
Towards the automation of the 
Local Analytic Sector subtraction

Sandro Uccirati


University of  Torino   -   INFN Torino

Loops&Legs 2022

In collaboration with:


Gloria Bertolotti, Lorenzo Magnea, Ezio Maina, Giovanni Pelliccioli, 

Alessandro Ratti, Chiara Signorile-Signorile, Paolo Torrielli



 Frixione-Kunst-Signer (FKS) subtraction

 Catani-Seymour (CS) Dipole subtraction

 Nagy-Soper subtraction

Frixione, Kunszt, Signer


Catani, Seymour, Dittmaier, et al.


Bevilacqua, Czakon, Kubocz, Worek

Automation of subtraction at NLO based on

 Antenna subtraction

 CoLoRFul subtraction

 Sector-improved residue subtraction

 Nested soft-collinear subtraction

 Local analytic sector subtraction

 qT-slicing

 N-jettiness slicing

 Projection to Born

 Sector decomposition

 ℇ-prescription

 Unsubtraction

 Geometric

Gehrmann De Ridder, Gehrmann, Glover, Heinrich, et al.


Del Duca, Duhr, Kardos, Somogyi, Troscanyi, et al.


Czakon et al.


Melnikov et al.


Magnea, Maina, Torrielli, U. et al.


Catani, Grazzini, et al.


Boughezal, Petriello, et al.


Cacciari, Salam, Zanderighi, et al.


Anastasiou, Binoth, et al.


Frixione, Grazzini


Rodrigo et al.


Herzog

The long way to automation of subtraction at NNLO …



Structure of subtraction at NLO
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 𝑉  has explicit poles in 𝛜, 𝑅 diverges in phase space integration
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 Introduce counterterm 𝐾 and its integral 𝐼

 𝑉+𝐼 is finite in 𝛜, 𝑅-𝐾 converges in phase space integration

 𝑉  has explicit poles in 𝛜, 𝑅 diverges in phase space integration



 Separate the phase space with sector functions
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FKS SECTOR FUNCTIONS
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wij ! 0

when particle i becomes soft

when particle i and j become collinear

Sum rule:

allows to get rid of sector functions for analytical integration

Local Analytic Sector subtraction at NLO



”few” singular limits survive: Si
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Sector

 Separate the phase space with sector functions


 Identify counterterms through IRC limits


(1� Si)(1�Cij)R Wij = R Wij �Kij = finite
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Barred limits are defined such that satisfy

and allow a proper mapping of momenta from R to B phase space

Barred limits = Limits + Mapping

Local Analytic Sector subtraction at NLO



 Separate the phase space with sector functions


 Identify counterterms through IRC limits


 Mapping of outgoing momenta {𝒌}


CATANI-SEYMOUR MAPPINGS
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Local Analytic Sector subtraction at NLO



 Separate the phase space with sector functions


 Identify counterterms through IRC limits


 Mapping of outgoing momenta {𝒌}


 Based on 3 momenta
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Integration gives just 
Gamma functions !!



 Modulate non singular contribution of counterterms


 Analogous to 𝜶 parameter in CS or 𝜹 and 𝝃 in FKS


 Smooth modulation


Damping factors
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Integration still gives just 
Gamma functions !!
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Implementation in MADNkLO:
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e+e�! j j V + I = 26.647± 9 · 10�5 V + I = 19.985± 7 · 10�5 V + I = 6.662± 2 · 10�5

[fb] R�K = �6.665± 0.006 R�K = �0.005± 0.006 R�K = 13.317± 0.006
p
s = 1 TeV �NLO�LO = 19.982± 0.006 �NLO�LO = 19.980± 0.006 �NLO�LO = 19.979± 0.006

pp ! Z V + I = 3981.2± 0.6 V + I = �3472.9± 1.4 V + I = �9163.2± 1.2

[pb] R�K = 2829.2± 0.1 R�K = 10284.3± 0.3 R�K = 15974.5± 0.5
p
s = 13 TeV �NLO�LO = 6810.4± 0.6 �NLO�LO = 6811.4± 1.4 �NLO�LO = 6811.2± 1.3

pp ! Z j V + I = 7172± 2 V + I = 5243± 2 V + I = 3623± 2

[pb] R�K = �3396± 15 R�K = �1420± 15 R�K = 152± 13
p
s = 13 TeV �NLO�LO = 3776± 15 �NLO�LO = 3823± 15 �NLO�LO = 3775± 14

Python framework to automatically 
generate all ingredients for NLO and NNLO
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PDF set: PDF4LHC15

µR = µF = MZ

 Cancellation of phase-space singularities checked up to pp →!"#


 Validation with MG5 on physical cross-sections

Hirschi, Deutschmann, Lionetti, et al.



Structure of subtraction at NNLO
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𝑉𝑉 and 𝑅𝑉 have poles in 𝛜, 𝑅𝑉 and 𝑅𝑅 diverge in phase space
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Let’s insert counterterms !
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Wijjk : Si Cij Sij Cijk SCijk

Wijkj : Si Cij Sik Cijk SCijk SCkij

Wijkl : Si Cij Sik Cijkl SCikl SCkij
<latexit sha1_base64="fWF2JS/LW7dQsf+q9LlZTcpDWl4="></latexit>

 Partition of phase space through sector functions

X

i,j 6=i

X

k 6=i
l 6=i,k

Wijkl = 1

<latexit sha1_base64="ylcprd/klMCtdRuuBM7WoO/8esM="></latexit>

RR =
X

i,j 6=i

X

k 6=i
l 6=i,k

RR Wijkl

<latexit sha1_base64="NEERMsjcZE0vz27XODsnsJgR/Xw="></latexit>

Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

� =
X

i, j 6=i
k 6=i, l 6=i,k

�ijkl

<latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit>

�ijkl =
1

(Ei wij)↵
1

(Ek + �kj Ei)wkl
↵ > 1

<latexit sha1_base64="7tHvZvO5lhVzwT6KvlqzBoqL4cQ="></latexit>

In each sector ”few” singular limits survive

Counterterms for RR



In each sector ”few” singular limits survive
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  carry the same symmetries as unbarred limits

to use sum rules of sector functions

Barred limits are defined such that
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  simple phase-space factorisation

  simple expressions for invariants

Counterterms for RR

  flexibility              freedom in choosing (abc,def)

Properties: 
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Counterterms for RR

𝐾(12)                 21 barred limits

𝐾(2)                  11 barred limits

𝐾(1)                  3 barred limits

 We have verified analytically that

  Each barred limit carries the right symmetries

  RR + 𝐾(1) + 𝐾(2) + 𝐾(12)            no phase-space singularities                                                                               

verified 
sector by 
sector
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Sector function are summed up for sake of compactness

The subtraction formula at NNLO
massless final state radiation
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Ī(k)
cr B̄(ijr,kcr)

µ⌫,cr + 2
X

c 6=i,j,k
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The subtraction formula at NNLO
massless final state radiation
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State-of-the-art at NLO

 Damping factors to improve convergence

 Complete treatment of the massive cases

 Final state radiation with massive particles

 Initial and final state radiation in the massless case

 Numerical implementation in MADNkLO

Outlook



 Verified cancellation of virtual singularities for RV and VV

 Verified cancellation of phase space singularities for RR and RV

massless final state radiation

Outlook

State-of-the-art at NNLO

 Numerical implementation in MADNkLO

 The massive case at NNLO

 Initial state radiation at NNLO
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NESTED CATANI-SEYMOUR MAPPINGS

 Mapping of momenta            CRUCIAL FOR INTEGRAION !!!


