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qgy*, ggH, bbH FORM FACTORS @ 4-LOOPS



PERTURBATIVE EXPANSION OF FORM FACTORS

O(aY): | diagram

@(asl): 2 diagrams
@(asz): 69 diagrams
@(0{3): 1586 diagrams

O(a}): 43220 diagrams

0.‘
.....

. Consider qgy*, ggH, bbH form factors:

» Virtual N4LO for Drell-Yan, Higgs prod./decay
- Universal IR features of amplitudes



IR SUBTRACTION

[Catani 98, Aybat, Dixon, Sterman ’06, Becher, Neubert ‘08, @+ Anomalous matrix @ 2-loops: only color dipoles
Gardi, Magnea 09, ...]: [Catani '98; Aybat, Dixon, Sterman ’06, Becher, Neubert '08;
IR poles of renormalized amplitude may be minimally Gardi, Magnea °09]

subtracted through multiplicative procedure: Anomalous matrix @ 3-loops: also quadrupoles

Min = Z=1 pqren [Almelid, Duhr, Gardi ’15; Henn, Mistlberger ’16]

— T

Anomalous matrix @ 4-loops: partial information

[Becher, Neubert '19; Agarwal, Danish, Magnea, Pal, Tripathi
I'(p,a)=—-2Z"" d(lifu '20, Agarwal, Magnea, Pal, Tripathi ’21; Falcioni, Gardi, Maher,
— — Milloy, Vernazza ’21]

with Z matrix in color space, where anomalous dimension

has simple process-independent features.

Solution for Z matrix
1 dd ~ 1 [*da" I'(a")
an — —2 /0 ,B(Cl/) - 6a, ( (/1'7 ) ,B(a”) GCL”)

I'(p,a) = Z a"T', (

dI'(u, a >
F/ — ) 'n,]:\l
(a) = dIn(u Z

T — S




CUSP AND COLLINEAR ANOMALOUS DIMENSIONS

+  For our form factors: Z is proportional to color unit matrix

Z =/,
2
7
I‘nz_].—‘,r]. - T,
" n(—q2—i0) In
F;:—QI‘;,

T — T

- We can extract cusp and collinear anomalous dimensions

["(a) =) a"T},
n=1

Y (a) =) ay;
n=1

from poles of form factors (1/e¢* cusp, 1/€ collinear)
- cusp@3 loops: only quadratic Casimir I = T(r)T(r) y“**

+ cusp@4 loops: also quartic Casimirs



H AND Z @ SMALL PT
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[Bizon, Chen, Gehrmann-De Ridder, Gehrmann, Glover, Huss, Monni, Re, Rottoli, Torrielli 2018]‘

- Precise LHC data motivates N3LL resummation

- NJ3LL requires cusp anomalous dimension at four loops



CALCULATIONAL SETUP

Project started with E. Panzer, R. Schabinger several
years ago

6k / 43k diagrams for ggy™ / ggH
100 top-level topologies (trivalent graphs)

10 integral families (sets of denominators)

R: gauge for matter content
O(10179) integrals in diagrams
5/ 6 ISPs for ggy™ / ggH

IBP reductions with Finred based on

finite field arithmetic + rational reconstruction
[AvM, Schabinger ’14; Peraro ’16; ...]

294 master integrals
Choose finite master integrals
Analytical integration with Hyperint [Panzer ’14]

Completion of weight 8 results: later

A B C D E
D, k3 (ki+ko—ks—ka—p1)® | (ki—ks—p1)? | (ki+ka—ks—ks —p1)® | (k1—ko+ks—ka+p1)?
Do ks (ko—ks—p1)? (k3—ks +p1)? (ka—ks—p1)? (k1 —ko+ ks+p1)?
D3 k3 (ka+p1)? (k1—k3+ p2)? (k2—p1)? (k1 —k2+p1)?
Dy ki (ki+ka—ks—ka+p2)? | (k1i—ko+p2)? | (ki+ka—ks—ks +p2)? (k1+p1)?
Ds (k1—p1)? (k1 —ka+p2)? ki (k1—ka+p2)? (k1 —ko+ks —ks—p2)?
D¢ (k1 —ko2—p1)? (ks—p2)? k3 (k1+p2)? (k1—ko+kz— p2)?
Dy (k1 —ko+ks—p1)? k3 k3 k2 (k2 —k3+p2)?
Dg | (k1—ky+ks—ks—p1)? k3 k3 k3 ki
Dg (kl +p2)2 kg (kz—k3)2 k% k%
Do (k1—ka+p2)? k3 (k1— k2)? k3 k%
Dy (kl—k2+k3+p2)2 (k‘z— kg)z (kg—k‘4)2 (kg—kg)z ki
D1a | (k1—ko+ks—ks+p2)? (k1 —k3)? (k1 —ka)? (k1—kq)? (ko— ks)?
D3 (k1 —k2)? (k1 —ks—p1)? (k1—ko—p1)? (ka—ks—p1)? (k3 —p2)?
Dy (ko —k3)? (ko —ks+p2)? (k3 —ks—p2)? (k1 —k3+p2)? (k1 —kg)?
D15 (k3 —k4)? (ko —ka)? (k1— p1)? (kg —Fk4)? (k1—ks3)?
D16 (k1 —ko+ks)? (k1 —k2)? (k1+p2)? (k1 —ks)? (k1 —kq)?
Dq7 (kz—k3+/€4)2 (kl—k4)2 (kl—k3)2 (’Cg—k4)2 (kz—k4)2
Dqg (kl—k2+k3—k4)2 (k1+k2 —kg—k4)2 (k‘z—k4)2 (k)l—k‘z)z (kg—k4)2
F G H I J
Dy | (ki+ko—kz—ks—p1)? | (k1 —ko—kz+ks—p1)? (k1—p1)? (k1+ks—ks—p1)? ki
D, (k1+ke—ka—p1)? (k1—ko +ka—p1)? (k1+k2—p1)? (ks— ka—p1)? k3
D3 (ka—p1)? (k1—ko—p1)? (k1 +ko—k3—p1)? (ka+p1)? k3
Dy | (ki+ko—ks—ka+p2)? | (k1 —ka—ks+ka+p2)? | (k1+ke— ks—ka—p1)? (ka—ka—p1)? ki
Ds (k1—k3+p2)? (ko —ks— p2)? (ka+p2)? (k1+ks—ks+ p2)? (k1+p1)?
D¢ (k1+p2)? k3 (k1+ka+ p2)? (k1 —ks+p2)? (k1 —ks+ p1)?
D7 ki ki (k1+k2—k3+p2)? (ka—p2)? (k1+ka—k3+p1)?
Dy k3 (k1 —k2)? (k1+ka—ks —ks+p2)? ki (k1+ky—kz— ka+p1)?
Dy k3 (ko —k3)? ki k3 (k3 +p2)?
Dy (k1 —k2)? (ko —k4)? k3 k3 (k1 —ks—p2)?
D1y (ko —ka)? (k3—k4)? k3 ki (k1 —ks—ks—p2)?
D12 (k1 —ka)? (k1—k3)? ki (ko —Fk4)? (k1+ky—ks—ks— po)?
D13 (kg —ka—p1)? (k2+p1)? (k1—k2)? (ko —ka+p2)? (k1— k2)?
D14 (k1+ko—k3+p2)? (k1—ko +kg+p2)? (k1—k3)? (k1 —k2)? (k1 —ks)?
D15 k3 (k2—p2)? (k1 —k4)? (k1 —ks3)? (k1—F4)?
D1 (k‘g—k4)2 k% (kg—k3)2 (k‘l—k4)2 (k‘z—kg)z
D7 (kl—k3)2 kg (kg—k4)2 (kg—kg)z (kg—k4)2
Dqg (ko —k3)? (k1 —ka)? (ks— kq)? (k3 —kaq)? (ks—kaq)?




IBP DETAILS

* Reduction of dots: “no-numerator syzygies” in Lee-Pomeransky rep.
[Lee ‘14; Bitoun, Bogner, Klausen, Panzer '17]

* Need higher-order annihilators.

* Reduction of numerators: “no-dot syzygies” in Baikov rep. (some sectors)
[Gluza, Kajda, Kosower ‘11; Schabinger ’11; Its ’15; Larsen, Zhang ’15; B6hm, Georgoudis, Larsen Schulze, Zhang ’18; ...]

* Used linear algebra approach [Agarwal, Jones, AvM °20].

+ O(25Kk) sectors, up to O(1018) eqgs. per sector, up to O(40) finite fields, up to O(600) samples for variable
- Reduction tables: several TB compressed (checksums!)

- Inter-sector relation:

— — —

% ~ 4(2d - 7) 5(5 — d)
\Q

= subsectors,
3d — 11 3d — 11




IRREDUCIBLE TOP-LEVEL TOPOLOGIES

=
o

top-level

topologies
contributing

to I'} and I'}

- Last two rows: not linearly reducible out of the box
- Use variable transformations to render linearly reducible (known to work for all but last two)

- Hardest topologies contribute late in € expansion



METHOD OF FINITE INTEGRALS

- Observation [Panzer 2014; AvM, Panzer, Schabinger 2014]-

- any divergent loop integral expressible in terms of finite basis integrals

(4—2¢) (6—2¢€)
__4(1—46) LS
(1 —€)g?

- Expand integrands of finite integrals around ¢ = (4 — d)/2 =~ 0

- |If linearly reducible: integrate analytically with Hyperint [Panzer 2014]

- Significantly improved numerical evaluations:
used for NLO calculations for HH [Borowka, Greiner, Heinrich, Jones, Kerner ‘16], H| [Jones, Kerner, Lusioni

‘18], ZH [Chen, Davies, Heinrich, Jones, Kerner, Mishima, Schlenk, Steinhauser '22] ... MR o S
| talk: Stephen Jones ﬂ




GENERALIZED FINITE INTEGRALS

Integral Rel.Err. Timing(s)
:m@Xk) ~2%|0A-3 45

S ~4%10A-2 | 63
i Linear combination ~|*10N-4 |8

I(vi,...,uN) = (—1)T+AtI‘(V—Ld/2)/ (
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s+ — I — Is) — (mg — I

[Agarwal, AvM, Jones 2020]

Bakul Agarwal Stephen P. Jones
(ITP Karlsruhe) (Durham)



“NICE” FINITE INTEGRALS

- Example: 10 terms in € for

weight 6 in conventional basis:

» Only 1 term for weight 6 for

a nice finite integral:
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ANALYTICAL CUSP ANOMALOUS DIMENSION
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L NCRC (—32OC 592, 572) 9 y
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d2bcd gabed 1280 256
+ N K (——Cs — —C3 256@)
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gabed gabed 7936 3520 128
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where R = F, A for r = q,g. Note the quartic Casimir (dd) contributions.

+ Wilson line method (with a conjecture): [Briser, Grozin, Henn, Stahlhofen ’19; Henn, Mistlberger, Korchemsky '19]
Quartics from form factors: [Lee, Smirnov, Smirnov, Steinhauser ’19]
 Full calculation from QCD form factors: [AvM, Panzer, Schabinger '20]



ANALYTICAL COLLINEAR ANOMALOUS DIMENSIONS
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QCD: [AvM, Panzer, Schabinger PRL ‘20,
Agarwal, AvM, Panzer, Schabinger PRD ’'21]
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N=4 full color: [Agarwal, AvM, Panzer,
Schabinger PRD °21]
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FORM FACTORS @ 4-LOOP QCD

Partial results for finite parts of form factors @ 4-loop QCD:

[Henn, Smirnov, Smirnov, Steinhauser 16, Henn, Smirnov, Smirnov, Steinhauser, Lee ’'16; Lee, Smirnov, Smirnoy,
Steinhauser ’17, ’19]

Partial results for finite parts of for factors @ 4-loop QCD:
[AvM, Schabinger ’16, '19, ’19]

Complete form factors @ 4-loop QCD:

[Lee, AvM, Schabinger, Smirnov, Smirnov, Steinhauser 21, '22; Chakraborty, Huber, Lee, AvM, Schabinger,
Smirnov, Smirnov, Steinhauser 22|

» Also recent results for form factors with masses + singlet contrib. @ 3-loop QCD:
[Fael, Lange, Schbénwald, Steinhauser '22; Czakon, Niggetiedt '20; Chen, Czakon, Niggetiedt '21;

Gehrmann, Primo °21] BRI o | e
 talks: Kai Schonwald, Marco Niggetiedt ﬂ




METHOD OF DIFFERENTIAL EQUATIONS

. Take a second leg off-shell, x = g; 2/q°,
transport from x=1 (propagator) to x=0 (one-scale FF) [Henn, Smirnov, Smirnov *13]

Reductions with Fire 6 [A.V. Smirnov, Chukharev ’19], canonical form [Henn *13] with Libra [Lee ’20]
- Example topology with singularities at x =0, 1, -1,1/4, 4.

- 2-scale letters: 1~ t 1 1 L L !
r—1 z+1 z-4 =z-1/4 {(A-2z)V/z' @2z /z—-1/4 z/1/xz—1/4

-+ 1-scale G(..., 1) with weights 0, +1, +iv3, /3, ¢t27/3  *in/3/9 mapped to MZVs
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44984 540823 477281 412181 117101 410629 400999 622069 122261
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R - G+ TG e G+ o+ T — ) + e
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| I
| (53 3¢ 5000 Cs TR C5C2 3 (365 (5 T (s
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N=4 SYM SUDAKOV FORM FACTOR @ 4 LOOPS

1
F=—
N

| \
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[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov °21]



qqy™ FORM FACTOR @ 4 LOOPS

G

nyC n;CsCa nyCrC3 ns(dge?)?
666666 M/ Joi g
<§ @ <§ <@ < ~<&
ab(‘ 2\ a 2\ ab(‘\>
nfCF 7?fCFCA Ng~ (dy ) Cr Mg~y (dF Ca Ng~n ¢ (d%°)
Cﬁw CFCA CFCA CFCA d‘}swaddffled

[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov °21, '22]
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F4

qqy™ FORM FACTOR @ 4 LOOPS
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2 — 5092 1 _ 18(Cr — —— b TIT 2 3 _ o L2 — —)
+ Ny (60C5,3 5092 (5(3—16(3C2 — ——Ca +3518C7 — —— (502 + — (302 + ——C3 + — 1 — G oy Gt GGt GOt Gt+ - —
5 (2013 1124 7567 . .o 3032 ., 20477 .3 105215 113617 3288893 ., 802207 1539611 1841095
+nfCF( 2 G — 9 G562~ 45 CaC2 — 3 Cs — 378 G2 — 18 G5 — 81 CaG2 + 3240 G2+ 162 Cs + 1944 G2 — 7776
5 1219 15934 , .5 = 10904 ,, 808 ,5 44981 189565 6376939 .o 25114571 547858717 273777229
TNy CFCA(_ 4 G + 1146562 + 45 GsG2 + 81 C3_ﬁ<2+ 18 G+ 81 Ca2 — 3645 G2+ 5832 Cs — 104976 G2 419904 )
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[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov 21, '22]
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goi1 FORM FACTOR @ 4 LOOPS

& M &
e
\ % | QQQ 0"
nsCACF nyCaCt nsCh nsd%yctdyed
& & &
A éigzﬂ
™ ~
2 QQQ 2 abed\2 3 3 QQQ
nyCaCr ny(de )" n3Ca nyCr

abcd jabced
da ““da

[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov °21, '22]



goi1 FORM FACTOR @ 4 LOOPS
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+ nchcﬁ( -~ @@ —300(5C2 + 12(3¢5 — 3683 — %CS’ - 921381745 + %4342 —5G+ 701008879C3 - %@ + 11152691675)
+n;Cy (3360 7 — 29405 — 156 (3 + 12—9)
tn diquc;ilfi%bcd (24364 Cr -+ 1824 CsCo — % (3C2 — @ 2 - 22545536 G+ 1089692 G + % Caly — ? ¢z — 89332 G+ % G+ 69#)
+niCA (RrGE + g = T o+ T e + T G+ Pt G — St + )
4 n;c;(?gg + %c& + %45 -+ %C::,Cz — %@2 — 1592(3 + 2—8@ T 3%27)
n n? d%bii%w (512 §§ — 960 (5 + %C% + 15203 — gchﬂ)
+ ’nz?CA( - 1%4(5 + %Q@ - %CE — lgiésﬁ + %@ ~ 82232:7)

5 640 . 64 112 .5 | 4060 64, 233953)
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[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov ’21,’22]



bbH FORM FACTOR @ 4 LOOPS

C2Ca C:%C% CrC3 d“ded“de/NF nfCF
’nfCFCA ’nfCFCA ’nf(dade) /NF ’nfCF ’nfCFCA TlfCF
[Chakraborty, Huber, Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov 22| | (=

Amlan Chakraborty
(MSU, Chennai)



bbH FORM FACTOR @ 4 LOOPS
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5 106 4 328 ., 14 1946 6460
T nfCF( BT R TR Sy S e C 6561)

[Chakraborty, Huber, Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov '22]



CHECKS AND FINDINGS

- Master integrals
- many checked analytically
- with Fiesta 5 [A.V. Smirnov, Shapurov, Vysotsky "21] to 10/ (-4) relative error otherwise.

- |R subtraction works

- Non-trivial test of IR prediction and quark collinear anom.dim.

- Note: renormalization very different for ggy™, bbH due to Yukawa coupling and o,

- Max. “transcendental weight” of form factors:
- agree all with N=4 (after adjusting reps.)
- for all poles and the finite parts

- for leading and subleading color !



FOUR-POINT AMPLITUDES @ 3-LOOPS QCD



FOUR-POINT AMPLITUDES @ 3-LOOPS

- Master integrals known in terms of HPLs [Henn, Mistlberger, Smirnov, Wasser '20]

- Alternative functional basis for HPLs at weight 6

—X

Lig,z(l, :13), Lig’z(l — I, 1), Lig,Q(IL’, 1), Li3,3(1 — I, 1), Li3,3($, 1), Li3’3 ( ) 1) ) Li4’2(1 — I, 1), Li4,2(£l}, 1), Li2,2’2(33, ]., 1)

1l—=x

plus classical polylogs and logs

- Reductions feasible with available techniques, need only 3 integral families

" e

- Projectors in 't Hooft-Veltman scheme [Peraro, Tancredi ’19, ‘20] talk: Lorenzo Tancredi i
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[Caola, AvM, Tancredi PRL ’21]



go — vy @ 3 LOOPS

1L 2L 3L
Number of diagrams 6 138 3299
Number of inequivalent integral families 1 2 3
Number of integrals before IBPs and symmetries 209 20935 | 4370070
Number of master integrals 6 39 486
Size of the Qgraf result [kB] 4 90 2820
Size of the Form result before IBPs and symmetries kB| || 276 54364 | 19734644
Size of helicity amplitudes written in terms of MlIs [kB] | 12 562 304409

136 380

Size of helicity amplitudes written in terms of HPLs [kB]

1195

A=(—+-+)
T — 1L

2L
— 3L

[Bargiela, Caola, AvM, Tancredi 'JHEP 21]
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FOUR-PARTON SCATTERING @ 3 LOOPS

-

"
\
"
-
~
: 3 v
e ‘
~ % » ‘
—

Amlan Chakraborty Giulio Gambuti
(MSU, Chennai) (Oxford)

'ytalk.j Giulio Gambuti |

(d) (e) (f)

* qq — QQ» qq — qq (plus crossings): [Caola, Chakraborty, Gambuti, AvM, Tancredi JHEP ’21]
* 99 — 22. [Caola, Chakraborty, Gambuti, AvM, Tancredi PRL °22]

+ qq — 22 (plus crossings): [Caola, Chakraborty, Gambuti, AvM, Tancredi: to appear]
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qgg — QQ: form factors for A(+-+-)
[Caola, Chakraborty, Gambuti, AvM, Tancredi JHEP ‘21]
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[Caola, Chakraborty, Gambuti, AvM, Tancredi PRL °22]
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g2 — gg: interferences with tree




IR BEYOND DIPOLES

soft anomalous dimension matrix @ 3 loops
[Almelid, Duhr, Gardi *15]

L'({p}, ) = Fdipole({p}, w) + Ags({p}) ‘“"°""“u.,.s....u““‘““00

aTae 2 4 B ; """"""
Pdipole({p}7 /’L) — Z TzzTJ ,ycusp(as) lOg (_S.l‘ll_ 25) + Z ,.Yz(as) / “‘5.’. .
1<i<5<4 ©J 1 0000000000090 00000 000D

(a)

AP = 128 fare fose [T‘f TS T2 T9 Dy () — T2 T TS T4 Dz(:c)]

4 : .
—16cy Y {Tg,ng} T T Our calculations confirm the
=1 1<kt predicted quadrupole structure for

QCD in all partonic channels

confirmed for N=4 four-point amplitude
[Henn, Mistlberger ’16]



HIGH ENERGY LIMIT

» Interesting to study high-energy (Regge) limit of amplitudes beyond fixed order

- Regge-cut description to define Regge trajectory beyond 3-loops [Falcioni, Gardi, Maher, Milloy, Vernazza; Nov ’21]}

3

_ 72 LT?7, —n - k yt:(n)4,4(0) R TS . 7 |
Hren,:l: — Zg € Z s kZOL Ok Hrena A talk Calum MlllOy |

n=0

- We extracted 3-loop gluon Regge trajectory, last building block for single-Reggeon exchanges at NNLL

= K3+ NZ( 165 + - — — — ! — (=48 — |
B=As ( 53 3 27 81 1258 ) T, 74 T g T g
412¢,  2¢C4  632¢C3 171449 , (928  128(s
Nc | T [ O )
Vel ( 31 | 3 9 2916 )+nf 729~ 27 ) O

where K5 known in terms of cusp anom. dim.; indep. extraction: [Falcioni, Gardi, Maher, Milloy, Vernazza; Dec "21]

- Note: gluon Regge trajectory and gluon and quark impact factors extracted from different partonic 3-loop
amplitudes agree



SUMMARY

+ Complete calculation of cusp and collinear anomalous dimensions in 4-loop QCD
» First 4-loop form factors in full-color QCD

» First 3-loop four-point amplitudes in full-color QCD

» Confirmed predictions for IR structure of amplitudes
- New results for high-energy behavior of amplitudes

+ Compact final expressions



