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Automation of subtraction at NLO based on

o Frixione-Kunst-Signer (FKS) subtraction Frixione, Kunszt, Signer
o Catani-Seymour (CS) Dipole subtraction Catani, Seymour, Dittmaier, et al.
o Nagy-Soper subtraction Bevilacqua, Czakon, Kubocz, Worek
The long way to automation of subtraction at NNLO ...
® Antenna subtraction Gehrmann De Ridder, Gehrmann, Glover, Heinrich, et al.
o CoLoRFul subtraction Del Duca, Duhr, Kardos, Somogyi, Troscanyi, et al.
e Sector-improved residue subtraction Czakon et al.
o Nested soft-collinear subtraction Melnikov et al.
e Local analytic sector subtraction Magnea, Maina, Torrielli, U. et al.
e qT-slicing Catani, Grazzini, et al.
o N-jettiness slicing Boughezal, Petriello, et al.
® Projection to Born Cacciari, Salam, Zanderighi, et al.
® Sector decomposition Anastasiou, Binoth, et al.
o E-prescription Frixione, Grazzini
e Unsubtraction Rodrigo et al.

o Geometric Herzog



Structure of subtraction at NLO

dUNLO P dULO

dX

= /d(I)nV5Xn +/d(1)n+1R5Xn+1 — ﬁnite.

X =IRC safe observable 0x, = 0(X — Xp,)

X = observable computed with m-body kinematics

V' has explicit poles in €, R diverges in phase space integration



Structure of subtraction at NLO

dUNLO P dULO

dX

= /d(I)nV5Xn +/d(1)n+1R6Xn+1 — ﬁnite.

X =IRC safe observable 0x, = 0(X — Xp,)

X = observable computed with m-body kinematics

V' has explicit poles in €, R diverges in phase space integration

* Introduce counterterm K and its integral 1

/ AP, 1 K 6x. = / d®,, I8y,

dUNLo e dULo

V+1 is finite in €, R-K converges in phase space integration



Local Analytic Sector subtraction at NLO

® Separate the phase space with sector functions FKS SECTOR FUNCTIONS
o o . 1 1
W”_O-’Lj i 1 _SQJ O — 2 2 O'@'j
byl Y c =R
o i Wij Sij HEZ =t
E; — 0 when particle i becomes soft
w;; — 0 when particle i and j become collinear

Sum rule: Z Zwij — 1

iE€F i

| allows to get rid of sector functions for analytical integration |




Local Analytic Sector subtraction at NLO
® Separate the phase space with sector functions

® |dentify counterterms through IRC limits

|

Sector WZ' ' .”few” singular limits surviv i |
Sl —C,)RW,, = RW;; —

Counterterm K= Z [gz + C;;(1 - S;

Barred limits are defined such that satisfy

and allow a proper mapping of momenta from R to B phase space

Rarred Limiks = Limiks + Mapping



Local Analytic Sector subtraction at NLO

® Separate the phase space with sector functions

® ldentify counterterms through IRC limits

® Mapping of outgoing momenta {k}
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Local Analytic Sector subtraction at NLO

® Separate the phase space with sector functions

® ldentify counterterms through IRC limits

® Mapping of outgoing momenta {k}

Based on 3 momenta i& {k}LH {];}(abc)7 Ka ﬂ
(EZ /dCI)nH (pl,pg;{k}) = /d@n (p1,p2;{12}(“bc)) /dCI)l (g(abc);y,Z,(b)

C

a /d¢n+1(p1,pc;{k}) = //d<1>n (phxpc;{/%}(“bc)) d<1>1(§(“bc);fc,z,¢)

b

b
0
c

a

/d@nﬂ(pb,pc;{k}) = //dq)n (pr,pc;{/%}(“bc)> dq’l(g(abc>3xava¢)



Local Analytic Sector subtraction at NLO
® Separate the phase space with sector functions

® ldentify counterterms through IRC limits

® Mapping of outgoing momenta {k}

Based on 3 momenta i& {k}_LH {%}(abc)a Ka ﬂ
CEZ /d@nH (pl,pg;{k}) = /d@n (p1,p2;{12}(“bc)) /dq)l( (a’bc),y,z ¢)

s 1 1
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Damping factors

® Modulate non singular contribution of counterterms

® Analogous to a parameter in CS or 6 and & in FKS

® Smooth modulation



Damping factors
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Damping factors
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No initial state partons |
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Implementation in MADNKLO:

Python framework to automatically
generate all ingredients for NLO and NNLO

Hirschi, Deutschmann, Lionetti, et al.

® Cancellation of phase-space singularities checked up to pp — 3j

® Validation with MG5 on physical cross-sections

No damping O ===yl o= Bi=ii==
sTe =iy V4+I1=26647+£9-10° | V+1=1998+7-10° | V+I1=6.662+2-10"°
fb] R — K = —6.665 £ 0.006 R — K = —0.005 £ 0.006 R— K =13.317 4+ 0.006
Vs =1TeV Onto—ro = 19.982 £ 0.006 | onLo—ro = 19.980 £ 0.006 | onto—ro = 19.979 4 0.006
pp — 4 V+1=23981.2+0.6 V+I1I=-34729+1.4 V4+1I=-9163.2=L1.2
[pb] R— K =2829.24+0.1 R— K =10284.3 +0.3 R— K =15974.54+0.5
\/g — 13 TeV ONLO—LO — 6810.4 == 0.6 ONLO—LO — 6811.4 == 1.4 ONLO—LO — 6811.2 :l: 1.3
pp — 4] V+I=717212 V +1=>5243 & 2 V +1=23623 % 2
[pb] R— K =-3396 115 R— K =-14204+15 R—K=152+13
\/g = 13 TGV ONLO—LO — 3776 :l: 15 ONLO—LO — 3823 :l: 15 ONT o T ol 3775 :l: 14

PDF set: PDF4LHC15
br = prp =Mz




Structure of subtraction at NNLO

dUNNLo s dUNLo

dX

= /d(I)nVV 5Xn +/dq)n+1RV 5Xn_|_1 _l_/dq)TH—Q RR5Xn—|—2

V¥V and RV have poles in €, RV and RR diverge in phase space



Structure of subtraction at NNLO

dUNNLo s dUNLo

dX

= /dcbnvv Ox., +/d<I>n+1RV S5 +/d<I>n+2 R0
V¥V and RV have poles in €, RV and RR diverge in phase space

Let’s insert counterterms !
dUNNLO = dUNLo F
i = / i, (VV ) T
+ / d®,,. 1 (RV )5Xn+1 }

+ / 80 |, }




Structure of subtraction at NNLO

dUNNLo s dUNLo

dX

= /dcbnvv Ox.. +/d<I>n+1RV 0,44 +/d<I>n+2 R0
V¥V and RV have poles in €, RV and RR diverge in phase space

Let’s insert counterterms !

doxnro — dOnLo
B o ( ) 5
e / VV X,

+[do, [(RV )ox,., !

- / i®,., |RR Doe Counterterms for RR } f,



Counterterms for RR



Counterterms for RR

® Partition of phase space through sector functions

Oijkl | 1

| Oijkl — (57, ww)a (gk ‘|‘5k3
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O
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i, j 1 i,jF#i ki 1,J71 kFi
k#i, 171,k 144,k l#1,k

' In each sector "few” singular limits survive

|

Wijie + Si Gij Sij G SCyp :
Wijki = Si Gy Sik Cije SCijr SCrj |
Wik S; Cii Sik Cijii SCix; SCryjl




Counterterms for RR

® Partition of phase space through sector functions

T jkl | 1
Wijki = | Oijkl =
“J o K (gz wij)a (gk e 5kj
| S.: & —0 Sii: &,& — 0 uniformly x
=0 Z TR Gy wgg = 0 Cijk © Wigs Wiy wi; — 0 uniformly |

Cijkl D Wi, Wl — 0 uniformly i'
SCijr : *

Ei, Wi — 0 uniformly

S—
- — — ———pe

Ciit SCijk
Cijk SCijik SCpy
Cijri SCipi SCgyj

2-unresolved limits



Counterterms for RR

® Partition of phase space through sector functions G = Z Z RR Wijk
Wi 2 (CHEE | EICRECTe]
Wik oS (G S0

Wik igd Sik Cijrr SCik




Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
JP— Cijk Scijk zg;ézll;;;ézk

S G SO
G =10 ol

L2, = Sij+Cije(1-Si;)+SCijr(1-Si;)(1-Cijr)
- Sie+Ciinll—S:) H(SCin+ SCr - (IESSTEIESETE
ng)cz — Sz Cyri(l—Sip) - (SCr ST =S HIEES Gy



Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
5c) G Sy e

S G SO
G = Oy SlCr

L% = Sij+Ciir(1—55)+SC;;k(1—S:5)(1-Cyjz)
L) = Si+Ciju(1—Sik)+(SCijr+SChij)(1-Six)(1—Cijn)
ng)cz — Sz Cyri(l—Sip) - (SCr ST =S HIEES Gy

® |dentify counterterms through IR limits

(1-L3) (1 - L3, )RR Wi = [RR L(l)RR L,ff,ilRR+L<1>L§f;l RR|Wijp = finite



Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
1,971 ki
® Identify counterterms through IR limits e

(1-L3) (1 - LE) )RR Wi = [RR L(l)RR L,fj,ilRR + L“)Lﬁj,il RR] kaz finite



Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
i,j#41 ki
® Identify counterterms through IR limits ik

(1-L3) (1 - L) )RR Wi = |RR - LRR - LE) RR + LYLE), RR| Wi = finite

[~ @) —a=au
Lij ; Lijkl? L, Lijkl ‘

i ;1

® Mapping of momenta  L‘V Lgf,il, L,,(;;)Lg,ll

17

Barred limits are defined such that

* satisfy {RR Sl RR-T. . AR+L L. RR} Wi = finite

1]
* carry the same symmetries as unbarred limits

to use sum rules of sector functions



Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
eI )
® Identify counterterms through IR limits e

1

(1-L3) (1 - L) )RR Wi = |RR - LRR - LE) RR + LYLE), RR| Wi = finite

® Mapping of momenta CRUCIAL FOR INTEGRAION !!!

NESTED CATANI-SEYMOUR MAPPINGS ii {k}%i{k}(abc) —{ k}(abcadef ) ll

!




Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
i,j#1 ki
® |dentify counterterms through IR limits A

(1-L3) (1 - L) )RR Wi = |RR - LRR - LE) RR + LYLE), RR| Wi = finite

® Mapping of momenta CRUCIAL FOR INTEGRAION !!!
\, R D R S (yabeden)
NESTED CATANI-SEYMOUR MAPPINGS J{ } 7 { } = { } ?‘
Properties:

* simple phase-space factorisation

* simple expressions for invariants

* flexibility freedom in choosing (abc,def)



Counterterms for RR

dUNNLO_dUNLO o /dq) (VV ) 5X

+ / A, . 1 i(RV ) e

o / d®, .5 | RR 6

dX

K 3 barred limits
K 11 barred limits
s ?4;;,": -~ "~
L L?, RR W’L \‘ I I
kil i 2) 21 barred limits

We have verified that

* Each barred limit carries the right symmetries

* RR + K'Y+ k¥ + g2 no phase-space singularities




Integrated counterterms for RR

+ / d®,13 |RROx, ., — KVox, , — (K<2> + K(lz)) 5Xn}

® |ntegration of I'” trivial

® Integration of 1''® easy

® |ntegration of I® feasible

R via hypergeometric functions
We have verified that

o RV + IV no & poles

o 714 fU12) no phase-space singularities




Counterterm for RV

do — do
NNLO NLO (2)
- = / i, (vv T ) S
i / B | IETE e o — R (K<2> . K<12>) 5Xn}
( (1) e v ‘\"; e %
It is defined such that
e RV- KR no IR singularities
—{l
S;L,; RV = S;RV S;A;; =
—(1)

B KRV no & poles



Integrated counterterm for RV

dO-NNLO & dUNLO

dX

We have verified that




The subtraction formula at NNLO

massless final state radiation

dUNNLO dUNLO

dX

mn

VV+I(2) + I(BV) ) dx

d®, 1 | (RV 1<1>)5Xn+1 (I<12> i K<RV>) 5Xn}

oA R (K<2> i K<12>) 5] ]

\\’\



The subtraction formula at NNLO

massless final state radiation

dUNNLo S dUNLo

dX

\\’\

VV+I(2) + I(BV) ) dx

Any1 | (RV +1M ) ox, ., (1<12> 2 K<RV>) 5Xn}
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The subtraction formula at NNLO

massless final state radiation
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The subtraction formula at NNLO

massless final state radiation
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State-of-the-art at NLO

e |nitial and final state radiation in the massless case
® Damping factors to improve convergence
® Final state radiation with massive particles

® Numerical implementation in MADNKLO

Outlook




State-of-the-art at NNLO

massless final state radiation

® Verified cancellation of phase space singularities for RR and RV

® Verified cancellation of virtual singularities for RV and VV

Outlook

e — = —— —

# Numerlcal |mplementat|on |n MADNkLO :

8 Inltlal state radlatlon at NNLO

r
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f ¥ The massive case at NNLO
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Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
eI )
® Identify counterterms through IR limits e

(1-L3) (1 - L) )RR Wi = |RR - LRR - LE) RR + LYLE), RR| Wi = finite

® Mapping of momenta CRUCIAL FOR INTEGRAION !!!
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