e SEEE g 100
24 : 1 7 1 ; 7 24 : T ] T ] 24 ; T ] T 7 ; 7
o e} o3
s=2o0rsy £Z075 2Z0.75
4 -4 4
0.50 0.50 0.50
00 05 10 1.5 20 25 30 35 40 00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40
|1Ayl2 |1Ayla3 18yl23
. !\lNLO]ET pp(99)-g999 V5=13TeV NNLOJET pp(99)—999 V5 =13Tev NNLOJET pP(99)-999 V5 =13Tev
" e .
— LO — LO 40 —— LO —— NLO —— NNLO-LC —— NNLO-FC
0gl — Mo = 5] — NLO
| — NNLo-LC — NNLO-LC 35 NNPDF31_nnlo_as_0118
—— NNLO-FC —— NNLO-FC -
..:1 06 E 4 § 7-point scale variation
- NNPDF31_nnlo_as_0118 ~ 5 30 fr=pr=Fr
§ 0.4 7-Point scale variation g 3'; 25
k) P s} o |
B Hr=pr=Hr B 2 &
© 02 © NNPDF31_nnlo_as_0118 ©20 5 L ==
1 7-point scale variation 15
0.0 0 M= He=Hr .
0
3 15 1.2
o 2 <] 2 10 _——y
2 S L =
° ; ° g " 5 g ' — |
5 = 5Zos
5% &% 0s & —._.—-—'—'_,_
0.6
91/2 3n/4 n 0‘91 2 3n/4 4 n/4 nf2
Adi2 Apys Agos

29/04/2022 Loops and Legs in Quantum Field Theory




Backup: ggggg @NNLO

NNLOJET pp(gg)—ggg Vs =13TeV NNLOJET pp(9g)—+ggg Vs =13TeV
10° — L0 — NLO — NNLO-LC —— NNLO-FC 105 — L0 — NLO —— NNLO-LC —— NNLO-FC
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Backup: scale variation
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