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Motivation

Fixed order (FO) calculations in QCD

Systematic expansion in strong coupling :

o[0;] = 0°[0] + %al[oJ] + (%)%ﬁoJ] v

Oy inclusive / single scale (u ~ Q) = a5 < 1, FO descriptive v/
O, exclusive / multiple scales (u; < p~ Q) = §= — &= log? 5—;, perturbation series spoiled %
J

Analytic resummation

Find universal structure in coefficients of leading (next-to-leading, ...) logs at all orders,
exponentiate v/

Usually difficult + depends on observable %
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Motivation

Fixed order (FO) calculations in QCD

> Systematic expansion in strong coupling :

Qg Qg2
o[0s] = 0°[04] + %al[oj] +(3) o’[04] + ...
> Oy inclusive / single scale (u ~ Q) = «as < 1, FO descriptive v/

> Oy exclusive / multiple scales (u; < p~Q) = §=— &= log? Z—z, perturbation series spoiled %
J

Analytic resummation

> Find universal structure in coefficients of leading (next-to-leading, ...) logs at all orders,
exponentiate v

> Usually difficult + depends on observable %

Is there another solution?

Parton showers can give an accurate (to some logairthmic order) and observable
independent description.
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Motivation
Parton Showers (PS)

Take the partonic state at a high scale s = up ~ @, where FO is accurate

Evolve the partonic state by dressing it with radiative corrections characterized by decreasing
Finish the evolution at a low scale i, = py ~ O(1GeV)

Apply hadronization model at ¢

Measurement O at this low scale, on the generated exclusive final state
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Motivation
Parton Showers (PS)

Take the partonic state at a high scale s = up ~ @, where FO is accurate
Evolve the partonic state by dressing it with radiative corrections characterized by decreasing
Finish the evolution at a low scale i, = py ~ O(1GeV)
Apply hadronization model at ¢
Measurement O at this low scale, on the generated exclusive final state
Requirements
Unitarity: shouldn’t induce change in inclusive cross section
The evolution should take color and spin correlations into account, at least at the formal level

Otherwise the practical approximation in color, should be able to be improved systematically

Level of logarithmic accuracy can be checked against analytic resummation:
- analytically for some specific observables

- numerically
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Motivation
Parton Showers (PS)

> Take the partonic state at a high scale us = up, ~ @, where FO is accurate

> Evolve the partonic state by dressing it with radiative corrections characterized by decreasing s
> Finish the evolution at a low scale p; = iy ~ O(1GeV)

> Apply hadronization model at ;¢

> Measurement O at this low scale, on the generated exclusive final state

Requirements

> Unitarity: shouldn’t induce change in inclusive cross section

> The evolution should take color and spin correlations into account, at least at the formal level

> Otherwise the practical approximation in color, should be able to be improved systematically

> Level of logarithmic accuracy can be checked against analytic resummation:
- analytically for some specific observables

- numerically

One still has to match the parton shower to fixed order results.
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Formalism

Statistical space
Renormalized amplitudes in color®spin space:

color-helicity sub-amplitudes

‘M({pvf}n7/1’2)> = Z m<{p7 f7S>C}n7M2> ’{87C}n>
{s,c}n

DESY. | Matching PS to NLO in Deductor | A. Cs. Bodor | Hamburg, 24.11.2021 Page 4



Formalism

Statistical space
Renormalized amplitudes in color®spin space:

color-helicity sub-amplitudes

IM({p, f}n,0?)) = > m({p, fr5, ¢t i®) {5, ¢}n)
{s,c}n

Density matrix of partonic states < states in statistical space

o(1?)) =Zi,/[d{p}n] S > e fisies Y n®){p, £rs, 008 d ba)
no {fn {s.6,8' ¢ n
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Formalism

Statistical space
Renormalized amplitudes in color®spin space:

color-helicity sub-amplitudes

‘M({paf}n7ﬂ’2)> = Z m({p7 f;S;C}n7M2> ’{S,C}n>
{s,c}n

Density matrix of partonic states < states in statistical space
=m(...)m*(...})

1 I3
o) =Y o [kl 3 S Dl fosics i fosie )
n . {f}’"« {57075/7(3/}77,

SIM{p,f}nop?)) (M {p, S} p2)
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Formalism

Statistical space
Renormalized amplitudes in color®spin space:

color-helicity sub-amplitudes

‘M({paf}n7ﬂ’2)> = Z m({p7 f,S,C}n,M2> |{37c}n>
{s,c}n

Density matrix of partonic states < states in statistical space

=m(...)m*(...})

Z /d{p} Z Z ({p f S, €, 5 p}fl w )’{p7fa57(/ 9 (}n)

{f}n {‘3 c, 9/ /}n

S|MHp,f o) (MEp.fn,p2)]
Perturbative expansion:

Born-term real radiation virtual correction
0),,2 as(1?) (1,0) oA (0,1)
(1)) = 16 (4) + 5= (10402 + 10D (12) )
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Formalism

Statistical space
Renormalized amplitudes in color®spin space:

color-helicity sub-amplitudes

‘M({paf}n7ﬂ’2)> = Z m({p7 f,S,C}n,M2> |{37c}n>
{s,c}n

Density matrix of partonic states < states in statistical space

=m(...)m*(...7)

Z /d{p} Z Z ({p f S, €, 5 p}fl w )’{p7fa57(/ 9 (}n)

{f}n {‘3 c, 9/ /}n

SIM{p,f}nop?)) (M {p, S} p2)
Perturbative expansion:

Born-term real radiation virtual correction
0)/,,2 s (p 2) (1,0) (0,1)
(1)) = 16 (4) + 5= (10402 + 10D (12) )

bare PDFs

—_—
The cross section this way: o[0;] = (1| O, [ F(u?) o Zr(1?) ] |p(1?))

operators on density states
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Formalism

Example, g9 — gg

‘ {p}2> S Hske (12,3,4)>+|(4,3,2,1)>>m(181,282,353,4s4)

{s}2 Sc{2,3,4}
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Formalism

Example, g9 — gg
‘ )({p}2) > YY) Hshe ( (1,2,3,4)) + ](4,3,2,1)>>m(1s1,2s2,3s37434)

{s}2 Sc{2,3,4}

> Trace base in color space: strings of Tr(t%1¢*2¢%3¢%4)
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Formalism

Example, g9 — gg

‘ Wpk)) =D 3 Hskad® (1(1,2:3.4) +[(4,3,2,1)) )m(1™, 272,37, 4%)

{s}2 Sc{2,3,4}

> Trace base in color space: strings of Tr(t%1¢*2¢%3¢%4)

. . . 1J)*
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Formalism

Example, g9 — gg

‘ {p}2> S Hske (12,3,4)>+](4,3,2,1)>)m(181,282,383,4s4)

{s}2 Sc{2,3,4}

> Trace base in color space: strings of Tr(t%1¢*2¢%3¢%4) 1-
> MHV amplitudes: m(1,2,3,4) x zm >
3+
4+
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Formalism

Example, g9 — gg

‘ Wpk)) =3 3 Hshd® (1(1.2.3,4) +[(4,3,2,1)) Jm(1, 272,39, 4%)

{s}2 Sc{2,3,4}

> Trace base in color space: strings of Tr(t%1¢*2¢%3¢%4) 1-
> MHV amplitudes: m(1,2,3,4) x zm >
3+
44
. (12)%
><Z7(12><23><>34><41>
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DESY.

Formalism

Example, g9 — gg

MOph)) =3 3 lsk e

( (1, 2,3,4)>+’(4,3,2,1)>>m(131’28273837454)
{s}2 Sc{2,3,4}

Trace base in color space: strings of Tr(t%1¢*2¢%3¢%4)

1-
: . . )4 2-
The spin averaged density operator (z = iﬁ); 4+
1+a*+ (1 —2)*
Trs( (MY (M) =32 04 . 12)4
S(‘ >< D (4mas) xQ(l $)2 le
X Zp ({p}2) 1) (Jel
. x? x(1l—2z) -—x
A ({ple) = [2(1—2) (1-2)? z-1
—x r—1 1
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Formalism

Example, g9 — gg

‘M(O)({p}2)> =3 Y ke (\(1,2,3,4)> +1(4,3,2, 1)>>m(181,252,353,484)

{s}2 Sc{2,3,4}

> Trace base in color space: strings of Tr(t%1¢2¢*3¢%4) 1-
> MHV amplitudes: m(1,2,3,4) x z’m >
3+
> The spin averaged density operator (z = {2): 4+
T+at+(1—2)
Trs( |M©) (MO ) =32(47a,)2C} L a2
S(‘ > < ‘ ) (ma)"Cr (1 —x)? ><Z(12><2<3><>34><41>
<3 o0 () I1) (el O
LJ > nr of color bases is 6 = 36 color
density states
. x? x(l—z) -—=x v
P pke) = [zl —2) (1—-2)® x—1 > +1 g — 576 states
—x r—1 1

> all evolve individually in a shower

> in general, nr of bases in color

) i 1\2
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Matrix elements factorize on IR poles

0. f5}m : &, fr3tmin

> Consider p,, 11 — A\p;: @566666 M
|

M({p: fhmtn) ) i
splitting function ! - ' !
——f
P F s 7 |
~tH(f = fit Fn )V By Frme) | M ({p, £}m)) it | m
—_—
color factor hard state I
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Matrix elements factorize on IR poles

0. f5}m : &, fr3tmin

> Consider p,, 11 — A\p;: @566666 M
|

M({p: fhmtn) ) i
splitting function ! - ' !
——f
P F s 7 |
~tH(f = fit Fn )V By Frme) | M ({p, £}m)) it | m
—_—
color factor hard state I

> For pp41 — 0 these sum up: |M) ~ >, |M)) |
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Matrix elements factorize on IR poles

0. f5}m : &, fr3tmin

> Consider p,, 11 — A\p;: M
A e |
M({p: fhmtn) ) i
splitting function ! - ' !
——f

. 2 2 .7 '

~ t;(fl — fl + fm+1)vf({p7 f}m+1)|M({p> f}m)> m+1 | mtl

—_—— ———

color factor hard state I

\"/

For P41 — 0 these sum up: M) ~ >, [M;) [

\"/

Exact in the limit

\"/

Splitting functions from Feynman diagrams

\"/

Momentum mapping either global or local
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Matrix elements factorize on IR poles

Consider p,,+1 — Apr: ,6566666
M({p, Fhmin) )
splitting function !
—_——N
~ = firt f ) B, Frm) M (D, 1)) -
———
color factor hard state

For P41 — 0 these sum up: M) ~ >, [M;)

\"/

\"

\"

Exact in the limit

\"/

Splitting functions from Feynman diagrams

\"/

Momentum mapping either global or local

In statistical space?

This sort of factorisation directly translates to stastical space states as well!
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IR-sensitive operator

> Consider a state |p(u?)) with (ng,ny) real + loop momenta close to IR poles
> We would expect a factorisation of the form |p(u2)) ~ D™ (12)| phara (112))

> D(u?) is the "IR-sensitive operator”, that contains the process independent singularities

D(u?) =1+ 22DV + (5

™

)QD@) (1) + ...

=1+ 22 (DU (2) + DOV (1))
Y5

+ (;)2 (D20 () + DOV () + DO (1)) + ...

m

> Example:

~ ~ s N 10
Prsr = A p(p2)) ~ DIV (12) | on (12)) Pt = 00 Y0 DY (12) on (12)

,D[[ 1 .ll)(llg)
| |
% % I ‘
| |
| |
~ | |
| |
| |
| |
|
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IR-sensitive operator: construction

> We can construct D at each order based on the factorisation of matrix elements
(D, £18,8, 6, bmnp D) (12 ) {p, f,5,5 ¢, bm)
=5 [ @0 0 5 hmnnd VLG 0 s ) 5
G

% ({8, 3| Vi(G3 By Flmengs Uy s 12) {3, EFiming) p

X Z ({ﬁ: f}m—l—nR‘,PG(I)Hpaf}m)

IcRegions(G)

DESY. | Matching PS to NLO in Deductor | A. Cs. Bodor | Hamburg, 24.11.2021 Page 8



IR-sensitive operator: construction

We can construct D at each order based on the factorisation of matrix elements
(B, £,8.8, 6, Ymann D) (12, 12) (D, £ 8,8 €0 Fm)

Z/dd{l}nv p ({5, é}m+nR|VL(G {p, f}m+nm{l}nvnu ) s, cm)
G

% ({8, 3| Vi(G3 By Flmengs Uy s 12) {3, EFiming) p

X Z ({]57 f}m+nR‘PG(I>‘{p7 f}m)@G<I; {[3* f}?rb-i-nR? {l}nv;/’ﬂ)

IcRegions(G)
Introduce a UV cutoff to capture only the IR parts

Cuts off is in the IR-sensitive splitting variable (e.g.: virtuality or k) at the splitting scale, 1
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IR-sensitive operator: construction

> We can construct D at each order based on the factorisation of matrix elements
(B £+ 5,86, Ymann DR (12 12V D, £, 8,86, Fom)

=3 [ @0 0 (45 e VLG 1, s (Do) {5,

G
< ({8, | V(G (B, Frmengs Uy 1) 18, Ehmeinn) p

X Z ({]5, f}m+nR|PG(I)|{paf}M)@G(I; {ﬁa f}ernR?{l}nV;:ug)

IeRegions(G)
> Introduce a UV cutoff to capture only the IR parts

> Cuts off is in the IR-sensitive splitting variable (e.g.: virtuality or &, ) at the splitting scale,

Up to first order

2
DDl =1 = D7 (upul) =1 - SEDO (2, u2)
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Parton shower cross section

Fixed order cross section:

o[04] = (UOs(u3) [F(udr) o 27 (uir)] |p(1d))
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Parton shower cross section

Fixed order cross section:

o[04] = (O (u3) [F(udr) o Z7(uir)]|p(1k))

= (U0 (u3) [F () © Zr (i)} D, n D™ iy 182)] o2 10(1iFr)
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Parton shower cross section

Fixed order cross section:

o[04] = (O () [F(ud) o Z7 ()] |p(1di))
= (U0 (u3) [F () © Zr (i)} D, n D™ iy 182)] o2 10(1iFr)

= (U0 (u3) X (i )V (pir) F (wdr) lom (1))
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Parton shower cross section

Fixed order cross section:
a[04] = (U0, (1) [F(ud) © Z7(uip)] |p(udr)
= (U0 (u3) [F () © Zr (i)} D, n D™ iy 182)] o2 10(1iFr)
= (UOs ()X (i)Y (i) F ()| pr (i)
lpr (%)) = D 1(1?)|p(n%)) is the hard state, D' supplies subtraction (see in a minute)

X (u2,) is an operator derived from D and PDFs; it changes the particle number, flavor, spin and
color

As long as 17 > up the effect of X' is unresolved, and

o[0J] = (10 (u)V () F (uip)|pr (i)

DESY. | Matching PS to NLO in Deductor | A. Cs. Bodor | Hamburg, 24.11.2021 Page 9



Parton shower cross section

Fixed order cross section:
a[0;] = (110 (1) [F(udr) o Z7 ()] 1p(1idr)
= (U0 (u3) [F () © Zr (i)} D, n D™ iy 182)] o2 10(1iFr)
= (UOs (W)X (i) V(uir) F (udp)lpm (ud)
> |pu (%)) = D (u?)|p(u%)) is the hard state, D! supplies subtraction (see in a minute)

> X(;ﬁq) is an operator derived from D and PDFs; it changes the particle number, flavor, spin and
color

> As long as pj > pp the effect of A is unresolved, and

o0s] = (O (u5)V (i) F (1) o (1))

However...
2
Usually 17 < pyg = terms of log? ‘;TH appear
Jf
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Parton shower cross section

We introduce a low scale, nf < pg, ny ~ O(1 GeV), and through a series of derivation we would
reach:

ol0s) = (O (uH) X (u}) X (u) V(i) F (ud) | pr (13r))
U 1%)
Ul

The operator U(/Lff, 11%;) is the parton shower evolution:

B 2
UG53, 1%y) = Texp{ / :Qsm}
1y

The kernel, S(p?) is built from the IR-sensitive operator and the PDFs
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Parton shower cross section

We introduce a low scale, pf < g, 1y ~ O(1 GeV), and through a series of derivation we would
reach:

o0 = (O (u3) X ()X (1) V(i) F () | pm (1))
U 1%)
FHE

> The operator Z/l(/@, (%) is the parton shower evolution:

B 2
uwfe,u%[):?rexp{ / 2 #i <u2>}
Ky

> The kernel, S(;:%) is built from the IR-sensitive operator and the PDFs

Use of subtracted cross sections at the same order as the evolution kernel!
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Matching

Matching to LO-shower < NLO subtraction

o (p®)) = D112, 1 = p?)|p(p?))

o (u?
=10 + 2(7’j ) [|p<17°> () ~ DO <u2>rp<°>>}
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Matching

Matching to LO-shower < NLO subtraction

o (?)) = D7 (W2, 12 = 1) |p(p?))

= 1p0) + 2D 0002 _ 00,0

+ 2 ) [ 00,2)) — Do) )]
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|p10)(11?)) Real radiation corrections

lp

(0.1)(

©2)) Virtual corrections
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Matching

Matching to LO-shower < NLO subtraction

o (?)) = D7 (W2, 12 = 1) |p(p?))

o (u?
= 1p'") + 2(7/: ) (109 (12)) = DO (122) o)

Qg 2 .
+ 2l [0y - Do 0)]

DESY. | Matching PS to NLO in Deductor | A. Cs. Bodor | Hamburg, 24.11.2021

|p(?)) Born process

|p10)(11?)) Real radiation corrections
|p(%1)(112)) Virtual corrections

D10 (142)]p(9)) Real subtraction

DO (12)p?)) Virtual subtraction
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Matching

Matching to LO-shower < NLO subtraction

lpr (1?) = D71 (6?13 = 1?)|p(p?)) > [p(©) Born process
2
as (p (1,0)(,,2 o :
= p©) + % [|p(1,0) (12)) — D10 (M2)\P(O))] > |p\1Y(1*)) Real radiation corrections
2 > |p®1)(u?)) Virtual corrections
Qs
+ 2 U 00— pion20)

> DO (12)|p(9)) Real subtraction

> DO (12)|p) Virtual subtraction

This form of subtractions
Instead of 0[O ] calculation, we have ” 5[0 ;] x (nr color bases)? ” calculations!

> Acts on the density state level, instead of > Serves as input for a parton shower
ME-squared evolution that can treat color

> Defines subtractions for all possible colour > The criterion for matching is using the same
states to cancel all occuring singularities D operator as the shower does
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Matching

Tracing over spins (exact in the easiest case of 2 — 2 as LO)
The real radiation part directly from amplitudes:

DO (p. .y }) = 3 [ AE 5. Fomin) O(FE) < 1) Mo £ )
Lk

x> e Yman) Gk, L &g {6, bmg, {e, bm)

{6,¢'}m+1

Real part of virtuals defined from this:

Re(D) (%)) = —DUO) (1)
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Matching - status

Jet production at the LHC

LO: all 2 — 2 partonic processes, €.9.: g9 — 99, 99 — qq, 99 — q9g, - . .
. already at this level color is not trivial (vs. eTe™ or DY) = first non trivial matching in this sence

NLO (real): all 2 — 3 partonic processes, €.9.: g9 — 999, @ — 7T, g9 — qqdg
- nr of colour bases blow up

. tracing over spins (this is the last level where this is exact)

NLO (virtual): loop corrections to LO
- Real part of subtraction from the real subtraction term (KLN)
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Matching - status

Jet production at the LHC

LO: all 2 — 2 partonic processes, €.9.: g9 — 99, 99 — qq, 99 — q9g, - . .
. already at this level color is not trivial (vs. eTe™ or DY) = first non trivial matching in this sence

NLO (real): all 2 — 3 partonic processes, €.9.: g9 — 999, @ — 7T, g9 — qqdg
- nr of colour bases blow up

. tracing over spins (this is the last level where this is exact)

NLO (virtual): loop corrections to LO
- Real part of subtraction from the real subtraction term (KLN)

Status
Born, subtracted real corretion are
2 o —1 2 2 2 2 y
P (n%)) = D™ (1%, s = 1) lp(17)) implemented and checked v/
= 1p®) + 0‘2(“) (1P (12)) = DO 122) o) are under
™

implementation now

| - )

DESY. | Matching PS to NLO in Deductor | A. Cs. Bodor | Hamburg, 24.11.2021

Page 13



p1 || p3, element 25

M: matrix element, X: subtraction term, 5: callinear gluons inv mass

10000 &% M----
£ X ®
100 & S SOTPREIS PP e 17513 .
i _ B : M/X =t =
: : ‘% :
i S N . YV S <1 CIPT R e
E : 5 Kinse - :
0.01
0.0001
1e-06 ¢ E
B vwnd vl vl vl el il il
1e-09 1e-08 1e-07 1e-06 1e-05 0.0001 0.001 0.01 0.1
y
pq1->0, element 11
M: matrix element, X: subtraction term, Eg: soft gluon energy
M - -
1e+15 | X x4
2
* ' ”ni/)g(
1e+10 oo - e b TR e ==
et L Eg* IMX| ——
Rt :
-,
100000 Er ..... S xﬁ*"‘ _E
'K..*n.’i
1 =,._._._._._._._._._._.._._.:_-n.*_‘.._._..g_
.,‘_“x
1e-05 - : 3
0.0001 0.01 1 100 10000 1e+06
A
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Summary

Parton showers are process independent tools that work in conditions when fixd order
perturbation theory breaks down

These parton shower and fixed order results should matched
We saw, that formally a parton shower can handle full color

So the matching should happen at this level too
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Thank you!

Contact

DESY. Deutsches Aron Csaba Bodor

Elektronen-Synchrotron
Theory
aron.bodor@desy.de
www.desy.de
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