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Outline

. TMD PDFs, Sudakov double-logarithms and rapidity divergences
. High-Energy factorization
. “Mathematical” derivation of Sudakov formfactor from HEF

= W N =

. More intuitive derivation
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Evolution of TMD PDFs

TMD factorization is applicable for gr-dependent processes with

gr < @, up to terms O(qr/Q).
Evolution of TMD PDFs
fq/g(anTvMQvM%) (XT is . . 2 2
Fourier-conjugate to qr) is Solution in LLA w.r.t. 1n(,u(y)xT).
governed by

; . sC
Collins-Soper-Sterman equations: Dy/g(p,xr) = 0627;:/’4 In(u°x%) =
oo 1v) _ Faso (i v) 4 (1t ) faro(@, X0, 0= pv, py) =
dln p? 2 alg\H BY ), { OlsCF/A1 2(2 2)}
exp | ———— In"(uyx
Afqsq(bs ) _ _Dq/g(NaXT)f/ (0, piy) 4m v
dlnu%/ ] 2 v ’ qu/g(mvxTaM:|XT|7l7ﬂY:|XT|71)
dDq/g (1, X1) _ I1q/gp _ _d’Yq/g(,“a py) I .
dln p? 2 dlnp? n qr-space:
i asC 1 asC 12
where py — rapidity scale, and sV F/A —exp |— =2 F/A 2 ((Fx
2 2
[eusp _ O[SCYF/A n 2 T dm ar
q/g - 7'[' o
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Rapidity divergences and rapidity scale
Evolution with py:
dfq/g(x’XTa:uhuY) _Dq/g(NaXT)

= faye(@, X1, s iy ),
dlnpd 2 a/9

comes from the rapidity divergences in TMD-operators containing

light-like Wilson lines.
Diagrams for quark/gluon

TMD PDF at NLO ( fig. from

If rapidity of gluons is cut-off as y > Y, [160407869]) :: \

then: ES TN

py = zPpe ",
where zP, = (p+ k)4 in the diagrams — p B

Typically py ~ My =+/M? +p2. ~ M if
pr < M.




High-Energy factorization in a nutshell

Reminder: Miiller-Navelet dijet production (pr of both jets is fixed):

fo(x1, 1F) -%--__i___%____ fo(z2, pr)

Hard-scattering coefficient C' contains higher-order corrections
x (asY)™ (LLA) or as(asY)™ (NLLA), which can be resummed at

leading power w.r.t. e~Y using Balitsky-Fadin-Kuraev-Lipatov

(BFKL)-formalism.
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High-Energy factorization in a nutshell
High—Energy FaCtOfizatiOH [Collins, Ellis, 91’; Catani, Ciafaloni, Hautmann, 91°,94°].

Y+ H Y_

Using the same formalism one can resum corrections to C' enhanced by

1 —
Yiy=In ( my Zi) ~ In Hy —Hn—, in LP w.r.t. @z—i
lar+| 2+ lar-+| Z4 py 1—zy

in inclusive observables (e.g. inclusive quarkonium production). Here

b+ p— -
Zy = , Z_ = and =pre YH =p_e¥*,
+ P Pz, Hy = P+ p

e.g. u%, = m% + p%.
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High-Energy factorization in a nutshell
High—Energy FaCtOfizatiOH [Collins, Ellis, 91’; Catani, Ciafaloni, Hautmann, 91°,94°].

Y. Y.
ar+ PP L ar-
fo(Z1, pr) 0 e e o — - fo(Z2, 1ur)
P P, 7 H(ar+,qr-) P_z,
* C(z4,ar+) C(z—.,ar-) -

Hard-scattering coefficient is re-factorized, unintegrated PDF is
introduced:

€T
q’g(l‘,QT,[,LY) = fg (;7/J‘F) ®C(Z,qT,/,LF,MY)-

» Collinear divergences from additional emissions are subtracted inside
UPDF.

» New coefficient function H depends on z12 as well as qr+
(kr-factorization).

» Factorization with single type of factors C and H is proven at LL and
NLL approximation [Fadin et.al., early 2000s]|, and known to be
violated at N?LL. Factorization with several types of C and H should
be introduced then. 7 / 21



Building blocks of BFKL Green’s function

For the squared amplitude:

» Real emisssion — squared Lipatov’s vertex:

where @4 = 2¢a

» Virtual corrections — Regge factors:

where w, (p%) — one-loop gluon Regge trajectory:

2) _ _%/ d* *kr P> B g( 2 ) (4m)T(14+ T3 (1 —¢)
T4 ) n@2m) 2 Ki(pr —kr)? 2 I(1 — 2¢) '
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Digression: Regge trajectory and RDs

Due to the presence of the 1/¢g*-factors in the induced vertices, loop
integrals in Lipatov’s High-energy EFT contain the light-cone
(Rapidity) divergences:

P : + 2
_ dq  (pF(n4n-))
—at QE - ggCAdab/ 2m)P ¢*(p—a)%atq

The regularization by explicit cutofl in rapidity was proposed by
Lipatov [Lipatov, 1995] (¢* = \/¢® + g%e*¥, pt =p~ =0):

[ o]

CAgﬁ/ p2dP2qr
2(2m)® J ap(pr —ar)?

then

Hl(llb) ~ SabPh X x (y2 — y1) + finite terms

wg(P%)
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Resummation factor

Yu

|

Yy Y1 Y2 Yn

|

kp, k431 k13t ko gt kndt |

|
,,,,, S - R A
P, Py — —jar, =p+

Y>yY1 >y > ... >y, >Y,

Collinearly un-subtracted resummation factor:

C(z,dp, py |[PF) = 6(z — 1)é(af — P7)

“+o0
R d*k
+as / dy/ 7Tk2T G(qg“a Z])+’ Yy — Yuy (PT - kT)27P+ - k’+)7
T
Yy

where , y and kr — rapidity and transverse momentum
of the rebounded gluon (or ricochet gluon ® ), G — (modified) BFKL
Green’s function with longitudinal-momentum dependence, and

p% # 0 regularises collinear divergences.

10/21



Longitudinal-momentum conservation

YH
y 0 Y2 Yn |
|
kp k-éj kl?j kQ%T kngjl
,,,,, Rl e L o R
PT.PL — %'ql zZp4
G
+o0 n
+ + da— ww_ (p+(1—2)—ky) —iz_ kS
§(p+—k+—k1——kn—zp+): We H€ vy
oo =1

where k;” = |kr;|e¥. So we introduce: G(qu) Y,pQT,J:,)
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Evolution for Green’s function

Yu

|

Y n Y2 Yn |

|

kT,A;+§T kl?j k:2§T kn?jl

|
,,,,, el i R e
PT. P+ — —>| ar, zp4

G

The LL(Y) BFKL evolution with x_-dependence in integral form
reads:

G (qi‘}

Y: p%"z:r—) = GO (q%’

Y
pQT,x—) +/dy {2wg(p2T)G(q2T’ y,p:‘},w—)
0

+a / K cxplin ke le1G (a9, (or — kr)%,a-) )
s -y XP|—1X— |Kr|€ 7| Y, (Pr —Kr) ,T- ),
m(2m)~2¢kZ
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Differential form of evolution

BG(qQT‘ Y,p%,wf)

—a. [ @ KO pha- V)G (Y (pr k) ).

Y
with

)T (Am) T+ a1 —¢€)  exp[—iz_|kr|e]
KK 02 2 V) = (2—2¢) k (PT) ( )

( T, PT,T—, ) 5 ( T) F(l—QE) 71'(271')7261{%

Mellin transform:
2 2 _ dy 1 (p7)’ 2’
G(QT’ Y: psz—) - omi p% ,U%/ G(qT Y,’}/,Il’_),

does not diagonalize p>-dependence, because:

lim [ d° *kr K(k7,p7,2-,Y)((pr—kr)*) """ = (p7) "X (v, 2 prle’),

e—0

Compare with standard BFKL case:
/d2kT K(kr,p7)((pr — kr)*) ™7 = (p7) " 7x(9)-

where x(v) = 2¢(1) — ¥ (v) — ¥ (1 — v) — Lipatov’s characteristic function.
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Modified characteristic function

To factorize-out power-like dependence on p2., we introduce another

Mellin-transform w.r.t. ¥ = z_|prle’:
. d\ -
X(v,2-) = i :L'/lX('W)‘)’
with
o —14v
~ s a1 22 (pr — kr)?
Xy, A) = lli)T%) di_z~ /d kr (71)% )

0
x K (k7,pr, 3-|pr| e, Y) [0(1 — &) + 0(3- — 1)]

— modified characteristic function. The BFKL equation now reads:

2
aG(qTLi,%x—) :2&3/% (v TIRO 20 -G (@b | Vo2 ).

Parameter x— ~ 1/p+ ~ 1/uy = we should pay attention to the poles at
A =7 to get expansion in e Y.
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“Sudakov pole” of the modified characteristic function

~ 2 1
X(v:A) = EDVERD\

where x(v) = 2¢(1) — ¥ (v) — (1 — ) — Lipatov’s characteristic
function. Another definition of x:

(2yE +im + x (7)) + O(1),

X = /di’*j:H["(l—f—)H(ﬂ—1)1/%

_ 2\ 71 2
y <(1)T72kﬂ) exp (_MM) S
PT Ipr| k7 + (pr — k1)

Contribution of the region k% < p% and &#_ > 1:

+oo
- 1 d’kr [ < . |kT|> } 2 2
A~ di_z-17> e —iT_— ] —1]0 —k
X(7,A) 1/ I el el (pr —k7)
2

1 .
= 3~ 3@ +in+0W),
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Exact Green’s function

Using the singular part of ¥ and boundary condition at Y = 0:

Go (q2T

—+oo
p:‘},x—) = / dgye =" § (% - 1) §(ar — pr)
0

2 vy
= zpre” TP 8(ar — pr) = Go (QQT‘ g 93—) =zpye TN <2_2T)
Y

one obtains

G Q‘Y7 T — —1ZT_py
(af| Viro-) = zpee wy) TR) TA—v-aY)

(tﬁ)W F(1-9) T(y+ay)
X exp {—dSY (Q'yE +im + ln(q%xz)) fol,SYQ] .

To get the LLA Sudakov FF, it is enough to take the LL part:

2\ 7
G(q%‘ Y,’y,x,) = zpye TP+ <2—2T> exp [—&,SYQ]
y
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LLA Sudakov formfactor

Substituting the Green’s function back to C one obtains:

C(z,qr, py|pr) = 6(2 — 1)3(q7 — P7)

B [

1 <(pT—kT) > e_asy27

(pr — k)2 q%

X

Note, that limit py — 0 exists.
Sudakov cascade:

PT, P4 — quT, ZP4
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LLA Sudakov formfactor

Taking integrals over z_, k% and Y one obtains:

3 2 (1 A2\
Cle.abopv ph = 0) = 00z = Di(ad) + a2 [ 20 (—Y(1 2) ) (7, &),

ui(1—2)3 ) 2mi \q2 22
where
i =772 1-—
J(vy, @) = /dYeXp [—aY? 4+2Y(1—)] = 2\\//_26 o {1 + Erf (ﬁ)]
0

[m -2 = (2n—1)! (=D)"a"
= Ee “ +222nn_1 N —1)2ntl
taking residues at v = 1 one gets:

Cz, a7, py |[pF = 0) = 6(2 — 1)d(a7)
ny (1

A 2 2

z g (Jés 2 Y( _Z)
D oxp | = Lem? (AY .
+1—Zq2TeXp[ T (q% 22 )]
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Derivation from “Sudakov cascade” picture

>
PT, P4 — ﬁqu,zp+

In this region, real emissions inside Green’s function are so soft, that
they change neither transverse, nor longitudinal momentum. This is
achieved via the cut:

k:r = |kTi|€yi < |qT| = |kT|’

since |qr| < py ~ p4. With logarithmic accuracy we replace <—<
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Derivation from “Sudakov cascade” picture

In the “Sudakov cascade” region, the BFKL Green’s function is:

- v Y
G = Z e qT)Y/dy1/dy2 / dyn
n=0 0

= Y1

d2 QEle o
H [/ ey larle™ i)

Le—2y;
CauLoy N~ 08 n
—e -LYZ%H[Y(Le—Y)]

= exp [—dSYQ} ,

where L. = —% +1Ing% +vg — Indr.
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Conclusions

» BFKL evolution contains Sudakov effects if
longitudinal-momentum conservation is included

» Effects beyond LLA (~ 4,Y?) are present. The exact solution for
G provides some all-order constraints to rapidity anomalous
dimension D, and collinear matching functions of TMD
factorization

» If one comes-up with appropriate generalization of the Regge
trajectory term, the evolution equation with kp-dependent
P,,-splitting [Hentschinski, Kusina, Kutak, Serino, 2018],
unifying DGLAP and BFKL can be obtained, and it will include
TMD/Sudakov effects automatically

» Extension to quark case is also possible through Reggeized quark
formalism [Fadin, Sherman, 1976; Lipatov, Vyazovsky, 2001]

Thank you for your attention!
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