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Outline:

- Negative energy states: part of a complete basis 
- Example where important: bound muon decay
- Qualitative picture: Klein paradox vs. bound state wave fnc
- Dirac vs. Klein-Gordon
- Remaining qualitative questions



Complete basis: states with both signs of energy 
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Example: Dirac equation for a free particle

We solve it by substituting 
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Resulting spinors u,v form a complete basis in which any wave function can be expanded

negative energy states



Example where E<0 important: bound muon decay



Bound muon decay: why do we care?

Muon-electron conversion searches

Mu2e
Fermilab

COMET
J-PARC

DeeMe
J-PARC



Bound muon decay into a bound electron

Al

µ
What is the
probability
of binding of
the daughter
electron?



Bound muon decay into a bound electron

Bound particle wave function can be expanded in plane waves

negative energy states:
neglected in the “alchemy” paper:



Bound muon decay: our study



Why such large effect of negative energies?

Tentative explanation:

The decay happens where the muon and the electron wave functions overlap.
This is a tiny fraction of the electron's range, close to the nucleus.
In that region, E < 0 is relatively likely.

Check: position space calculation

Our position space and
momentum space evaluations
agree (if both A and B included).



Origin of negative energy states
in the bound-particle wave function

Remember Klein paradox?



Bethe’s work on the Dirac case

First step towards understanding the origin of E < 0 states: their probability

Effective coupling constant if the nucleus has Z protons:

Decompose H-atom ground state wave function in plane waves,

1,2,3,4

We want to set up an integral equation for the Fourier coefficients, 



Integral equation for Fourier coefficients

Start with the usual Dirac equation with V(r): Coulomb potential

Fourier coefficient of the negative energy part can be found approximately for small Z,

The only sensitivity to the position wave function: at the origin, 

Pairs created only near the origin, where the potential is strong.
We use the result to compute the probability of E < 0:
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Probability of negative energy states
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Two-component form of Klein-Gordon equation

How can we separate the E < 0 part of the KG wave function? 
(It has only one component, not four.)

Convert this 2nd order equation into a system of two 1st order equations,

Fourier transform and decompose into positive/negative energy parts,

Feshbach & Villars



Two-component form of the KG equation
Feshbach & Villars

Integral equation form:



Probability of E < 0 for spin 0
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Summary

We now know the probability of finding a E < 0 state in the H-atom, 
for spins 0 and ½

Remaining qualitative questions
- what Feynman diagrams leads to large corrections at moderate Z?
- can one explain the ratio of 4 between Dirac and Klein-Gordon cases?
- why is the critical charge twice smaller in the Klein-Gordon case?


