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Chapter 1

Introduction

The aim of the lecture series QCD and Monte Carlo techniques is to introduce the basic con-
cepts of Quantum Chromodynamics (QCD) and how this can be used for comparison with
measurements at past and present high energy particle colliders, HERA and the LHC. Since
events produced at high energy collisions contain many particles, most of the calculations
cannot be performed analytically. Even for the calculation of integrals, numerical methods
have to be applied and for complicated multidimensional integrals the Monte Carlo method
is best suited.

While the basic concepts and methods did not change in the last few years, the experi-
mental results and the interest to understand the measurements has changed: HERA and the
LHC have provided a large number of measurements and challenge the theoretical predic-
tions. Calculations at higher order in the expansion of the strong coupling a; were needed
and new methods to perform calculations were developed. In recent years, with the develop-
ment of the Parton Branching Method a direct correspondence of the solution of the evolution
equations, parton density functions and their extension to include transverse momentum
effects (TMDs) was established.

In many measurements obtained from LHC experiments, but also for studies foreseen
at future colliders at the EIC, fixed order calculations are found to be not sufficient and a
resummation to all orders is needed. Some of the measurements at the LHC which are of
particular interest for QCD studies will be discussed.

A warning is needed here: although the lecture will cover Monte Carlo methods, it will
not be a description how to run a given Monte Carlo event generator, nor it will describe
the detailed implementation of QCD processes in Monte Carlo generators. The lectures will
provide the basics to understand the principles of Monte Carlo event simulation and basic
QCD calculations.
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Chapter 2

Monte Carlo methods

The general case of a process A + B — anything to be calculated is given in fig. 2.T] A more

JeIs Teuly

Figure 2.1: General case of scattering A + B — anything

detailed figure of the process to be studied is shown in fig[2.2} where on the left side is shown
the lowest order process for jet production in hadron hadron collisions and on the right side
the process is shown including multiparton radiation, which is the subject of this lecture.
It becomes clear, that with many parton involved in the calculation this cannot be done
analytically, and numerical methods are needed, one of them is the Monte Carlo method.

2.1 Random Numbers

Monte Carlo method refers to any procedure, which makes use of random numbers and
uses probability statistics to solve the problemﬂ The Monte Carlo method was invented
and developed in the 1930’s for the calculation of nuclear decays, but nowadays it is widely

!Partons are used as a generic name for quarks and gluons
“The name comes from a saga, that the first true random numbers were obtained by recording the results of
the roulette game in the casino of Monte Carlo.
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Figure 2.2: Left: lowest order process for jet production in hadron hadron collisions. Right:
Process for jet production including multiparton radiation and hadronization

used in any calculation of complicated processes for the simulation of natural phenomena,
simulation of the experimental apparatus, simulation of the underlying physics process but
also in economy for risk analysis etc. Even more, the Monte Carlo method is a precise method
for the calculation of integrals, and it is applied in all calculations of cross sections nowadays.
The Monte Carlo method is a mathematically precise method for estimating integrals. The
basic theorems are the central limit theorem and the limit of large numbers which guarantees
that a Monte Carlo estimate of an integral converges to the tru value of the integral.

Monte Carlo methods make use of random numbers. An example of a random number
is 3 or 4. There is nothing like a random number. Any number can appear to be random. Only
if we have a sequence of numbers, where each number has nothing to do with the other
numbers in the series, we can say the numbers appear to be random.

In the following we consider random numbers always only in the interval [0,1]. In a
uniform distribution of random numbers in this interval [0, 1] all numbers have the same
chance to appear, note that 0.00000034 has the same chance to appear as 0.5.

Random numbers can be obtained by several methods:

¢ using a truly chaotic system like roulette, lotto or 6-49
¢ using a process which is inherently random
¢ generating "random numbers" on a computer

Examples for random numbers obtained from chaotic processes are using atmospheric noise [1]
or using quantum physics which is intrinsically random [2].

Random numbers generated on a computer are never really random, since they always
are determined according to some algorithm [3]. They may appear random to someone,
who does not know the algorithm. The randomness of random numbers can be checked
by several tests, which will be discussed later. Random numbers, which are generated on
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a computer are called pseudo-random numbers. In contrast, quasi-random numbers are random
numbers which are by intention not random but are designed to be as uniform as possible in
order to minimize the uncertainties in integration procedures.

A simple random number generator (so called multiplicative congruential linear random
number generator) can be build as follows [4][p 40ff] and [5][Vol ILp 9]. From an initial number
Ip we generate a series of random numbers R; according to:

I; = mod(alj—1 + c,m)
I.

R, = 2 (2.1)
m

with a being an multiplicative and ¢ a additive constant and m the modulusﬂ With this
procedure one obtains a series of number R; in the interval (0, 1) (note that the values 0 and
1 are excluded). This random number generator will be tested in the exercise. In fig
the correlation of 2 random numbers is shown on the left side. The right side shows the
same correlation for another random number generator RANLUX , which will be used
later in the calculations. It is obvious, that the multiplicative congruential linear random number
generator produces random numbers, which show correlations and does therefore not satisfy
quality criteria for a good random number generator; the RANLUX generator seems to be
better.

Entries 100000 Entries 100000

Figure 2.3: Left: correlation of two successive random numbers obtained according to
Right: correlation of two random numbers obtained with RANLUX

Several criteria on the randomness of a series of pseudo random numbers can be applied to
test the quality of the random number generator [5][Vol II,p 59]:

o statistical test (test uniformity of distributions, frequency test, equi-distribution test)
Divide the interval (0, 1) into k-subintervals with length 1/k. Count how many random

3the modulus function is defined as mod(i1,i2) = i1 — INT (i1 /is) - i2
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numbers fall into the k’s interval [9]. Calculate:

k
Z (N; — N/k 22)

=1

with N random numbers R;. If the random numbers are uniformly distributed, then
Eq.2.2]is a x? distribution with k — 1 degrees of freedom and should give x?/(ndf) ~ 1,
with ndf being the number of degrees of freedom.

¢ serial test (pairs of successive random numbers should be distributed in an indepen-
dent way (see fig.[2.3)). The sun comes up just about as often as it goes down, in the long run,
but this does not make its motion random [5][Vol ILp 60].
Count pairs of random numbers (Y2, Y2;11) = (g,7) forany 0 < j < n and apply a x>
test as above.

* sequence up-down test
Count the number of runs, where the random numbers are increasing Y1 > Y. Ex-
ample: take the sequence 1298536704 and insert vertical lines for Y| > Y}, resulting in
|129|8]5|367|0/4|. Count the number of runs-up with length k. The number of runs-up
and the number of runs-down should be similar, but they should not be adjacent: often
a long run will be followed by a short one.

* gap test
Choose two numbers «, 8 with 0 < a < 8 < 1. Generate r + 1 random numbers. The
probability that the first » random numbers are outside («, 3) is P, = p(1 — p)" with
p = § — a being the probability for the r 4 1 event to be inside (a, /).

* Random walk test
Choose 0 < a < 1 and generate a large number of random variables R;. Count how
often R; < « and call it r. We expect a binominal distribution for r with p = a. The
same test can be performed for R; > (1 — «).

Practical criteria for random numbers can be formulated as follows [3]:
* Long period

* Repeatability
for testing and development one needs to repeat calculations. Repeatability also allows
to repeat only part of the job, without re-doing the whole.

* Long disjoint sequences
for long procedures one needs to be able to perform independent sub-calculations
which can be added later.
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¢ Portability
not only the code should be portable but also the results should be the same, indepen-
dent on which platform the calculations are done.

¢ Efficiency
generation of random numbers should be fast.

To test a random number generator, a series of tests have to be performed. Even if a Random
Number generator passes all n -tests, one cannot assume that it also passes the n + 1-test.

2.2 Statistics and Probabilities

A very good overview on statistics and probabilities is given in [4,10], which was used for the
discussion in this chapter. In an experiment where the outcome depends on a single variable
x one can ask what is the probability to find values of x in the interval [z, z + dz]. This is
given by f(x)dr with f(x) being the probability density function p.d.f (not to be confused
with the pdf which is used for the parton density function to be discussed later). Since we
assume, there is an experiment with some outcome, the probability to find x anywhere must
be unity, that is:

/ f(x)dx =1 (2.3)
The p.d.f has to satisfy in addition:
f(o0) = f(=00) =0 (2.4)
The expectation value (mean values or average value) of a function h(z) is defined as:
+00
Elh] = / h(z) f(z)dz = / h()dG(x) = - ! - / h(z)da 2.5)

with f(z) being the probability density function. In the right part of the equation we used the
special case dG(x) = dx/(b — a) for a uniform distribution. In case of discrete distributions
we have:

E[p] = hw)f (@) (2.6)
A special case is the expectation value of = (or the mean on the distribution)
+oo def
Elx] = f(x)xdx = (x) (2.7)

From the definition of the expectation value we see that E[h] is a linear operator:
Bleg(o) +h(@)] = [ (cgla) + hla) f(o)iz

= c/g(w)dx+/h(x)f(a:)dx
= cE[g] + E[h] (2.8)
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with ¢ being a constant. Similarly we can see that the expectation value of the expectation
value E[E]g]] is simply Elg]:

BBl = [ < / g<x>f<x>d:c) Ja! )’

= Elg(x) / f(a')da!
— Elg(x)] 2.9)

because [ f(z')dz’ = 1 by definition of the p.d.f

The variance o measures the spread of a distribution and can be defined as the mean
quadratic deviation from the mean value. The square-root of o is also called the standard
deviation. The variance V'[h] is defined as:

Vil = o* = B [(b(a) - ER@))?] = [ (ho) - Eb@)? fohds @10)
From the definition, the variance V[cg(z) + h(x)] can be calculated:
Viegw) +h@)] = [ (coo) +hia) = Elegla) + h(w)))* f(a)d
— [ (esle) + hia) = cBlg(o)] - Elp(a))? Flz)da
— [ (el Elal) + (h — B0 f(a)do

(g — Elg])* + 2c(g — Elg))(h — E[h)) + (h — E[h])?)) f(z)dz

+2¢E[(g - Elg])(h — E[h])] + V[h]

+V[h] +2cE[g - h — gE[h] — hE[g] + E[g] E[h]]

+VI[h] +2¢(Elg - h] — E[g]E[h] — E[h]E[g] + E[g]E[h])

+ V[h] +2¢(Elg - h] — Elg]E[h]) (2.11)

Vieg(z) + h(z)] =

In the case that g(«) and h(x) are uncorrelated, we have E[g-h| = E[g] E[h] and the expression
simplifies to:
Vieg(z) + h(z)] = *Vg] + V[h] (2.12)

A special case is the variance of x:

Vie] = E((r - (@)?) = / (& — Ela])? f(2)dz
[

= Bl? - 2B[a](x) + (@)
Vlz] = E[2%]~ (z)?
V[z] = E[z% - E[z)? (2.13)
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where the relation E[z] = (z) has been applied.
Consider independent random numbers z; and x5 with variances V[z1] = 0? and V[x9] =
a% and mean values y; and p2. The expectation value of the sum of z; and 3 is:

E[CL’l + IQ] = E[l‘l] + E[l‘g]
= p1+pe2 (2.14)

The variance of the sum is (using x = 1 + x2):

o’ = (z—(x))
= E[(z —(z))*
= El(x—pm — p2)’]
= E[(z — p1 + 32 — p2)?)
= El(m1 — ) +2 (w1 — ) (w2 — p2) + (22 — p2)’]
o2 0 o3
o = of+o} (2.15)

o?=> o} (2.16)

Consider now a sample of z; where all z; follow the same probability density function
f(z), having the same variance o and the same pi. The mean of the sample is defined as:

T= > @ (2.17)

The expectation value E[z] is given by:

1 N
Elz] = E NZ;:/U]
N =1
_ %NE[:I;Z]
E[Z] = Elz]= (z) (2.18)

resulting in the expectation value of the mean being the mean itself. To obtain above, the
features of the linearity of the operator are applied.
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The variance of the mean is:

Viz] = V

1 N
1

- = [Xe]
1

= w7

1 2
1
Viz] = NU’Z (2.19)
or in the familiar form as the standard deviation of the mean:
g
ON = —— 2.20

2.3 Random Numbers from arbitrary distributions

Given a sequence of random numbers uniformly distributed in [0, 1] the next step is to deter-
mine a sequence of random numbers x;, z3 . . . distributed according to a probability density
function p.d.f.

The task is to find a suitable function x(r) which gives the same sequence of random
numbers when evaluated with uniformly distributed values r. The probability to obtain a
value r in the interval [r,r 4 dr| is u(r)dr and this should be equal to the probability to find
zin [z, 2 4 dz] which is f(x)dx (see fig[2.4):

) u(r)dr' = f(f/)dx’
/ u(r)dr’ = / f(x')da'

—00 oo

(2.21)

Using a random number R uniform in [0, 1] with R = ["__u(r’)dr’ we obtain:
R - / f(@)da' = F(x)

with f(z) = dF(z) being the probability density function p.d.f (as defined before) with:

dx
/_OO flx)dx =1
f(o0) = f(=00) =0

Examples (assuming we have random numbers R; uniformly distributed in [0, 1]):
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Figure 2.4: Illustration of a(r)dr = f(x)dz. Picture from [4] [p14]

e linear p.d.f: f(z) = 2z.
The primitive function F'(z) is:

F(z) = /wf(t)dt:/x%dt::cz
0 0
R = F(z)=2?

=T
5 = VA,

For any uniformly distributed random numbers R;, the z; values are distributed ac-
cording to the function f(z) = 2z, when calculated as z; = \/R;

e exponential p.d.f: f(z,\) = Aexp(—Ax).
The primitive function F'(z) is:

xT

0

F(z) = /f(t)dt:/ Ae(*M)dt:,\;le(fAt)
0 0 A
-z

= 1l—e

“R+1 = e

log(1—R) = —\x
r; = — log(R;)

A
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The values z; can be generated from a uniform distribution of random numbers R;
with z; = S log(1 — R;) = 5t log(R;) since for a uniform distribution the probability
of occurrence of 1 — R; is the same as for R;

e pdf f'(z) =1/zin the range [Zmin, Tmaz]

The normalization integral is:

Tmaz 1 max
/ Zdt =1log 2 (2.22)
Tomin LTmin

Since this function f’(z) is not normalized to unity, the normalization factor has to be
included:

f(x 1 1
f(z) = Tog gm) = 2 log tm (2.23)
Tmin Tmin

The primitive function F'(z) is then:

F(z) = ’ ft)de

Tmin

1 o1 1 x
= l Tmax 7dt = 1 Lmazx log .
o8 Tmin ¥ Tmin t 08 Tmin Lmin
R — 10g x'r:in
1Og Tmax

Tmin

R
log (‘”’"””) - 1og< * > (2.24)
Tmin Tmin

The values x; can be generated from a uniform distribution of random numbers R;

. . R;
with Tj = Tmin (7"“”) .

Tmin

brute force or hit and miss method:

If there is no easy way to find an analytically integrable function, which can be inverted,
one can use the hit-and-miss method. Assume we want to generate random numbers
according to a function f(x) in the interval [a, b]. The procedure is then the following:
determine the maximum value, the function f(x) can reach in [a,b], which is fy,4z-
Then select z; uniformly in the range [a, b] with z; = a+ (b —a)R; with R; in (0, 1). Use
another random variable R; also in (0, 1). Decide according to the following, if the pair
R;, R; of random numbers is accepted or rejected.

if f(xi) < Rj - fmaz ~> Teject
if f(ZEZ) > Rj  fmaz  ~ accept
The accepted random numbers z; follow then exactly the distribution of the function

f(z). The only disadvantage of this method is, that depending on the function f(z), it
can be rather inefficient.
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¢ improvements of the hit and miss method.
Find a function g(z) which is similar to f(z) but which is integrable and invertible,
ie. G(z) = [ g(x)dz and G~1(z) must exist. Then choose a constant such that always
c-g(x) > f(x) for all . Generate x according to the function g(x) with the methods
described above. Generate another random variable R; and apply the hit and miss
method as above:

if f(z;) < Rj-c-g(x) ~ reject
if f(z;) > Rj-c-g(x) ~ accept

The accepted distribution of variables x; will follow the original function f(x).

2.4 Law of Large Numbers and Central Limit Theorem

The law of large numbers is fundamental for all the considerations above [4,10,11]]. The law
says, that for uniformly distributed random values u; in the interval [a,b], the sum of the
probability density functions converges to the true estimate of the mean of the function f(x):

1 & 1 b
N;f(ui)wb_a/a flu)du (2.25)

The law of large numbers has been applied in the sections before implicitly. The function
f(z) must satisfy certain conditions: it must be integrable, and it must be finite in the whole
range of [a,b]. The left hand side of eq.(2.25) is a Monte Carlo estimate of the integral on
the right hand side and the law of large numbers says that the Monte Carlo estimate of the
integral is a consistent estimate of the true integral as the size of the random sample becomes
large. At this stage, nothing is said, how large "large" has to be.

The law of large numbers tells that for infinitely large numbers the Monte Carlo estimate
of the integral converges to the true estimate of the integral. The Central Limit Theorem
tells us how the convergence goes for finite number of N. The Central Limit Theorem says
that the sum of a large number of random variables follows a normal distribution (i.e. the
sum of random variables is Gauss distributed), no matter according from which p.d.f the
individual random variables were generated, only the number NV must be large enough and
the random variables must have finite expectation values and variances. An example of the
application of the Central Limit Theorem is the construction of a Random Number generator
for Gaussian distributed random numbers, which will be done in the exercises:

¢ take a sum of uniformly distributed random numbers R;:

R, = z": R;
i=1
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The expectation value and the variance are calculated according to the rules in eq.(2.82.11):

B[R] — /udu:;

VIR = /<u;>2du:112
E[R,] = g

VIR = 33

According to the Central Limit Theorem the sum of random values is Gauss distributed.
To obtain a distribution centered around 0 with o = 1 we take:

Zi L _iij;,ui N

For example, if we sum n = 12 random numbers (many times N — 00), we obtain a
"normal" (Gauss) distribution A/ [11]:

(0,1)

R, —n/2

N(0,1) — 12

=Ri2—6

2.5 Monte Carlo Integration

Already in the previous sections we had to deal with the problem to obtain a reliable estimate
of the true value of an integral [9]:

I= / ' Hayd

The integral I is directly connected to the expectation value of the function f(x) with the «
values distributed according to a probability density function g(x).

ﬂﬂ—/mf@wwﬂx

where the p.d.f. g(z) must be defined such, that it vanishes outside the range of (a, b). In the
case of uniformly distributed x this reduces to g(z) = 1/(b — a) fora < < b (and g(z) =0
otherwise) which gives:

o0 b
Bl = [ f@gw)is = 2 [ floyis
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The Monte Carlo estimate of the integral is then:

I~ Ino = (b— a)% iv; Fa) (2.26)
and the variance is: )
Vil = ot =V |6-a)y f; f(x,-)] 227)
_ b ]_V;)Q Vv [i f(mi)] (2.28)
=
_ ;V“)z VIf] (2.29)

The variance depends on the number of times the integrand is evaluated, but also on the
variance of f: V[f].

Applying the definition of the variance eq.(2.11), the variance V[f] becomes (with f =
[ fdz =1/N}" f; and assuming g(z) being uniform):

Vi = / (f — F)?gde = / (f? — 2/ F + P)gde (2.30)
- / gdz — 2 (2.31)

_ Zf2 (Zf’) (2.32)
(2.33)

Then the V[I] becomes:

Vi) = S(b-a (szz <Z]:Vf>2)

With this we can estimate the uncertainty of a Monte Carlo integration (use this in the exer-
cises).

The Monte Carlo integration gives a probabilistic uncertainty band: we can only give a
probability that the MC estimate lies within a certain range of the true values [3].

To further improve the accuracy of the Monte Carlo integration, several approaches exist:

¢ importance sampling
If an approximate function g(x) exists then the integral I can be estimated to:

1= [ = [0
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~ [ hw)g(a)da

- o[

provided g(z) is normalized and integrable in [a,b]. Thus the integration reduces to
calculating the expectation value of E|f/g], if the values of x are distributed according
the p.d.f g(z). The values of x can be generated according to the methods discussed in
the previous sections and we obtain:

1 f)
e o

We assume that g(z) is a p.d.f normalized to 1 in the integration range. For example

using g(z) = (1/2)1/log (%) (see eq.(2.23) gives then:

s (if;:';::) 5 1o .

The variance is then given by:

v [ggg] =F [(ﬁg - B ng Dj (2.36)

A danger in this method is when g(z) becomes zero or approaches zero quickly [3].

subtraction method (control variates) [3]
Find a function g(x) which is close to the true function f(z):

/abf(x)dx:/abg(x)dx+/ab(f(x)—g(x))dx

This method also reduces the variances and is especially successful if the function f(z)
has a divergent part. This method is often used in next-to-leading order (NLO) QCD
calculations.

stratified sampling
divide the integration region into subintervals:

/a ) = / " f(2)da + /  fa)da (2.37)

— cn72a Z fit n/z Z f; (2.38)

Then the integral is:
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with the variance (if we takec —a=b—c¢ = (a — b)/2):

VI = VIL]|+ V]
0o (z}lvff paf g [<zzlvf>2+ <zjzvf>2]>

We obtain a smaller variance, since the fluctuations in each interval are smaller.

* brute force method
The accept-reject method also works for MC integration. Defining I; as the area in [a, 0]
and fiqz as the maximum of the function f(z) in this range. With a random number
R; we generate x; and another random number R; is used to accept or reject the pair
of random numbers i, j according to:

if f(xi) < Rj - fmaz ~> Teject
if f(xi) > Rj - fmaz ~> accept

We count the number of trails with Ny and the number of accepted events with V.
Then we obtain:

The variance V[r] = (§(N))? = o2 is (using binomial statistics with V[r] = Noe(1 — e)
with e = N/Ny):
Virl=N(1—¢)

With this we can calculate the uncertainty of the integral estimate §(/) as:

81 Too/No _ \/N(l -6 _ \/(1 )

I~ I,N/N, NZ N
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Chapter 3

Probing the Structure of Matter

The force that keeps matter together is the strong force which is described by the theory
of Quantum Chromo Dynamics (QCD). Basically everything is included in the QCD La-
grangian, which describes the non-abelian nature of QCD.

Probing the structure of matter is in analogy to optics: to resolve objects the wavelength
A of the probe has to be smaller than the size d of the target: A < d. In all calculations below
we assume natural units: h = ¢ = 1.

For an introduction to the standard model see [12]. Calculations of QCD processes (in-
cluding many the details for the calculation) are described nicely in [13]. A theoretical de-
scription and a discussion on parton showers and Monte Carlo generators is in the Pink
Book [14]. A detailed discussion on parton evolution is given in [15].

3.1 Kinematics and Cross Section definition
3.1.1 Four-Vector Kinematics

Four-vectors are used to characterize fully the state and the motion of a particle.

def def
(B.p) = (0,0 0% 0%) =p" = p (3.1)
A four-vector is defined in a specific frame. Boost (or Lorentz-) invariant quantities can be
defined from four-vectors. The simplest example is the invariant mass of a particle defined
as:

E? —p® =m® (3.2)
Products of four-vectors are Lorentz invariant. The four-vector product is defined as:
ABY A°B’ — AB (3.3)
In the collision of two particles, p; and p the invariant mass of the system is given by:
s = (PL+P)? =P+ P4+2P.P,
= M+ M2+ 2(E Ey— P B) (3.4)

23
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In the center-of-mass of the two colliding particles we have ]]31\ = \]32| Assuming M; = Mo
we get:
s= (P, + Py)* =2M? +2(E* + P?) (3.5)

with M = My = My, E = E; = Es and P = |p}| = |p2|. In the case of E > M, we obtain:
s= (P + P)*=4E} = E2, (3.6)

with Ej, being the beam energy and E.,, being the center-of-mass energy.

At LHC the energy of the colliding protons was increasing from a start up value of Ej, =
450 GeV, giving a center-of-mass energy of /s = 900 GeV, to the design energy for each
proton beam of Ej, = 3500 GeV giving a center-of-mass energy of /s = 13 TeV, the highest
energy achieved in a collider.

If one of the colliding particles is at rest (P, = (M, 0), in a so-called fixed-target experiment,
the energy available in the collision is (assuming the mass of the other particle to be small
M 1= 0)

s=(PL+P) =M?+2E-M (3.7)

In a fixed-target experiment with a muon beam of E = 280 GeV colliding with protons at rest,
the available center-of-mass energy squared was s = (P + P»)? ~ 560 GeV? which gives
Vs = 24 GeV. At HERA, a electron-proton collider at DESY, electrons with an energy of
E. = 27 GeV were collided with protons of energy of E,, = 920 GeV yielding /s ~ 315 GeV.

3.1.2 Light Cone Variables

Some calculations become easier and the results are easier understood when so-called light-
cone variables instead of the Cartesian variables are used (see for a description and discus-
sion [16]]). Any four-vector, defined as:

V=wovhv2 v =w"v,v?

with V| being a two-component vector, can be changed to its lightcone representation:

+ i 0 3
vt = \/i(v +V?) (3.8)
- i 0 1,3
Vo o= \/i(v V?) (3.9)
Ve = (VLVv? (3.10)

We also have:
vl o= (Vt+Vv7) (3.11)

(vt —-v7) (3.12)
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From the definition of a four-vector product in eq.(3.3) we obtain the four-products of two
four-vectors V and W in light-cone representation:

VW = VW +V W -V, W, (3.13)
V.V = 2vtvT -V (3.14)

The light-cone components transform simpler under boosts along the z-axis: only the V*
components are affected under the boost. When a vector is highly boosted, the light-cone
variables show easily the large and small components.

Sometimes, the light-cone variables are used to define the Sudakov decomposition: p =
pT + p~ + k; where here p* and k; have four components. Let us consider the following
example to calculate the invariant mass of two colliding particles with momenta p; = p{” +
Py + ka and py = p3 + py + ki with

p; = (pf,07,0)
P (0%, py,0)
kn = (07,07, k)

and analogously for ps. The invariant mass s = (p1 + ps)? is then :

s = (P +P3 +P1 +Py + ki + k)’
2(pf +p3)(P1 +P5) + (ki + kr2)?
= 2{p;
where the last line was obtained since p; = pJ = 0 and ki1 = —kgo.

Lorentz boost appear very simple in terms of lightcone variables. The boosted vector V'
and V'3 are defined as (with a boost along the z axis with velocity v) :

vo = I 3.15
T (3.15)

’ UVO+V3

v = 3.16
T (3.16)

vt = v! (3.17)

v? o= v? (3.18)

Then we can calculate the boosted lightcone components:

1 VO oV?+oV0 4 V3

vt = NG = (3.19)
1 (VO4+V3(1+4w)
T V2 Vi (320
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1 0+ +v)
= 21/—(1_U(l+v>(vo+v3)

1
2
and similarly for V'~ with
Vo=
Defining
one obtains
eV =e
and thus
Consider a particle at rest with
p

(3.21)

(3.22)

(3.23)

(3.24)
(3.25)

which is obtained from p = (m,0,0) in Cartesian coordinates. In a moving frame the mo-

mentum becomes:

/ =

with

~ log

we obtain the expression for rapidity:

P = (0~

(3.26)
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3.1.3 Cross Section definition

In general, the cross section of the scattering of two particles p; and p, with masses m; and
my into any number of final state particles p; is defined as:

do = fl -dLips - |M|?

where | M|? is the squared matrix element, which contains the physics, flux is the flux of the
incoming particles defined as:

flur = 4\/(p1p2)2—m%m% (3.27)

and dLips is the Lorentz-invariant-phase-space defined as

MW-—@ﬂW<p1m+ZﬁJHdE (p? —m2) (3.28)
44 d°p;
=@m6<p1m+zﬁdﬂ2wm; (3.29)
= (27r)454< P - p2+z pz) H 1) dp; = d’p, (3.30)
z>2 Db;

The cross section for a 2 — 2 process of p; +p2 — p3+p4 can be written as (assuming massless
incoming particles) :

dO’ 1 1 2

— = — =M 3.31

dt 167 s2 |M] (3:31)
If one particle has mass, like the virtual photon with virtual mass Q?, then the formula is
modified to (for p? = —Q?):

do 1

= - 32
dt 167rs+Q2 | ¥ (3:32)
with s, ¢ being the Mandelstam variables:
s = (m+p2)°=(ps+pa) (333)
t o= (p— P5)2 (p2 = pa)? (3:34)
u = (p1—pa)* = (p2 —p3)? (3.35)

s+t+u = m1+m2+m§+mi (3.36)
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3.2 The Quark Parton Model

In analogy to optics, photons can be used to probe the structure of matter. In quantum
theory every particle has a particular wave-length, so any particle with a small enough wave-
length can be used as a probe to measure the structure of a target: photons from electron or
muons, W/Z bosons and also jets produced in high energy collisions can be used to extract
information on the colliding hadrons.

In the following the structure of the proton as tested in Deep Inelastic Scattering (DIS)
of electrons (or muons) on a proton target (fig. will be discussed. The following invari-

Figure 3.1: General diagram for DIS scattering e + p — ¢/ + X

ant quantities can be defined (here the electron four-vector is denoted with e, the scattered
electron with ¢’ and the proton four vector with p):

s = (e+p)? (337)

@ = (e—e)PE @ (3.38)

y = p—g (3.39)
2

Tp; = ;jq (3.40)

If we neglect the electron and proton masses, then we obtain:

Q* = z.y-s (3.41)
W2 = (¢+p)?=-Q*+2¢p
2
= —Q’+ys=-Q*+ — (3.42)

with ¢ being the photon-(v) four-vector. The "invariant mass" (or vrituality) of the photon is
given by Q? = —¢?, the "energy" of the photon is given by y which reducestoy =1 — E'/E
in the proton rest frame with E (E’) being the energy of the electron (scattered electron) in
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the proton rest frame. The quantity x g; is called x-Bjorken after its inventor James Bjorken in
1969 [17]. In the quark parton model (QPM) (and only there) =5, can be associated with the
momentum fraction the quark takes from the proton momentum (as we will discuss later).
This interpretation is only true in the QPM in DIS, but not if higher orders are included nor
in hadron-hadron scattering.

Deep inelastic scattering is defined by:

Q*>m
W2 >m

2
»,  deep
120 inelastic

where m,, is the proton mass.
The general form of the cross section in DIS is given by (see [12,14]):

do ~ LS, W (3.43)

with the leptonic L£” and hadronic W tensors given by:

14 1 v

Ly = §Tr((¢’+m)7“(¢+m)7) (3.44)
, S O Wo o Wa o, W, ,

W = =Wigh + s + e d" " + (0 + ") (3.45)

where the structure functions W; are introduced to parametrize our ignorance about the de-
tails of the structure of the proton. On very general grounds, assuming current conservation
and symmetries only two out of the five structure functions W' are independent (for unpo-
larized scattering). After a bit of algebra and rewriting using W7 = F; and vWs = F» with

v= W, we obtain the master formula for DIS scattering [14][p 89] :
do 4o 9 (1—vy)
= 1+ (1- F Fy, —2zF
_ 2me? (14 (1— )Z)F—ij (3.46)
- $Q4 ) 2 9 L .

where in the second line the longitudinal structure function Fj, = F» — 2z F} is introduced. In
case of purely transverse polarized photon interactions the Callan-Cross relation gives F» =
2xFy. The structure functions Fy, F5 and FJ, are what can be measured in experiment and
what will be the subject in the following sections.

The early measurements of Deep Inelastic Scattering led to the interpretation of the struc-
ture function F5 in terms of the quark-parton model (QPM) where the proton is seen as com-
posed of objects, the quarks and gluons (generically called partons). Inelastic scattering is
interpreted as a incoherent superposition of scatterings on the individual partons. These
partons (quarks) are supposed to be quasi-free such that any interaction between them can
be neglected. A very nice and understandable discussion of this is in the original article by
J. Bjorken and E. Paschos [17].
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Whether the partons can be regarded as free during the interaction can be estimated by
calculating the interaction and fluctuation time in DIS scattering (as done in the original
paper [17]). If the interaction time 7; is small compared to the fluctuation time 7; in which a
particle can fluctuate into partons, then the partons can be considered as free.

Assume scattering at large energies in the center-of-mass frame of the electron-proton
system, where the electron mass can be neglected (see fig[3.2).

Figure 3.2: The proton in the high energy center-of-mass frame (or in the infinite momentum
frame) looks like a pancake. The interaction time is small compared to the time where a
parton can fluctuate into others (gq).

As an example, we let the proton split into two partons ¢; and g2 with momentum frac-
tions x of the proton momentum P = (E,, p):

q = xP
@ = (1—2z)P

The electron has four-momentum e = (E,, p) and the photon has momentum ¢ = e — ¢’ with
¢/ being the four momentum of the scattered electron. We now calculate the interaction time
7; = 1/AEegjectron = 1/E,. From energy momentum conservation we get ¢’ = e — g and

e?=(e—q)? =e*—2eq+ ¢

2 2

Since e? = €’? = m? — 0, we obtain with Q% = —¢
0=—2e.q—Q?
and

Q* = —2e.q=—2(E\E,+ ppd) (3.47)
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where we have used the relations E. = E, (for m;, = mo = 0) and p, = —p, valid in the
center-of-mass frame. Using z = Q*/(2p.q) together with p.q = E, E, — j,,§ we can write:
Q? L
* = E,E,—
2z Prd
- Q?
Pl = 5 + E,E)

Inserting this into eq.(3.47) we obtain:
2Q?

Q* = —2E.E,+ 5. 2B (3.48)
1
~ QP (1 — x) = —4E.E, (3.49)
I U
B, = — iE, (3.50)

The next step is to calculate the fluctuation time AE,, which is the energy of the ¢q pair.
Aqu = FEi{+ FEy— Ep

With ¢; = (F4, Et,mEp) and g2 = (E», —ky, (1—2)E,) using vV1+z~1+(1/2)x+
obtain:

k2

E, = (a;Ep +l<:2—xE

12
ki
pr<1+ 2+

Q

l\')

E, = \/((1 —2)Ey)2 + k= (1—3;)Ep\/1—i-((1_96)]517)2

1 k?
~ (1-2)E, <1+2((1—x)Ep)2 +>

Inserting the above into the expression for AE,,

Aqu = FEi1+ Ey— Ep

= xP—F*L?%—(l—:n)E + - ki -FE
22E, Pr21-a2)E,

1 (1— )k} + xki

T2 z(1-2)E,

1 R

~ 2z(1-2)E,
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1 2¢(1—-2)E, 22E,

_ _ ~ 3.51

T T AE, i k2 (3.51)
1 1 AE, _ 42E,

AB B @ (50 @

(3.52)

T =

where the last approximation is done for x < 1. We now have:

2 2
Tinteraction ~ 4z P kt . Qk‘t

~ - 2 3.53
T fluctuation Q2 21’Ep Q2 ( )

Thus, for small k; ( k? < Q?) the interaction time is much smaller than the fluctuation time,
and the partons can be considered as frozen and therefore behave as free partons.
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3.3 Cross Section in DIS

In the previous section we have seen that the partons inside the proton can be considered
free as long as transverse momentum squared k? is small compared to Q2.

In the following we calculate the cross section for eP — €'X from the partonic cross
section ep, — ¢'pj, with p, being the four-momentum of any type of quark with momentum
fraction ¢ such that p;, = {P. The Mandelstam variables are then:

§ (e 4+ pg)? = 2e.p, (3.54)
u = (pg— e)? = —2p,e’ (3.55)
t = (e—¢€)?=-Q* (3.56)

(3.57)

The matrix element squared for ep, — €'pj, is [12][p 124]:

22 4 22
2 ST 4u
|M|* = 263 (4mar)? 5

(3.58)

with e, being the electric charge of the parton. Using the DIS variables (see eq.(3.37)) with
q=e— € gives:

/ A
_ 4P _apy g P 0 (3.59)
e.P e.p, €.pq S
The matrix element can then be expressed as:
1 9 .
IM|? = 265(4m)2@ (82 + &%y — 1)?) (3.60)
)
5
= 262(471’&)2@ (1+(1—y)?) (3.61)
With this we obtain the cross section:
do do 1 9
-~ = = M . 2
dt  dQ? 16752 M| (3.62)
2¢2(4ma)?3? 1
= T (14+(1—y)? :
or o 1+ (=9 (3.63)
1
= (2ma’el) o (1+(1-y)?) (3.64)

Before we compare this expression to the cross section for DIS of eq.(3.46) we investigate
the meaning of . Using the mass-shell condition (the quarks are assumed to be massless)
we obtain:

pif = (pg+ )’ =q¢+ 2pq.q + pg (3.65)
= —Q®+2p,.q=—-Q*+2Pgq (3.66)
= —2Pq-z+2Pq (3.67)

= 2Pg(e— ) (3.68)
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thus, we find = = ¢ for massless partons p? = p.> = 0. Using

/dﬂs5(x -6 =1
we can rewrite eq.(3.64) as:
do? o 1 o ol
dwaz = Um) g L+ (L =)) g3z =) (3.69)
Now we can compare eq.(3.69) with eq.(3.46) and find:
- 1
P o= 5635(:5 - &) (3.70)
By = 2zF = er(S(az - &) (3.71)

Thus the structure function F; gives the probability to find a quark with momentum fraction
r=¢£.

However, measurements have shown that the structure function F5 is not a §-function
but rather a distribution, telling that the partons inside the proton carry a range of momen-
tum fractions. Thus we are forced to introduce a distribution ¢(§)d¢ which represents the
probability to find a quark carrying a momentum fraction £ in the range ¢ and £ + d¢ within
0<¢{<l

The proton structure functions F; are obtained by weighting the quark structure functions
F; with the probability density functions ¢(€):

Rls) = 2R =Y [ deal€)e- sz —¢) (3.72)
q,q9
= Zegxq(x) (3.73)
a,q

Since there are different quark species in the proton, the electromagnetic structure func-
tion as obtained by scattering a charged lepton on a proton is:

4 1 . _
Fs™(z) = x{9(u+ﬁ+c+6)+9(d+d+s+§—|—b+b) (3.74)

with u, u, ... being the quark (antiquark) density functions.
Since the proton is build from two u,-type and one d,,-type valence quarks, one can define
the following number sum rules:

/1 dz uy(x) = 2 (3.75)
0

/ 1da:dv(:z) =1 (3.76)
0
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Figure 3.3: The photon-proton cross section as a function of Q? for different values of x
extracted from DIS scattering e + p — ¢/ + X at HERA [18].

However it was found from experiment that the momentum sum over all quarks gives only
about 50 % of the proton momentum: fol dz xy . gi(z) ~ 0.5 (note the relation to expectation
values as discussed in the first chapter). If the QPM picture is correct, the remaining 50 % of
the proton momentum is carried by partons other than the quarks, namely the gluons, such
that

1
/ dr zfall pdfs] = 1 (3.77)
0

The momentum sum rules are subject of the exercises.

In fig. the measurement of Fy(x,Q?) as a function of ? obtained at HERA [18] is
shown. In fig. the parton density functions for quarks and gluons as obtained from the
measurement of F»(z, Q?) is shown. The measurements show, that the structure function F
depends also on Q?, which is not predicted in the simple QPM. These scaling violations are
subject of the next sections.
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Figure 3.4: The parton density functions as a function of x extracted from DIS scattering
e+p — ¢ + X at HERA [18].

3.4 The photon-proton cross section

The cross section for e + p, — €' + p/, can be separated into two parts: the part at the lepton
vertex and the part at the quark vertex. In the following we calculate the cross section for
Y'pg — p;. The matrix element for v*p, — pfl can be found in [12]|[section 10.2]:

M = Qegerq.q
= 87rozegpq.q
with a = €2 /(47). We introduce
2
, = @ (3.78)
24.pq
The cross section is then:
1
o = ——— dLips | M (3.79)

fluz
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: 2775((?(1 + Q)Q)
- 2m6(2pq.q(1 — 2))
420 o2

= 5172
2pqq ( )

where we have used z = Q?/(2¢.p,) and for the flux:

flur = 4/ (pgq)? — mim3
= 4pq.q
and for dLips using (q + p,)? = —Q? + Q?%/2:

. iy d*p!
/szps = (2m) /5 —q +p;) (27T)q3
= 27r(5(
= 27T5((pq +4)%)

We now compare the full expression for e + p, — ¢ + pj
cross section for y*p, — p), of eq. -

37

(3.80)
(3.81)

(3.82)

(3.83)
(3.84)

S(p2 —m2) (3.85)

(3.86)
(3.87)

as given in eq w1th the

d 2
ﬁ‘cy = (4ma?) 54 (1+(1=9)) 63%5(1’ ~¢) (3.88)
4

_ ;W(Nr(l— »)?) 220‘ 2@5 <£—1> (3.89)
- 2770%32 (1+(1-9)?) 482046325 (2 —1) (3.90)

_ Q B 472 9 B
= gz 110 ))2pqq eg0 (1= 2) (3.91)
- ﬁ (1 +(1—y) ) 00(2)635 (1-2) (3.92)

where we have used z¢ = z with = Q?/(ys). With the Jacobean 4 4% — 2 we obtain:
do? do? d

dyc(lfQ2 - deQ2£ = % (1+ (1 —y)*) oo(2)erd (1 - 2) (3.93)

We can now separate the photon flux F (y, @?) from the hadronic interaction. This is also

called the equivalent photon approximation:

do? B 42 22
i~ gl
E,QY) = s (1+(1-y)

2%y

)
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3.5 O(«as) contribution to DIS

We can apply now the method of factorizing the photon flux from the hadronic part to cal-
culate the O(a;) contributions to the total DIS cross section., We have to consider the QCD
Compton (QCDC) e + ¢ — €' + ¢’ + g and the boson-gluon fusion (BGF)e +g — ¢ + ¢+ ¢
processes. By separating the lepton vertex from the hadron vertex, the calculations can be
significantly simplified, since instead of a 2 — 3 process we just need to calculate the 2 — 2

subprocess (Fig.[3.5).

-~

— —
OPM QCDC OCDC BGF BGF

Figure 3.5: The O(as) contributions to e +p — ¢/ X.

The matrix elements for both QCDC and BGF are singular in ¢. Since we are interested in
the dominant contribution to the cross section, we can take the limit of { — 0. We express t
with the transverse momentum k;. After some algebra we obtain (the explicit calculation is
shown in the appendix 8.1):

tas
(8 +Q2)?
using 2z = Q?/(2¢.p2) where ¢ (p2) are the photon (parton) four-momenta, we obtain in the
limit of small # (with & = —Q? — 3):

k2 = (3.94)

k2 = —t(1 — 2) (3.95)

The cross section is then given by (for k; — 0):

do 1 1 11
= = ——- = M|? :
dk? 167r§+Q2§1—2| | (3.96)

3.5.1 QCDC process

The matrix element for the QCD Compton process is given in [12][section 10.4]. Here we
concentrate isolateing the dominant part of the matrix element (small  approximation) with

~ 2
§=(q+p2)?=-Q*+2¢py=%(1—2):

—t

(3.97)

4 20Q*
IM*> = 3272 (egaas)g[ UQ]

E
i st

T
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4-11. 2Q%(-Q*-3) 2Q*—t) ¢
= 327T (6 CYO(S) —— |5 — Q ( AQ S) - Q E ) + A:| (398)
3t | 5 5
~ small  approximation (3.99)
4-171. 2Q%(Q*+3
~ 3272 (e aas) — |5+ M + - } (3.100)
3t | 3
4-17 2@2
= 3272 (e o) 37| 1 —z } (3.101)
4-1[Q*(1+2?)
= 32 s)=— | ——=+ - 3.102
37T(€aa)3t_z(1—z)+ ( )
1— 2
— 3272 (e2 aas)QQ—qu(z) (3.103)
k; z
where we have introduced the splitting function Py,(z) with z = 2qu
41+ 22
P, = = 104
qq9 31—z (3 0 )
Inserting eq.(3.103) into eq.(3.96) we obtain:
do 1 1 1 1
— = — M|? 3.105
dk? 167T§+Q2§1—z| | ( )
11 1 1 (1-2)Q?
= — = 32 s —P, 3.106
678 +Q251—2 " " (cgars) Kz wa(2) (3-106)
4l 2% 1
= 107
5 qQWkQP() (3.107)
ag 1
= 32 kz2P (2) (3.108)
In order to obtain the contribution to the total cross section, we must integrate over k;:
k
t max d
gQCDC / dic? dT:? (3.109)
ktmin t
2 Qs kl‘?ma:p
= 09 eq%qu(z) log 7k§mm (3.110)

where k¢ 42 1S the maximal p; that can be reached:

2 5 Q*(1-2)
= =2+ 7 111
ktmax 4 4z (3 )

The integral in Eq.(3.110) is divergent for k¢ i, — 0, therefore we need to introduce a lower
(artificial) cut, k¢ i = x. We then obtain:

Q-2

QCDC
o
4zK2

2&
= oy eqi 0q(2) log
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2
1—
Q +log z
4z

= 0'062 qu()[log 4+ ...

In order to obtain a measurable cross section, we must include the parton density func-
tions. We recall also the QPM result:

oQFM — o0ey /(5 (1—2) )o(x — 2€)dz dE (3.112)
GOPM — 5 g § 1.6) (z - 1) (3.113)
(3.114)
and for QCDC:
QCDC Q2 l1—2z

o = q2 fq(§)0(x — 2§)dz dEPyy(2) log — +log P + -] (3.115)

s [d 2 1—
oQCPC — 0062a ffq(g) <€> <log ¢ +log = ‘4 ) (3.116)

We can relate this with the expression for the structure function Fy(z, Q?) (see eq.:
2
o = ‘gg‘FQ(:ﬁ,Q% = FQ(‘ZQ o (3.117)
ot s [ e

e e > el : £(6) [5 (1 5) + (3.118)

2 1—
o 4 <z> [log (%) + log <422> + ] —|—Cq(z,..)] (3.119)
3.5.2 BGF process

The matrix element for the boson gluon fusion process v*g — ¢q is given in :

|M|? = 32n% (e ozozs)% {“ + z - Qifﬂ (3.120)
~ small £ approximation (3.121)
= 32n° (e)aay) ;% [a — 2§§2] (3.122)

= 32n° (elaas) ;1 [_(Q2 +8) + 5;328] (3.123)

= 3217 (2aay) ;_tl [(QQ +Q§2>i;2§Q2] (3.124)
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1-1[Q*+ 38
= 327° (e aas) 57 [Q2+§} (3.125)
1-1Q?
= 3272 (e o) = — A [22 +(1— 2)2] (3.126)
2t z
Inserting eq.(3.126) into eq.(3.96) we obtain:
do 1 1 1 1
= - —_ - = M|? 3.127
dk2 1677§+Q2§1—2‘ | (3.127)
11 1Q° 1 2
= 1677?@273271’ (e aas) S [22+ (1 - 2)%] (3.128)
11
_ 22 1 12 1 _,)2 _
TaQse; - B2 [2° + (1 — 2)°] (3.129)
= o 62%i 1 (22 +(1- 2)2) (3.130)
Caon k2 |2 ‘
~ 905 1
= Joeqﬂg [qu(z)] (3131)
where we have introduced the splitting function P,,:
1
Py == (24 (1-2)?) (3.132)

2
Integrating the cross section eq(3.131) over k; we obtain (in analogy to the QCDC process):

2
1 _
PG = gy ; qu(z)logQiZHZZ) (3.133)
2
= 00632 Py (2 )1ogQ—+ (3.134)

In the BGF case the parton density is the gluon density (in contrast to the QCDC process).
We rewrite the cross section in terms of F(z, Q?) and obtain:

PO = gl = 2 9(8)8(x — 2€)dz dEPyy(2) log ij (3.135)
PG = 4 3;5 gg(g)qu (Z) 10g Q2 (3.136)

Putting everything together we obtain for F5/x:

5o [ (o () e ((S)] o
+9(§) B;qu ( g) log <Q2>D (3.138)
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We are still left with the arbitrary cutoff . Now we use a trick to remove it: we define
scale dependent parton densities:

qi(z, %) = Q?(fv)+2ﬂ/x dg [qz(ﬁ)quQ)log <H2> + C, <5>] + ...

g(z, 12 = go(x)—i—;:r/:f{go(f)qu<£>log (“2>+c (£>}+ (3.139)

where we have now put the divergent part (v — 0) into a redefinition of the parton density
with the price that the parton density is now scale dependent with scale ;2. Inserting this
into the equation eq.(3.138), we obtain:

s ) ()
+9(& 1) [%qug <£> log (C’j )D (3.140)



Chapter 4

Parton evolution equation

Here we will derive the evolution equation for the parton densities in the collinear (small ¢)
limit, the so called DGLAP evolution equations (named after the authors Dokshitzer, Gribov,
Lipatov, Altarelli, Parisi [19-22]).

The expression for the deep inelastic scattering cross section (or the structure function F5)
including O(«;) corrections is given by:

e (e RGN o)
et 2 2) (5

The cross section for small transverse momenta (or at small ) is divergent, and therefore
gives a dominant contribution to the total cross section. For the price of a scale dependent
parton density we have moved the divergent behavior into the bare (and not observable)
parton densities, with the result that the expression became finite (a procedure called renor-
malization).

Since the yp cross section o7 ? (or equivalently the structure function F») as an observable
cannot depend on the arbitrary scale y?, we must require, that it is ;.>-scale independent. This
is satisfied by the requirement

0F,

op?
Using eq.(@.1) (for simplicity we treat here only the quark part, the gluon part is treated
similarly) we obtain:

=0

5 ’ : :
s ) e e
+a(§; p );S Py (Z) 8i [log Q* - logu2]>

43
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0 2 dg o Q2 0q(¢,
Q($2M ) 5 g Py, (g) log & z qéﬂu ) (43)

of e () (+52)

Now we collect all terms of O(«;) (note the second term in eq.) is of O(a?2) since dlqu/,tZ
O(a) and therefore does not contribute) and we obtain:
dgi(x, p?) bdg x
Including also the gluon part we obtain:
dgi(z,pi*) bdg x ) x
dlog 12 = 27T 5 (&, p ) ¢ + g(§, 1°) Pyg 3 (4.5)
and similarly for the gluons
dg(x, pi?) o as Lae 4 9 T 9 T
legMZ T o9 . 6 Zi:%(éhu’ )qu 5 +g(§7lu’ )PQQ é— (46)
The splitting functions are given by:
4 /142
Py = 1 ( ) 47)
4 +(1—2)
Py = 3 < ) (4.8)
1
Py = 3 (2% + (1 - z)2) (4.9)
1-2 z
Py, =6 ( . T (1-— z)> (4.10)

Eq/4.5)and [4.6|are the DGLAP evolution equations in leading order of as. They describe
the evolution of the parton density with the scale x?. By knowing the parton density at any
scale 1%, these equations predict the parton density at any other scale. Although we cannot
calculate the parton densities from first principles, these equations allow us to predict the
parton densities at any scale, once they are determined at another scale. In Fig.4.1|is shown
the comparison of the measurement of the structure function o"¢¢(z, Q?) with the prediction
from a DGLAP evolution (for 0”¢¢(x, Q?) as a function of Q? see Fig. . The Reduced cross
section 074 (x, Q?) is related to I (z, Q?) by:

d’c Q*x y?

red

= =F - —SF 4.11

dzd@Q? 2ma?(1+ (1 —y)? T I4(a—y2 " (@11)
with F7, being the longitudinal structure function. The prediction agrees with the measure-
ment remarkably well over several orders of magnitude in z and Q2. This is a real triumph
of the theory.
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Hland ZEUS Hland ZEUS
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Figure 4.1: The reduced cross section ¢"¢(, Q?) as a function of x for different regions in Q>
as measured in DIS scattering e + p — ¢’ + X at HERA [18].

4.1 Conservation and Sum Rules

In the following we investigate further the evolution equations.

4.1.1 Flavor Conservation

The scale dependent quark density as a function of the bare parton density gg and the scale
dependent divergent part (v — 0) can be written as:

1 d < 2
o) = [ i) 50D+ 5ir (5 )1oets + ] @)
1
| Faw©aa®) - (4.13)
1 1
[ a /0 a26(z — 2€)a0(€)ilz, ) + ... (4.14)
with )
(2, p12) = 6(1 — 2) + %qu (2)log % (4.15)

where we have used z = £ and 0(1—2)dz=0(1—- %)dz =&6(§ — x)dz.
However, this is not the full expression in O(cy), since we have not yet included virtual gluon
radiation, self-energy insertions on the quark leg and vertex corrections. One can calculate
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the virtual corrections explicitly, but here we use the argument of conservation of quark (and
baryon) number: the integral over z of the quark distribution cannot vary with y?:

1
/ dzq(z,p?) =1 (4.16)
0
For this we redefine the splitting function as:
Py(2) = Pyy(2) + k-6(1 - 2) (4.17)
With this we get:
2
Qs [ - I
/dz [6(1_2)+27T (qu(z)'Fk'(S(l—Z))lOgKQ] =1

With log ﬁ—z = (0 we obtain
1
Qs [~ B
/0 dz 3= (P(z) Fk-S(1— z)) =0

Some of the splitting functions are divergent for = — 1 and we cannot perform the inte-
gral easily. However we note, that the region z — 1 leads to no real emisson and this has a
final state similar to a virtual contribution to the no-emission diagram. To treat this singu-
larity formally we introduce a ” + ” distribution (similar to the J-distribution which is only

defined inside an integral):
R C)) L) - )
de———— = | do—F—=— 4.18
I i

1—=x

or in general [23]:
1 1
/ def(2) [F(z)], = / dx (f(z) — (1)) Flz)
0 0

with /Oldm[F(x)]+ =0

We now use the expression for the quark splitting P,,(z) = (llfzz; e
1 1 2
/ dzPy(z) = / dz [HZ +k-0(1—2) (4.19)
0 0 (1—2)4
1 2 _
- / Q1T (4.20)
0 1—2z
1 1.2
- k+ / i:—1=%) 4.21)
0 1—2z
1 —_—
- k_ / dzw (4.22)
0 1—2z

1
= k—/odz(l—l—z):k— (4.23)
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where in eq.(4.20) the expression f(z) — f(1) = 1 — 22 — 2 has been used. Thus we obtain:
1+ 22 3
P, = ———+-0(1— 424
4a(%) 1-2). + 9 ( z) ( )
With this expression for P, we ensure that soft singularities are properly cancelled. This
expression is essential to ensure that the sum rules are fulfilled (here for the proton case)
independently of p?:

1
/dxuv(ac,/f) = 2
0
1
/dmdv(x,,uQ) =1
0

In Fig. the different diagrams which contribute to F»(z, Q?) at O(as) are shown.

LO NLO
1 not included
Og
ﬁ/\ 2
0 2 Qg
Og

s L el P

Figure 4.2: The different diagrams which contribute to F»(z, Q?) at O(as). Note that at O(as)
only the interference diagram of O(af) and the virtual contribution together with the real
O(as) diagram contribute, while the virtual diagram squared would give O(a2).

4.1.2 Conservation Rules of Splitting Functions

In this section we will check explicitly the conservation of momentum fractions using the
momentum sum rule:

1
/0 dz x (Z qi(z, Q%) + g(x, Q2)> =1 (4.25)

to obtain constraints on the splitting functions.
We apply the momentum sum rule and make use of the DGLAP evolution equation for
the quark and gluons:

di ? ? s 1d
bt g [ et (2) ot ()]

d ? ? s ! d
m - ;T/x ; [zZ: 4i(&, 1) Pog <:§> +9(&, 1%) Pyg (;)]
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Summing over all quark flavors and integrating over log 112 gives:

1 1
/0 dx x (EZ: qi(:n,QQ)—l—g(:v,QQ)) = /dloqu/O dx [qui(w,u%)

d
+§ “ <Z$CI1 (& 1) Pyq + 2n529(€, 1) qg>

+zg(z, 1g) + ﬁ / 3 (zg(z, p?) Pyg + zq(&, M2)qu)}

with ny being the number of flavors. With a change of the order of the integration from
[dx [ dE to [ d¢ [ dx and using z = x/¢ we obtain:

1 1
/0 dz x <Z gi(z, Q?) +9(%Q2)) = / dewa (, 1) + xg(, 1)

/dlogu/dZ/ d&[ 2 a6, i) P,

+2anfg(f, ) qg+Z§9(§ M ) gg+Z€Q(§ M ) ]

1
= / da;qu, (, 1) + xg(, 1)

/dlog/,t / dz/ de [Zéql &%) (2 (Pyq + Pyy))

+E9(&, 147) (2 (Pyg + 2ny Pyg))]

Since the momentum sum rule has to be satisfied for all 12, we obtain:
1
/ dzz(Pyg+ Pyq) = 0
0

1
/dzz(ng—i-anqu) =0
0

4.2 Collinear factorization

Collinear factorization means that the collinear singularities are factorized into process in-
dependent parton distributions and perturbatively calculable process dependent hard scat-
tering cross sections (or coefficient functions). A detailed discussion on factorization can be
found in [24,25].

The cross section of scattering process of vector boson V on a hadron h can be written as:

o(V +h) = fulug) ® Cy (g, pir) (4.26)
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where f is the parton distribution function and C} is the hard scattering cross section which
is infrared safe and calculable in pQCD. The index a indicates, that this cross section depends
on the type of the incoming partons. In addition, C}" depends on the factorization (uf)
and renormalization (i) scales, but is independent from long distance effects, especially
independent on the hadron h. For example, in deep inelastic scattering the CY are the same
for scattering on a pion, proton, neutron etc. The parton distribution function f contains all
the infrared sensitivity and is specific for the hadron h and also depends on the factorization
scale yiy. The parton distribution function f are universal and independent on the hard
scattering.
Please note, that the factorization theorems are only proven for a few processes [25]:

¢ deep inelastic scattering (DIS)
¢ diffractive deep inelastic scattering
¢ Drell Yan (DY) production in hadron hadron collisions

* single particle inclusive spectra (fragmentation functions)

For all other processes, factorization is assumed (and it is shown by comparing predictions
with measurements, that this assumption is rather successful).

4.2.1 Factorization Schemes

Different schemes for separating the long from short distance parts are available (factoriza-
tion schemes). The difference between them is, which pieces of the cross section are factor-
ized into the parton density functions. Common schemes are:

e DIS scheme
Fg(l', QQ) =T Z 6?%’(33» Qz)

where the index i runs over all parton flavors and ¢(z, Q?) is the quark (or antiquark)
density. Gluons enter only via the evolution of the quark densities. This formula is
required to hold at all orders in as. The DIS scheme is obtained from ;% = Q2.

* MS scheme (modified minimal subtraction)
Only the divergent pieces are absorbed into the quark and gluon densities. The struc-
ture function Fy(x, Q?) is then:

N d _— s 7S
A = o5 [0 | @) |5 (1- 2 ) + 5207 (2]
+ (e g0l (2]

2 9 T2

Once a specific scheme is chosen, it has to be used for both the parton density and the par-
tonic cross section, otherwise inconsistent results are obtained.
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Figure 4.3: The up-quark (left) and gluon (right) densities as a function of z at u? = 10 GeV?
obtained in [26] in LO (CTEQ6L) and in NLO in the DIS (CTEQ6D) and M S (CTEQ6M)
scheme [27].

4.3 Solution of DGLAP equations

Several methods exist to solve the DGLAP equations, here we only consider a numerical
solution of the integro-differential equations. We first consider a solution of the evolution
equation at small x and then discuss the more general case.

4.3.1 Double Leading Log approximation for small =

In this section we consider only the limit of small . In this limit, only the gluon density
contributes with the splitting function P,,(x) — 6/x. All other contributions are small and
can be neglected. With this the evolution equation eq.(4.6) becomes:

dg(z, %) as [1d¢ 2 z
dlog 112 = o . ? 9(&, ") Pyg E (4.27)
This equation can be integrated to give:
2 ’ 1
2 2 Ozs H d,LL 2 / d 2/ X
sgla®) = aged)+ 55 [ [ Faaten P (4.28)
o Bas (M d d¢

o 2 rl ,
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This equation is an integral equation of Fredholm type

b
o) = Fl2) ) [ Klz)owdy
and can be solved by iteration (Neumann series):
¢o(z) = [f(x)
b
@) = f@)+A [ Ko)r)dy

b b b
ba(r) = f(2)+ A / K () f ) dys + N2 / / K () K (91, y2) f (y2) dyady

This can be written in a compact form:
bn(x) =D Nuji() (4.30)

with
up(z) =

f()
b
w(z) = / K(z,y)f(y)dy

b b
wle) = [ [ KGR i) K o) )i - dyn

with the solution: .
o(x) = lim gy(x) = nlg]goz ANui(z) (4.31)

n—00 £
=0

Applying this method to solve the evolution equation for the gluon density at small x eq.(4.29)
with zg(z, u2) = zgo(x) = C, we obtain:

3as ., 1 ! B3, t . 1
xgi(z,t) = :C t dlogt’/ dlog& = : logglogEC (4.32)
0 T
11 (30, t . 1)\?
xga(x,t) = 22< - logt()loga:) C (4.33)
11 [/3as t 1\"
xgn(x,t) = i) <7rlogtologx> C (4.34)

11 /3aq t 1\"
zg(x,t) = lim Z< a log—olog 3:> C (4.35)
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52
Using the modified Bessel function:
oo (i22)k €Z
I _ — 4.36
We identify
s t
z= 2\/3@ log — log —
to obtain:
s 1
xg(x,t) ~ Cexp (2\/3a log i3 log > (4.37)
T to x

— 107
q L
X
O
= ———  DLL with a, = 0.2 at t=10 GeV?
\\
— 3(1—x)® \\
1t \
\
\
-1
10 Ll L
5 4 -3 2 -1
10 10 10 10 10 1
X

Figure 4.4: The gluon density from 2G(x) = 3(1 — z)° and the DLL result with a5 = 0.2 and
t =10 GeV2.
Please note that this result has been obtained by taking the limit of large double leading

logarithms:
¢ small z limit in the splitting function which leads to log 1/«
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¢ small ¢ limit to obtain evolution equation, which leads to log 1/¢.

The DLL solution of the evolution equations results in a rapid rise of the gluon density at
small z, however only so-called contributions from strongly ordered (decreasing) values of x
and strongly ordered (increasing) values of ¢ are considered. Note, that the unlimited rise at
small z is of course unphysical, and for a realistic description a sort of taming (or saturation)
of the distribution is required.

4.3.2 From evolution equation to parton branching

In the previous section we have seen how to solve the evolution equation iteratively. By
performing the small z limit, we avoided the difficulties with the soft divergencies at large
x; we did not need to use the plus-prescription of the splitting function.

In this section we now discuss how to solve the full evolution equation and how to treat
the soft limit. The divergency of a soft real emission is cancelled by virtual contributions, that
is, we can define so-called "resolvable" branchings, which are splittings of one into two (or
more) partons, where at least in principle we can resolve the splitting. The "non-resolvable"
branchings consist of a contribution without branching and the virtual contributions. A
detailed discussion of the parton evolution can be found in [14]. The full application of this
idea is described as the Parton Branching method in Refs. [28}29].

We define a "Sudakov" form factor A,:

Ay(t) = exp (—/dz tt;’;‘fp(zo (4.38)

"non

and use the evolution equation with the "+" prescription (using ¢ = 1i%):

10 ft) = JES 2 XONIEN)

Inserting the explicit expression for P, we obtain:
1

t— / &= s piy (g,t)—;i;f(x,t) /0 dzP(2) (4.39)

z 27

where we have used the definition in eq.(4.18):

/01 dzfiZ)P+(z) — /01 dz (f(f) — f(x)) P(z)
— /01 dz@P(z) — f(x) /01 dzP(2)

z

Using

86_‘1(@ —eia(x) aa(x)
ox Ox
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we obtain:
0A 1 Qs
= A |- [d:2p 44
ot L /dz27r (Z)} (4.40)
t 0A; Qs
— = - —P 4.41
A, ot / dz5 P(2) (441)

Inserting this into eq.(4.39) we obtain:

t% Fla,t) = dzi ;i;P(z) f (gt) + f(a:,t)AtSaaAts (4.42)

Multiplying eq.(4.42) with 1/A and using %Ais — A%‘?f{ _ Ai% 92+ we obtain:
Atsafg;’t) _ Atgf(a;,t)aaAts _ /‘fi;jp(z)f (.0) (4.43)
tgtf(z;t) - d—; Alsg‘?jp(z) f <§t) (4.44)

which is the DGLAP evolution equation in a form using the Sudakov form factor A; as

defined in eq.(4.38).
We can now integrate eq.(4.44) to obtain:

! A Oés / dZ €T ’
flat) = f(x’tO)A(tH/CzA((ZI)) zi)/ZP(Z)f(Z,t) (4.45)
where we have used
! a f($7t/) / o dt/ 1 aS dZ €T ,
W O A = /t/Aszﬂ./ZP(z)f(Z7t) (4.46)

From eq.([@.45) we can now interpret the Sudakov form factor as being the probability for
evolution without any resolvable branching from ¢, to ¢.

We have been sloppy in defining A,(t) in eq.(4.38), as we did not specify the integration
limits for the z integration. In the following we show, that the evolution equation can be
written with an upper limit z,s of the z integral. We start from eq. with the expansion
of the plus prescription:

t%f{x,t) _ /OZMdzasP(z)f(Z,t)—i—/l df%jp(z)f(f,t)

z 27 i

Qg ZM Qs 1
—%f(x, t)/o dzP(z) — %f(x, t) /ZM dzP(z) (4.47)
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If z) is large enough, then we can replace % f(2,¢) with dz f(z, t) and we obtain:

0 ZM ] s 1 s
to (@) = /O 5%P(z)f(§,t> + f(2,t) /ZM dz %P(z)
Zcut 1
_;L;f(x,t) /0 dzP(z) — g—;f(x,t) /Zm dzP(z)
M dz o x Qg M
= /0 - gP(z) f (;,t) - 27Tf(:c,t)/o dzP(z) (4.48)

What did we gain ? We needed to treat the singularity at = — 1. For this, we now intro-
duce a upper cut-off z); = 1—¢(p). Branchings with z > z), are now classified as unresolved:
they involve the emission of undetectable partons [14]. The Sudakov form factor sums vir-
tual and real corrections to all orders; the virtual corrections affect the non-branching proba-
bility are included via unitarity: the resolvable branching probability gives via unitarity the
sum of virtual and unresolvable contributions.

Eq.(#.45) can now be solved by iteration, in the same way as before. The starting function
fo is just the first term in eq.(@.45). The first iteration f; involves one branching:

fo(z,t) = flx,t0)A(2)

a t g4/ 1 -
At = fawa+ 5 [TA0 [ CPeeawar) @)

0

The iteration is illustrated in fig/#.5 The term f; in eq.(4.49) is illustrated in the left part of

1 |
| [
x,t : x,t 1
| z=x/x 0 ;
i t’ srvv P(z)
f I
Xq,to 3 Xgsto |

Figure 4.5: Schematic representation of the first branchings in an iterative procedure to solve
the evolution equation

Fig.[4.5 the evolution from t; to ¢t without any resolvable branching. The term f; in eq.(4.49)
is shown in the right part of Fig. there is evolution from ¢t to ¢ without any resolvable
branching, then at ¢’ the branching happens, where the splitting is given by the splitting
function P(z); then the evolution continues without any resolvable branching from ¢’ to ¢.
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The full solution of the integral equation by iteration is then:
fo(z,t) = [f(z,t0)A)

At = Jewan+ g [T [E R 1/ wAw)

— f(a,t0)A() + log foA © A()f(x/2 to)
folat) = f(z.to)A(t) +log fOA © A()f(x/2,to) +
Liog? LA A@ A f(2/2t0)
2 to

Fed) = Jm fu(ed) = lim 3 Llox” ( )A"®A<> (e/2,t0)  (450)

where A = [ %15(2) is a symbolic representation of the integral over z and ® indicates that a
convolution has to be performed. The eq.(@.50) shows the solution of the DGLAP evolution
equation is a resummation to all orders in oy logt

The Sudakov form factor can be interpreted in terms of a probability: it is a poisson
distribution with zero mean P(0,p) = e P. If the poisson distribution gives the probability
to observe n emissions, then P(0, p) gives the probability for no emission and is the so-called
"non-branching probability". The one-branching probability is given in terms of Poisson
statistics by: P(1,p) = pe™?, which is exactly the first iteration of the evolution equation:

fz,t) = fla,to)A /dz/ /dt/- s(t) S—P(z) x

x f (2 ,to) As(to(x — z2) (4.51)

where delta function has been introduced to make the different integration steps visible.

4.4 Solution of evolution equation with Monte Carlo method

AS described above, the evolution equations Eqgs.(4.45) are integral equations of the Fred-
holm type

b
F(2) = folw) + A / K(z,9)f(y)dy

and can be solved by iteration as a Neumann series

b
fix) = fole)+A / K(2,y) foly)dy

'Tt is interesting to note, that only the 1/(1 — z) part of the splitting functions is needed in the Sudakov form
factor. This simplifies the solution process.
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Figure 4.6: Sudakov form factor as a function of the lower scale p; for gluon and quark
splitting functions using o = 0.2. The upper scale is set to t,,q; = 100(200) GeV.

b b b
fa(x) = f0($)+)\/ K(ﬁ,y1)fo(y1)dy1+)\2/ / K (z,y1)K (y1,y2) fo(y2)dyadyy
(4.52)

using the kernel K (x,y), with the solution
f(z) = lim ZO fil@). (4.53)

In a Monte Carlo (MC) solution [28-32]] we evolve from ¢, to a value ¢’ obtained from the
Sudakov factor A4(t') (for a schematic visualisation of the evolution see fig. [4.7). Note that
the Sudakov factor A,(t') gives the probability for evolving from ¢, to ¢’ without resolvable
branching. The value t' is obtained from solving for ¢":

R = At), (4.54)

for a random number R in [0, 1].
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Figure 4.7: Evolution by iteration

If t > t then the scale t is reached and the evolution is stopped, and we are left with just
the first term without any resolvable branching. If ¢ < ¢ then we generate a branching at
t" according to the splitting function P(z'), as described below, and continue the evolution
using the Sudakov factor A(¢”,t'). If " > t the evolution is stopped and we are left with
just one resolvable branching at ¢'. If t < ¢t we continue the evolution as described above.
This procedure is repeated until we generate ¢'s which are larger than ¢. By this procedure
we sum all kinematically allowed contributions in the series > f;(x,p) and obtain an MC
estimate of the parton distribution function.

With the Sudakov factor A; and using

i) = o) 5] [T ape),

t/
we can write the first iteration of the evolution equation as

fl(x7t) = f()l't
—1

/ d /to —dAL()P(Z) folz/ 7, t){ /ZMdzP(z)] . (4.55)

The integrals can be solved by a Monte Carlo method [11]: z is generated from

/ dZP(Z) = R / e, (4.56)

with R; being a random number in [0, 1], and ¢’ is generated from
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/t/ 8A5 (t//) dt//

at//
= A t) (4.57)

solving for ¢/, using z from above and another random number R; in [0,1].

This completes the calculation on the first splitting. This procedure is repeated until ¢’ > ¢
and the evolution is stopped.

With 2’ and ¢’ selected according to the above the first iteration of the evolution equation
yields

zfi(z,t) = zfo(x)As(l)
zZMm _ -1
+ Zp(zg)a:gfo(m;,t;) [/ dzP(z)] , (4.58)

with ) = x/z;.

4.5 The Parton Branching solution of the DGLAP equation

The method described in the previous section can now be applied to provide a Parton Branch-
ing solution of the DGLAP evolution equation [28,29]]. For the practical implementation, the
momentum weighted parton distributions are used, instead of the number densities. the ad-
vantage of using momentum weighted distributions is that the momentum sum rule can be
applied, leading to a system of equations where in all terms the Sudakov form factor with
the corresponding splitting function is present (not only for those terms with havea 1/(1—z2)
term in the splitting function). The Sudakov form factor is given by (see eq.(4.38)):

M 1> d 2
Ay(oations) = exp (— | P(z)) (4.59)
0 H

2
2 2

Details of the Parton Branching method are described in Refs [28,29].

In Fig. 4.8 we show the prediction of parton densities evolved to a large scale with the
Parton Branching method [28]], compared to calculations QCDnum [33]. The predictions of
the Parton Branching method are shown for different values of z;;. One can clearly see, that
for values of z), large enough, the predictions reproduce semi-analytical calculations exactly.
This result is important in two aspects:

¢ the DGLAP evolution equation, solved with the concept of resolvable branchings, re-
produces other solutions of DGLAP if the soft resolution scale z); is large enough

¢ a iterative solution of the DGLAP equation using Monte Carlo methods based on re-
solvable branchings as a Parton Branching method is equivalent to other solutions of
DGLAP (i.e. QCDnum).
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Figure 4.8: Integrated gluon and down-quark distributions at ;> = 10 GeV? (left column)
and p? = 10° GeV? (right column) obtained from the parton-branching solution for different
values of zz;s, compared with the result from QCDnum. The ratio plots show the ratio of
the results obtained with the parton-branching method to the result from QCDnum. Figure
taken from [28].



Chapter 5

Transverse Momentum Dependent
parton distributions

In this chapter Transverse Momentum Dependent (TMD) parton distributions will be intro-
duced. For a general overview on TMD parton densities see Ref. [34].

Instead of a formal introduction we start arguing why the transverse momenta, even if
they are small, play a role in the parton evolution. This leads us to introduce an extension
of the evolution equation including a transverse momentum dependence. Since we have
to deal now also with partons emitted during the parton cascade, we need to reconsider
meaning of the evolution scale and give it a physical meaning. For this we will discuss also
the so-called angular ordering, from which we can derive a physical interpretation of zj;.

5.1 Why are transverse momenta important for the evolution ?

Consider the process ¢ + p1 — p2 with ¢> = —Q?, p? = —k? and p3 = m?. This is the
basic process for DIS scattering, except that now we do not neglect masses and transverse
momenta. We use the definition of zp; = %. Using energy momentum conservation we
obtain:

(a+p)?* = 13
—Q*+2qp — K2 = m?

Using the longitudinal momentum fraction £ with p; = £P, with P being the proton momen-
tum, we obtain:

¢ Q? +m? + k?
2q.P
§ # T Bj

Depending on the values of m? and k?, ¢ can be very different from z ;.

61
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Figure 5.1: The gluon density as obtained from a DGLAP fit using the PYTHIA MC generator
including parton showers.

Transverse momenta (or virtualities) in the initial state are coming from parton evolution:
if a parton splits into two partons, the daughters must have transverse momenta. Therefore
evolving a parton from a starting scale u3 up to a larger scale x? involves automatically
transverse momenta, up to the scale u?. Such effects are visualized by using parton shower
Monte Carlo event generators like PYTHIA [35,36], HERWIG [37-39]] , or RAPGAP [40,41]. The
effect of transverse momenta to the parton evolution has been studied in [42]. A DGLAP fit to
the structure function F(x, Q?) has been performed using the PYTHIA MC event generator.
Without intrinsic transverse momenta and without parton showers the fit to the structure
function gave the same result as the CTEQ6 (LO) PDFs [26]. However when parton showers
were turned on, the parameters for the PDFs were very different. An example of this is
shown in Fig.

For the correct treatment of the kinematics in a process with multigluon radiation, not
only the transverse momentum is important, but also the mass m.,, [43], as illustrated in
Fig.p.2

In the following we calculate the relation between the transverse momentum k; and the
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mrem

Figure 5.2: Illustration of the importance of the treatment of the mass m,..p,: in the left only
the proton remnants are included, in the right plot also the contribution of multiparton radi-
ation is considered.

virtuality k2. Consider a photon with light-cone vector ¢ = (0,7, ¢;), a gluon with vector
k = (zP*, k™, k) and the incoming proton with P = (P*,0,0). From this we obtain:

¢ = —q

k* = 22PTk™ — K} (5.1)

The mass of the remnant my¢,, is (with P = k + r with r being the vector of the remnant
system):

P=k+r ~ r=P—-k
Ml = (P—k)> = —2PTk™ +k*=-2P k™ +22P k™ — k]
2Pk (1 — x) — k?

ki + M7 em
o 1-x

v(k? +m2,,) + k(1 — )
B 11—z

ki + 2mien,

~ 2P k™

~ k2 =

1—=x

Thus we see clearly, that with increasing m,, the virtuality is no longer dominated by £,
and the full history of multiparton radiation must be included in the calculation.
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5.2 k-dependent Evolution Equation: Parton Branching TMD

In the following we describe an extension of the DGLAP evolution equation including the
dependence on the transverse momenta k; as described by the Parton Branching method
[28]. Solving the evolution equation by an iterative method has also the advantage, that
every single splitting is treated explicitly and kinematic relations can be applied in every
branching, similarly to what is done in a parton shower process. Thus parton distributions
can be obtained, not only depending on = and x (as in f(z, ?)), but also depending on
the transverse momentum kt of the propagating parton (as in TMD parton distributions

A(CC, ktv ,LL))

5.2.1 Angular Ordering

The ordering condition of successive parton emission determines how many partons can be
radiated in a certain region of phase space. Subsequent emissions can be suppressed because
of destructive interference effects. The angular ordering condition takes these interference
effect approximately into account.

We first describe the angular ordering condition [14,(15] for the case of photon radiation
from a eTe™ pair, before we discuss the more complicated QCD case. We consider a process
v — ete~v as shown in Fig. and we calculate the lifetime of the ete™ pair: At = 5. We

et

p k

p e

Figure 5.3: Schematic representation of the angular ordering constraint in e*e™ scattering.

use the following lightcone vectors (where we neglect the electron mass m.):

1, ., - 1
= —(@"p,0)=—=(p",00

P \/i(p P ,0) \/5(10 )

po= L((l—Z)p+ P —k:t)=71 <(1—Z)p+ - _kt>
V2 7 V2 (1 —=z)pt’
1 1 k2

k= —(zpTk k) = —=(2p7, =, k
\/i(p t) \/§(p Zp"’_ t)

where £ is vector for the emitted photon, p’ is the outgoing electron and p is the vector for the
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intermediate electron, before photon radiation. We calculate the energy imbalance AE with:

AE = p+k-p
1 -y 1 _
= (@ +R)T+@ +k)7) - 50" +p)
— 1 p++k7t2_p+ :lki?
2 z(1—z)pt 2z(1—2)p*
AE = 1k—%for —0
 22zpt :
using:
k? k?
"+k = ((1—2z)pt +2pt t L0
P+ <( 2)p" +zp A=t T o

zk? + (1 — 2)k? k?
= +7 L ( +) ! ,0) = (p+7 ! +a0)
2(1—2)p z2(1—2)p

For small angles we have k; ~ zp™ O,

1Ol 1 L, 1,
AE ~ 5725219 667:§k@57

Introducing the transverse wavelength /\11 = k; = Ok we obtain for the lifetime At:
1 A
g ML

A=3E " %6,

(5.2)

During the time At, the e*e™ pair travels a distance:

AL

ete—
Ocy

P = AzAt ~ O At =0

For ©., > O.+.- we obtain:
pL <AL
which means that the radiated photon cannot resolve any structure of the e™e™ pair, it probes

only the total charge which is zero.
The e~ can emit photons if:

pL > AL
WG@V < HeJre*

which is the angular ordering condition for QED. Outside this region, the cross section for
radiation is suppressed. The concept of angular ordering is known already from cosmic rays
as the "Chudakov effect" (1955).
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+
[l

Figure 5.4: Schematic representation of radiation from a pair of quarks whose color charge is
non-zero.

In QCD a similar picture emerges, but the radiation of soft gluons from a pair of quarks
is no longer zero (since the color charge is non-zero, and gluons can radiate from gluons),
but the radiation is, as if it were emitted from the parent gluon (see Fig. [5.4). In QCD gluon
emission is allowed:

off for O3 < Oy
off gfor Oy < Ogyq
off parent g for O, > ©Ogyq

such that soft gluon emission at large angles is suppressed (an explicit calculation can be
found in [14].

In the following we describe how the angular ordering condition is applied to the parton
evolution. The vector of the radiated parton is denoted with ¢, and the energy component of

Figure 5.5: Schematic representation of radiation in an angular ordered region of phase
space.

this vector is given by ¢o. The energy of the propagating parton is given by /. We define the
transverse momenta as py; = |¢?| sin ©; (taking partons to be massless) where we define the
splitting variable z = % for the i and (i — 1) parton. Defining ¢; = {2 and the angles

—Z;

qi

i—1

qi+1
E;

0; =

&

Qi1 =
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we obtain:
0, > 6,
qi qi—1
~ >
E; 1 E;
Ei
~ g > EZ Qi1 = Zi—1qi—1 (5.3)
i—2

We finally obtain for the angular ordering;:

Gmaz > ZnGnsQn > Zn—14n—1, -, @1 > Qo (54)

The angular ordering condition in Eq.(5.3) gives for z — 0 essentially no constraint on the
values of ¢; and therefore on p, allowing for a random walk in p, space, as requested from the
BFKL equation. On the other hand, at large z the angular ordering condition reduces to a
ordering in ¢;, as requested from the DGLAP evolution equations.

5.2.2 Calculating z,,

We have introduced a cut to avoid the divergency when z — 1 via z)s = 1 — ¢(p), but we
have not yet specified how this can be calculated. To some extend the value of z;; is a matter
of choice, here we give an argument based on the virtualities of the partons involved. We
work in a frame, were all energies are much larger than the starting scale of the evolution
Qo. We use light-cone variables for the partons: p™ = 1/v/2(E + p.) and we define

_n

pa

z

being the splitting variable for a process a — b + ¢. The light-cone vector satisfies: p2 =
2ptps — k2,. We work in a frame, where k;, = 0 and ky, = —kie = k. Using conservation of
the "+" and "-" components of the light-cone vectors we obtain:

Dy = Dy +DP.
Pa _ Pty peth
2pa 2p; 2pd
2 2 2 2
+k + k
ng _ pbz tc+pcl_ztc

where for the last expression we have used p; = zp; and p} = (1 — z)p].
In order to apply this in the evolution equation, we give a physical meaning to the evo-
lution scale p?, different choices are possible:

* associate the evolution scale ;1 with the transverse momentum of the emitted parton
(pr-ordering): p = |kyc|.
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e associate the evolution scale p with the so-called rescaled transverse momentum (angu-
lar ordering): p = |kic| /(1 — 2).

The final transverse momentum of the propagating parton is calculated as
k== k. (5.5)

which enables one to determine the corresponding transverse momentum dependent
(TMD) parton distribution A(x, k¢, i), in addition to the inclusive distribution f(x, x), in-
tegrated over k;

/ Al ke, )by = f(, 1) (5.6)

5.2.3 The PB-TMD evolution equation

We can write down now the evolution equation including a dependence on the transverse
momentum by extending the expression of the DGLAP evolution equation eq.(4.45):

! 2 2
Alwdes®) = A kA + [ G I3 [Eread e 6)
Please note, that the transverse momentum vectors (2-dim vectors) k and q have to be used
to fully treat the transverse momentum dependence.

This evolution equation can be solved as before with iteration using a Monte Carlo method,
the details are described in Ref. [28].

In the previous chapter we have described the solution of the DGLAP evolution equa-
tion using the Parton branching method, and found that the PB solution is equivalent to
semi-analytical solutions if z); is large enough. In Fig.[5.6| we show parton distributions as
a function of the transverse momentum k; for different values of zj, for pr-ordering and
angular ordering conditions.

While for the integrated distributions a large enough z); was enough to obtain stable
and zps-independent results, the transverse momentum distributions show a large z), de-
pendence for pr ordering, while there is no dependence on zj; for angular ordering condi-
tions. Please note, if virtuality ordering would be applied, with p1 = |kt|/(1 — 2)?, also no
dependence on z)s is observed. This result means, that soft gluons, even if they have very
little energy, contribute significantly to the transverse momentum spectrum.

In Fig.[5.7 we illustrate the flavor decomposition, at TMD level, resulting from perturba-
tive evolution. We plot the TMD distributions obtained from the parton branch- ing method
for different flavors, by applying the evolution with appropriate angular-ordering condition.
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Figure 5.6: Transverse momentum gluon distribution versus k; at z = 1072 and p = 100 GeV
(upper row), i = 100 GeV (lower row) for different values of the resolution scale parameter
zpy = 1-1073,1—107%,1 — 1078 : (left) angular ordering; (right) transverse momentum

ordering. Figure taken from .
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Figure 5.7: Transverse momentum gluon distribution versus k; at z = 1073 and p = 10 GeV
(left), 1 = 1000 GeV (right) for different flavors. Figure taken from [28].



Chapter 6

Hadron-Hadron scattering

It is one of the striking features in particle physics that Feynman diagrams calculated for
one process can be easily extended to other processes, where the incoming and final state
particles are exchanged. This we can apply to use our knowledge obtained in ep scattering
to the case of hadron hadron or pp or pp scattering, as illustrated in Fig.

Figure 6.1: Schematic illustration of ep — €/ X, e*e™ — ptp~ and pp — ptp~ X diagrams

6.1 Drell-Yan production in pp

From the matrix element ep, — €'py in eq.(3.58) we obtain the matrix element for ete™ —
+,,—.

T

o2 + 012
§2

IM|? (eTe™ = ptp™) = 2(4ra) (6.1)
with
§ = AF}

71
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= —2F%(1 — cosb)
4 = —2E%(1+ cosb)

S

with 6 being the polar angle of the scattered u with respect to the incoming e™ and Ej being
the energy of the incoming e in the center of mass frame of the ete™ pair.
The cross section is given by

do 1 M2
Q6473
_ 1 (202(4m)?) 4E}(1 — cos0)? + 4E}(1 + cos 0)?
64725 16}
2

_ « 2
= 4g(l—i—cos 9)

This gives then the total cross section:

27 +1 2 Ao
olete” = putp™) = / dqb/ dcos 0% (1+ cos? 0) = 7;?
0 -1 S s

If we calculate the cross section for the crossed diagram ¢g — e*e™ we must take into
account the fractional charge of the quarks eZ, giving:

_ _ 4o’
olg+a—ppT) = e
5
and since quarks are not free but confined in hadrons we obtain:
do 11 do
— = == 7(12)—— 2
i = 3300 [ dndeie e i ©62)

with f(x1), f(z2) being the parton distribution functions and z;(z2) being the fractional
momenta of the protons carried by the partons and
5 2
d‘;\; - 47;2‘ e26(5 — M?) (6.3)
with § = 1225 (neglecting masses of the incoming particles and partons), M being the mass
of the ¢ system and s being the proton-proton center-of-mass energy. The factor £ in eq.
comes from averaging over the initial 3 color states of ¢ and g while the factor 3 comes from
the sum over the final state color singlet combinations. The process pp — p*p~ + X is called
Drell-Yan process (DY), after the authors who calculated first the cross section [44].
The rapidity y is related to the ratio of the momentum fractions ! as shown in the fol-

lowing. Consider the process pp — u* = + X with the momenta of incoming partons

P1r = (:1:170707331)

S

P2 = (.’132,070, _*/E2)

e[Sl
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7 TeV LHC parton kinematics
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Figure 6.2: Kinematic relation of y with the momentum fraction = and the mass M for two
different /s energies (taken from [45]).

then the rapidity y = 1 log %Zz of the 11~ is equal to the rapidity of the pyps pair with

z

s
E = FEi+Ey= (x1 + x2)

o[,

s
P = Px1t+D2= {($1 - 332)
The rapidity y of the incoming parton pair is then:
= 110 Etp: _ 1lo n
Y=g, T 2%,

Defining 7 = MTQ = x1x9 We obtain:
r1 = Texp(y)
rg = Texp(—y)

In Fig.[6.2| the relation between rapidity and the momentum fraction « is shown for different
M?.
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The lowest order Drell Yan cross section is then:

do 47ra
dM?

dw1dws fo(21) f7(22)e20(5 — M?) (6.4)
_ ‘;7;;212 2 [ doidnag o) ytan)s <x1x2—]\42> (65)
_ g\;lz [ amdnge e Lo (n-2) 6o
- e / e <w2 ) o

do 4’ 1 T

with dy = Cfrill, where the terminology Born means lowest order.

6.1.1 Factorization of production and decay in Drell Yan processes

Calculating O(a;) corrections to DY production involves 2 — 3 processes. However, we
can simplify the calculation if we apply the same methods as in DIS: we try to separate the
production process from the decay, as illustrated in Fig. By doing so, we can reduce the

Figure 6.3: Schematic diagram to separate the production from the decay in a Drell Yan
process.

problem to a simple calculation of a 2 — 2 process. The cross section is then written in a
factorized form:

do(g+q—=1"+17) = do(g+q—7") ®@ ® do(y* = 1T +17)
where the first term corresponds to the production, the second term is the photon propagator
and the third term describes the decay.
The matrix element for v*(¢q) — I~ (k1) + [T (k2) is given by [12][see exercise 10.2]:

M@= 1717) = et(k)yuv(ks)
1
IM(y* = 1TI)]P = 6§aQ2
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with ¢> = Q? being the timelike mass of v*.
The matrix element for ¢¢g — ~* is given by:

|M(qq —7")P = —— M

with M? = Q? being the mass of the ¢g system (note: do not confuse this with the notation
for the matrix element).
We write the cross section for ¢+q — [T+~ as (where the particles are treated massless):

Ay d*ks
(27)3 (2m)?

1
do(q+q—=1"+17) = 5IM(eq— )P 2m)464 (p1 +po — k1 — ko) (6.9)

1 o 1 ) _
= M@= )Pd e 2 = ) GrIM O = )P

d*ki d'ks
(2m)? (27)?

X (2m)26% (g — k1 — ko)

= ﬁ\M(qq — 7")?d 0" (p1 + pa — q)c;\M(’y* — lﬂ*)P%

= 2]\142 MTQMQegdA‘q §*(p1 +pa — Q)Q14 16;”1@2 3222

= 2]\1/[2 MTQM%EC#CI 5*(p1 + p2 — Q)Qﬁﬁ (6.10)
dczl\;2 - 47r23a€(2] X g3 Ed(@ = M) (6.11)

= 47;2]\();635@2 — M?) (6.12)

where we recovered in the last line again eq.(6.3).
Applying the factorization of production and decay one only needs to calculate the pro-
duction cross sections for:

pp — Zop+ X
pp — v +X
pp — W*+ X
pp — H+X

where H stands for the Higgs boson, while applying the decay separately.

6.1.2 Factorization of transverse momenta in Drell Yan processes

A crucial assumption of Bjorken scaling is, that the amplitude of a process is suppressed,
when the virtuality of the partons become larger than a typical hadronic mass scale (see dis-
cussion in [14][p 304]). This assumption is equivalent to the requirement that the partons can
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Figure 6.4: The transverse momentum of the Z; boson as measured by [46].

have only limited transverse momenta with respect to the direction of the beam hadron. We
can generalize the parton distribution function to take into account also transverse momenta
(see discussion on Transverse Momentum Dependent PDFs in section

JEf(E) — PRdEP(ky, ) with / PR PR, €) = £(6)

where k; is a 2-dimensional vector.
For a hard scattering scale in an inclusive process (where we do not investigate observ-
ables sensitive to k;) one can set

Pk, €) = (k) f(€)

and neglect all transverse momenta (as was done in the discussion of the DGLAP PDFs). If

the transverse momentum of the partons is zero, then also the DY pair has zero transverse

momentum, which is in contrast to what is observed in measurements [46] (Fig. .
Assuming a distribution function P(ky, €) with:

P(k,€) = h(ke)f(€)
h(ky) = %exp (—bl%?)
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we obtain:

1 dO' — — — — . - =
;% = /d2kt1d2kt25(2)(kzt1 + ko — pr)h(ke ) h(ke2) (6.13)
t

= / P Eh(kn ) h(Fy — k1) (6.14)

Applying the substitutiof% = 1, — kn we obtain (using d*k; = dk?%):

1 do Y R L
b 27 b o 2
b? b o
= —exp (—p§> / dk? exp (—2bk?) (6.17)
s 2 0
b b
= 5 &P (—2])?) (6.18)

Another way to solve the integral is shown in Appendix

At low p; the measurements are well described by this expression, however a tail to-
wards high p; is observed (see Fig. , which cannot be described by the (limited) intrinsic
transverse momentum of partons inside the hadrons.

6.1.3 O(«;) contributions to Drell Yan production

From the early measurements of the transverse momentum spectrum of Drell Yan production
(for a measurement from LHC see Fig. it became clear, that the naive parton model is
incomplete: the tail of large p; could not be described assuming that the intrinsic k; of the
partons inside the hadrons is small. Already by comparing the measured cross section of
Drell Yan production with the prediction based on the parton model, the so called K-factor

defined as

measured
g

O-calculated(LO)

was found to be large, of the order of 2 — 3, indicating that important contributions to the
cross section were not included in the lowest order (LO) calculation.

The O(a;) contributions to Drell Yan production can be calculated using the same matrix
elements, which have been used for the O(a) corrections to DIS (see section [3.5). The LO
and O(a;) diagrams are shown in Fig. which are similar to the diagrams from DIS but
with exchanged initial and final particles.

K =

!Thanks to Radek Zlebcik for pointing out this elegant solution
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Pace T B = N I .

Figure 6.5: Diagrams contributing to Drell Yan production up to O(as).

The matrix element for ¢g — v*g is given by:

ot 2(M?33
M = 167r204501§ 4 2 + ( AAS)] (6.19)
91t u ut
8[/1+22 -5 =5
= 16m%asa— - —2 :
67ra5a9 _(1—z><t +ﬁ> ] (6.20)
2 [ -5 =38
= 16m’asa= | P - —2 21
67raa3_qq(z)<t+ﬂ> ] (6.21)
where we have used z = MTQ and @+t = M? — 5 = —5(1 — z). We have also introduced the
splitting function (known from DIS):
_ 414 22
31—z
Similarly, we obtain for gg — ~v*¢:
.~ 9.
M = 16r2aat [-L-5_ 2(M74) (6.22)
3|1 8§ t st
1
= 167r2asoz§ [(z2+(1—2)%) x ) (6.23)
2
= 167T2a50z§ [Pyg(z) x -+) (6.24)

with the splitting function

Pig(2) = 527 + (1= 2)?)

We can now calculate the cross section for Drell Yan production up to O(«as) using the
relation for p; as given in eq.(8.6) in section with the Jacobean

— 1 R
“ = (1 — z)dt.

dp? = dt

In order to simplify the calculation we consider again only the leading contribution at small
transverse momenta (taking the small  approximation, as done in the DIS case). We see, that
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we obtain a similar behavior of the cross section:

do B 1 do
dp;  1—zdi
11 —1
P s — 4+ ...
> 167251 - qq(z)s(t * )
1 1
X Tqu(Z)ﬁ

t

We observe the same behavior as in DIS. The cross section in divergent if we perform the
integral over p; from zero, and we have to apply the same renormalization procedure as in
the DIS case. We also observe, that the renormalization is the same as in DIS, as we obtained
the same splitting functions. This is one of the important results of the QCD improved parton
model: the parton densities, including the renormalization of the bare parton densities, are
the same in DIS lepton proton scattering as in pp or pp scattering: this is a consequence of
factorization.

6.1.4 The p, spectrum of Drell Yan production

The complete calculation of the transverse momentum spectrum of Drell Yan production
becomes complicated, because of the integration over the longitudinal and transverse com-
ponents of the interaction partons. The original papers on this are very interesting [47} 48].
Here we only consider the small p; approximation and give the final result (without attempt-
ing to perform the calculation in detail, the full derivation can be found in [13])):

(Wjdaydpf = ;j;j;}j%/x;m dzoH (x4, xp, M?)
2
xfa—x; <1 " (ﬂcaTﬂczb)2 - 23:55%) (29
. ;j;jgémza,mb,wnog = (626)
- (@rm),,, > Gresn) 620

with the product of the parton densities defined by:
H(za, 25, Q%) = Y €2 (¢i(2a, Q%) @i(x0, Q%) + Gi(wa, Q)i (w3, Q%))

and the lowest order (O(af) Born cross section given in eq.:

do Ao’
- = —_H,(zq,xp, M? 2
(dM?dy>Bom o577 Tol7er 70 M) (©29)
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As we know already from the discussion of DIS, the divergent behavior is absorbed by
virtual corrections, for example vertex corrections. As in the DIS case, we can calculate the
virtual corrections explicitly, or argue on the basis of unitarity (and knowing that the final
state configuration of a virtual correction is the same as the lower order process).

Heuristic approach to describe the small p; region

We use here a heuristic argument to obtain the behavior of the cross section at small p;, by
assuming that the virtual and the non-branching corrections will compensate the divergent
behavior of the real emission cross section. We write:

5 do do
araaE® = \ e O(as 6.29
/U CUM?Clydpt2 P <dM2dy>Born i (a ) ( )
We rearrange the integral:
s do D7 do s do
s dp = s dpy’ / ——————dp}? 6.30
/0 a2 dydp? " /0 adydpE P T )y addyayp (6.30)
giving:
p% do S do s do
—  d /2 — / | /2_/ 4 2 6.31
/0 M dydp? ™" o aMZdydpP T T )y dnrdydp (6:31)

Assuming that the total cross section is the Born cross section multiplied with a k- factor k&
(which we will neglect) we can write:

e do do 5 do
AR = R e =
/o M dydpE " (dM?dy>Bom( o 2 dMZdydp? " (632
do Vi¥s" s log Z%
= 1— s L dp!? )
<dM2dy>Born ( 3 /p? P Pt ) (6.33)

do 2x s\?2

This form suggests for an extension to higher orders in o, and we assume that the corrections
in the bracket will exponentiate:

2 a3

a
1+a+§+§+---:expa

and we write for the cross section:

Pt do do 20 s
o [ e 205 1502 2 -
/0 M2 dydp? ™" <dM2dy>Bom e"p( 3m p%> (639
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We have obtained an integrated cross section which with the assumption that the oy
corrections exponentiate, is finite over the whole range in p;. To obtain the the differential
cross section as a function of p7, we differentiate eq.(6.35) with respect to p; and obtain:

do do 4oy 1 s 205, o 8

dM?2dydp; (dM 2dy>30m 37 7 8 5 P ( 3 5 p?) (630
We see, that the cross section for p; — 0 vanishes. This is the effect of the all order resumma-
tion of soft gluon emissions. A similar effect we have already observed in the discussion of
the Sudakov form factor in section[4.3.2) where we found that the probability for no branch-
ing from one scale to another is very small: only if there is no resolvable branching, the
pt of the Drell Yan pair is zero (except if the emitted partons all compensate each other in
transverse momentum).

A formal approach to small p,

A more detailed discussion and calculation of the Drell Yan p; spectrum can be found in [49],
here we just sketch the basic idea. We start from a general equation for multiparton emissions
qq — 7" + N (where N gives the number of emitted gluons):

i dzp ~ H [ / d2ktidxiM(N)} § (Z Kei + m) (6.37)

=1

where M (V) is the matrix element for the emission of N gluons. In the limit of small emission
angles we can write:

N
N Qs
M MH}{? (6.38)
=1 U
and obtain: N
1 do™) d?ky; s -
- ~ "log — | & ki + P, 39
s | Gt ez ] 0 (SFee ) (©39)

In the limit of strong ordering of the transverse momenta of the emitted gluons k%, <
kL < k4 < -+ < s, with s being the center-of-mass energy, the delta-function acts only on
the last emitted gluon (the one with the largest k;):

1 do™) N7 Ak s
o H[/kzb Hé(’“ﬂast*”)
=1

1 dzk‘t N—1 s A’k N—2 s
~ —log / log / : log e (6.40)
p; pf th,NA th,Nfl kt2,N72 kt2,N72

Using

(1 s )N—i—l
dkt N 5 0g k2
log =———ts .
/ N+1 (641)
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we can integrate the equation term by term:

do™) 1 5
~ —log—5=A4
dp? p; vt
do? Pk s 1 s
~ A [ —tlog— = A-log? =
dp? / 2B T T g2
(3) 2 (2) 1 2 1/1 2
dp; k; ki dp; 2 k3 k; 2 k;
(4) 2 3) 11 2 11 /1 s
7d02 ~ /dgt log%dd2 :A/dl;tlog582:A <10g282)
dp; k; ki dp; 24 ) ki k3 23\2 k3
(N) 1 1 N-1
dp; (N-11\2 k;
We obtain for the cross section including the emission of N gluons:
do do® 1 1 s\
==Y — = Ay ———(Zlog? 5
=S = AT ()
1 s
~ Aexp [ log? ]
27"
Summing up everything, we finally obtain again eq.(6.36):
do do 4oy 1 s 205, o 8
2 = (=2 — log — — T g2 2 6.42
dM?dydp; (dM2dy>Born T eXp( Br p?) (642

The essential ingredients to obtain this formula were the use of eq.(6.41) and the strong
ordering of the transverse momenta. Only under these conditions the delta function applies
only to the hardest (last) emission and the product of integrals can be written as nested
integrals, meaning that soft and collinear gluons are treated independently.

In order to obtain a full expression for the p; spectrum, the strong ordering condition has
to be relaxed, meaning that energy-momentum conservation has to be included for every
single emission, which will result in additional contributions. Such calculations are very
difficult (if not even impossible) to be performed in momentum space, and usually a Fourier
transform to impact parameter space is performed. A full description is given in the original
CSS (Collins-Soper-Sterman) paper [50] and in [51]:

do B

d
qq
Ddydy? § o7 (4@epa(enp) +a ol

xexp(/p MzAlog(Mz/ﬂ)JrB}))
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Relation to PB TMD distributions

The exponential appearing in eq.(6.42) can be interpreted as a Sudakov form factor, describ-
ing the probability for no emission. In the discussion on parton density functions an in
particular in the discussion of TMD distributions, Sudakov form factors appeared.

The Sudakov form factor for gluon emission from a quark is given as:

2
ol B du? [ 3
Ay(zar, fio, ) = exp (—2[ il /0 dzP<z>+2)

T ,ug Iu/2
;t2 d 12 1—%’ 9 3
~  exp _ Qs / /fz/ ldz[ }-1—
2 | )2 1 Jo 1-2 2

2
0
2
Qs W d/llQ MQ 3
= o 2log — + - 4
exp ( o0 [/,ug /1'/2 0og M/Q + 9 (6 3)

where the P, splitting function, including the virtual correction, from eq.(4.24) approximat-
ing z — 1 has been used (see also [52,53]).
We observe that the form of the Sudakov form factor obtained with the PB method is

the same as the one obtained with from CSS [51] in eq.(6.43) provided the angular ordering
conditions are used.

6.1.5 Measurement of the 1/’ mass
The W boson can be detected via the decay products in a leptonic decay:
W —=l+4+v

where the v escapes detection.
In the rest frame of the W-boson the cross section for the leptonic decay is [14][p 320]:

ldo(W —=vl) 3

N TP Ty 2 n* )
T deost” 8( + cos” 0") (6.44)
with the angular dependence similar to that of the process ete™ — ptpu™:
do

1
~ =(1 2
dcost s( + cos6)

where the difference in the pre-factors comes from the flux factor. In the W rest frame the
transverse momentum of the lepton [ and that of the neutrino are balanced. Changing the
b12)

variables in eq. tb from dcosf to dp} using p? = %“ = %,é sin? @ (see appendix [8.1.2) we
obtain:
(-%)
§

Ap2\ "~
(1 _ {’t) _ (6.45)
S Scosf

dcos0
dp?

SIS
VRSN

N |=
[\]

W | DN N | —



84 CHAPTER 6. HADRON-HADRON SCATTERING

3 CMS
20 x10 L L

| 36 pb! at\s=7TeV |

> i

8 _

Lo ® data —

N ]

~ W - ev |

2 B Ewk+E

) BE QCD _
>

2 ]

s I

o i

o _

= ]
>

2 ]

. .|..-'°M

5 0 S S SO R S

AT IY) 0. % o
< 0 w’—*—*—wﬂ—wﬂﬁwﬂ—o—m—r‘w
B
0 20 40 60 80 100
Er [GeV]

Figure 6.6: The transverse mass of the W boson as measured by [54].

With eq(6.45) we obtain for the cross section:

do do dcos@
—_— = —— 6.46
dp? dcos® dp? (646)
1+ cos? 6
~ A7
cos (6:47)
2 (1- )
~ o~/ (6.48)
1 -t

S

A 2
showing the Jacobean peak for p} = 2 = NZ—W, which corresponds to cos = 0 or § = 7/2.
Thus the cross section 199 is strongly sensitive to My, and can be used to measure the W

7 dp?
mass.
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The transverse mass M | is defined as:

2 2
M3 = (Ip%]+ [P - (6% +PY)
M = (B + 7)) — (5° + ")

Obviously, in the limit of vanishing longitudinal momentum A, — M. The transverse
mass M | can be calculated as:

~v \2 —1\2
ME o= (1L + 1) - (7L + 7))
= 2[pIpI(1 = cos Ag)

with p’| being the neutrino transverse momentum (or identified as the missing transverse
momentum as calculated from energy momentum conservation) and A¢ being the angle
between the observed electron and the missing transverse momentum vector.

The transverse mass has been obtained in early measurements at the LHC [54]. The
measurement is shown in fig.
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Chapter 7

High Parton Densities and small «
effects

We have seen in the discussion of DIS and the parton densities that all evolution equations,
DGLAP, BFKL and CCFM, predict a strong rise of the parton densities at high energies be-
cause of the dominance of the ¢ — gg splitting. However, the rise of the parton densities
and the influence on observables of the hadronic final state will depend on the details of the
parton evolution.

In this chapter we will discuss the high energy behavior of the 7*p cross section, effects of
small x evolution on the differential cross section of Drell Yan production at the high energies
available at LHC, as well as effects on the final state coming from high parton densities which
will result in contributions of multiple parton interaction (MPI).

7.1 The high energy behavior of the v*p cross section

In Fig. 4.1] we have seen that the structure function Fy(x, Q?) rises with decreasing z. The
structure function F3 is connected directly with o,«,. The cross section for 7*p as a function
of W? = @?1=2 is shown in Fig. [7.1| (taken from [55]). The cross section increases wit W?,
for small Q? the increase is weak, whereas for large Q? the increase is strong. At large values
of W? the partial cross section for large Q? eventually becomes larger than the total yp cross
section, violating unitarity. At large W the rise of the cross section therefore has to become
weaker, leading so so-called saturation effects: the parton density cannot increase forever,
but saturates. The basic mechanism of saturation is gluon fusion g + g — g. Where exactly
this happens is unclear, it also depends on the spatial distribution of the partons inside the
proton.

87
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Figure 7.1: v*p cross section as a function of the W+, center of mass energy for different
values of Q? [55] .

7.2 The p, spectrum of Drell Yan production at high energies

At high energies, when the transverse momenta can be of similar size as the longitudinal
momenta of the interacting partons, the collinear approximation leading to the DGLAP evo-
lution equation might be insufficient and the BFKL or CCEM evolution might be a better
representation of parton evolution. Effects beyond DGLAP have been observed at HERA in
energy flow measurements [56], p; spectra of charged particles [57] and the cross sections
for forward jet production [58-60]. These measurements have been used in [61] to predict
a significant broadening of the transverse momentum spectrum of Drell Yan pairs at LHC
energies.

First measurements of forward Drell Yan production at LHCb [62] show a significant
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deviation of the measurement from the theoretical prediction as shown in Fig.
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Figure 7.2: Cross section as a function of the transverse momentum p; of the Z boson as
measured by [62].

7.2.1 Multiparton interactions

When the parton densities are high, the probability to have more than one partonic interac-
tion per hadron hadron collision increases [63-67]. For simplicity we illustrate the problem
with (mini)-jet production at highest energies. The partonic cross section for (mini) - jet pro-
duction diverges for p; in — 0:

donard(p?)
thars = [, ety 7.1)
p f min p t

The partonic cross section as a function of p; i, is shown in Fig. (taken from [65]. One can
see, that the cross section exceeds the inelastic (non-diffractive) cross section o,,4 at values of

Ptmin, Which are above a typical hadronic scale, at LHC for p; i ~ 5 GeV. The solution
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Figure 7.3: Mini jet cross section as a function of p; , for Tevatron and LHC energies (from
[65]).

out of this dilemma is to assume that there could be more than one partonic interaction per
hadron - hadron collision, with the average number of interactions given by:

_ Uhard(ptmin)
(n) = T oy (7.2)

Here, 0,4 is the non-diffractive inelastic pp cross section. However, this does not solve
the problem of the divergency for p; — 0. To treat this we remember that the hadrons
are color neutral and when p; becomes small, the wavelength increases such that a gluon
cannot resolve anymore any individual color charges (see discussion on angular ordering
section[5.2.1)), resulting in a reduction of the effective strong coupling.

Let us define (following the discussion in [64]):

plar) = 27 7.3)

Ond ATt

with z; = 2—”;. To understand this argumentation, let us go back to the derivation of a Poisson
distribution. If ) is the average rate for occurrence of specific events, then the probability that
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a single event happens at ¢t is:
Aot

The probability that nothing happens is 1 — A\dt. The probability that no event happens in
[t,t + 0t] under the condition that there was no event in [0, t| with Py(t) is:

Po(t + (5t) = Po(t)(l — )\(%)
" Py(t + ot) — Py(t)

50 —APo(1)
SV Y0
~ Py(t) = exp(—At)

which is the Poisson distribution for the observation of r = 0 events with a mean of the
distribution of y = At.
To obtain the probability for the hardest scattering at x1:

Py = plan)exp <— / 1 p(:v')d:n') (7.4)

tl

The naive probability p(x;1) is multiplied by Sudakov type form factor to ensure, that there
is no other scattering with x; > z;; in the event. Now we can calculate the probability to
have the second hardest scattering at x;»:

1 1 Tt1
Py = / dxey p(241) exp <—/ P(m/)d$/> exp <—/ P(ﬂcl)dx/) p(42) (7.5)

= /: dzyy p(x )p(we2) exp <— /x1 p(f'?,)dx,> (7.6)

tl t2

This equation can be understood as follows: there is no scattering between z;; and 1, we
have a scattering at z;; and there is no scattering between x;» and x;;. Finally we integrate
over all possible values of z;;. A similar argumentation was made for the parton evolution
in terms of Sudakov form factors in section The expression can be iterated to give:

P, = p(:L“t)(n_ll)! [ /xjp(fv')dx']nlexp < /x tlp(x/)dx/) (7.7)

which is a Poisson distribution with

! 1 do_hard p2
po= / p(a)da’ = / — 2( t)dp?
Tt pf Pt

pro= Texp (—n)
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Summing up all p, gives:

S = 3 exp(u) = exp (n)exp (—p) = 1

r

which says, in the case of jet production, that the total rate of mini-jet production is not
changed, the probability that a scattering occurs is 1, which is that the inclusive cross section
is not changed by introducing the concept of multi-parton interactions.

The concept of multi-parton interaction has been successfully applied to describe event
properties in soft collisions but also to describe details of the hadronic final state in pertur-
bative processes.
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Appendix

8.1 Kinematics

In a2 — 2 process we can relate the Mandelstam variable # to the transverse momentum of
the {-propagator.

Y
A
Y
A

(a) (b)

Figure 8.1: Schematic drawing of v* + g — ¢¢ (a) and g + g — ¢q (b) scattering..

8.1.1 ¢p-case

In the center of mass frame of the parton process v*(k1)q(q1) — ¢(g2)g(k2) the four-vectors
of the incoming and outgoing particles are (see Fig.[8.1(a)) :

kl - (\/ EQ_Q270707]€)

q = (ka 07 07 _k)
Q2 = (QJ —q Sinea 07 —(gCcos 9)

93



94 CHAPTER 8. APPENDIX

ks = (g,qsin6,0,qcos®)

with k& = —Q?. From this we obtain

(ko + q2)* = 4¢°

>
|

t = (ky—q)*=(q1 — ko)> = —2(kq + kqcos ) = —2kq(1 + cos )
@ = (g —q)*=—2(kq— kqcosf) = —2kq(1 — cos )
st = 4¢*4(qk)*(1 4 cosB)(1 — cosf) = (4kq)*¢*sin 0
t+a = —3—Q*=—2kq(1+ cos) — 2kq(1 — cosd) = —4kq
With this we obtain:
p? = ¢*sin’6 (8.1)
tas
= —— 8.2
(8 +Q?)? (52
In the small ¢ limit we obtain from ¢ + @ + § = —Q? ~ @ = —Q? — 3. Using » = % and
5= —Q? + Q?/z we obtain:
5 _ t3
by = g 4 Q2 (8‘3)
= —#(1—-2) (8.4)

8.1.2 pp-case

Here we calculate the relation between the tansverse momentum p; of a final state parton in
a2 — 2 process, like ¢(q1)G(q2) — 7*(k1)g(k2) with the four-vectors indicated in the brackets.
The four-vectors are given by (see Fig.[8.1(b)):

q1 00(1)
@2 = (g,0 )

(g
(

ki = (\/M2+Ek2 —ksin6,0,—kcosb)
(

ko = (k,ksin®,0,kcos@)

with k3 = M?2. From this we obtain

V-3

(@1 + @2)° = dk1ky = 47
(1 — k1)? = (g2 — k2)* = —2(gk + gk cos §) = —2qk(1 + cos )
(

{ =
4@ = (q1 —k)? = —2(qk — gk cos ) = —2qk(1 — cos0)
ti = 4(gk)*(1 — cos0)(1 + cos ) = 4(qk)? sin® 0
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With this we obtain:
p? = k*sin?0 (8.5)

ti

= — (8.6)

~

S
Please note that this is different compare to the DIS case (eq.(8.2), where we obtained:
5 tiis
g (5+@?)?
However, performing the small ¢ limit and using 3 + ¢ + @ = M? together with 2 = M?/3 we
obtain:

o= 7 (87)
~pp = t(S_SMZ)) (8.8)
= —i(1-2) (8.9)
which agrees with what is obtained in the DIS case.
8.2 Calculation of transverse momentum of Drell Yan pair
Starting from eq.(6.14) we obtain:
;5; = / Ak d?*k20@ (ko + ko — 9 bk ) (w2 (8.10)
— [ @Ean(Eh(i - Fa) 511)

1 [ b?
= 3 / dk?, / d(bﬁexp(—%ktzl)exp(—bp?) exp (20piki cos @) (8.12)
0

b2

= o2 XP (—0p7) /dk't21 exp (—2bkiy) 2m1o(2bpeki ) (8.13)
b 1

= 5P <—2bp?> (8.14)

where we have used the expression for the modified Bessel function:

2m
/ doexp (z cos @) = 2my(2)
0

with:

e = YU (8.15)
’ (n!)? '
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and have integrated this expression term by ternﬂ Using eq.(8.13):

;;lpat = /d2Et1d2Et25(2)(Etl + ko — §y)h(key ) h(Ferz)
= 26;2 exp (—bp}) /dkt21 exp (—20k7) 2 Io(2bpike)
together with eq.(8.15):
ey

gives:
1 do b 2 2 oy o (5(2bpeki)?)"
sdpy T 2o P (—bp7) /d/.cﬂ exp (—2bk3; ) 2 1 (n])?
n=0
and we can perform the integration term by term giving:
g - Ldo
o dpt
= Z S,
n=0
with:
b 2 2 2
So = 5.2 &P (=bp;) [ dkf\2mexp (—2bk;,)
b? 1
- exp (—bpf) %
b
= o exp (—bpf)
b 2 2 2y 1 2
S = By exp (—bpt) dk;, 2T exp (—2bk;t1) 1 (20bpiksr)

b? 1
= —oxp (—bp7) Z4b2p§ / dk},mexp (—20k7,) k7

b b
= S-exp (=bp?) =p}

2
b L (40K 07)?
Sy = 5.2 ©XP (—bp%)/dkfl%rexp (—2bk‘,521)4(4ﬂpt)
2
— S—Trexp (—=bp}) %b‘lpf / dk}ymexp (—2bk7,) kjy

1Cour’cesy of K. Kutak, who showed how to perform the integral
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b b2
= o exp (_bptz) gpf

Summing up all terms gives:
S = So+S5S1+85+---

b 2 bo 1oy
= gexp(—bpt) <1+2pt+8bpt+"'

b ) 1op2 1 [(bp?\>
= zﬂe"p(‘bpt)<“m+2! o) T

b 1
= on exp <25P?>

97



98

CHAPTER 8. APPENDIX



Acknowledgments

I am grateful to the participants of the course QCD and Monte Carlos which T held in the winter
term 2011-2014 in Antwerp where these lecture notes where written. I am particularly grate-
tul to Christophe De Beule, Roeland Juchtmans Alexis Kalogeropoulos, Alexandre Leonard,
Thomas Reis, Florian Zenoni for careful reading the manuscript and identifying many in-
consistencies and typos. Many thanks go also to Zlatka Staykova, Samantha Dooling and
Paolo Gunnellini for assisting me during the exercises. I am grateful to Radek Zlebcik for his
careful reading of the manuscript during the lecture course 2013 at DESY. I am also grateful
to Laura Raes for pointing to misprints and unclear formulations during the winter course
2013.

99



100 CHAPTER 8. APPENDIX



Bibliography

[1] Random.Org, “True Random Number Service”. http://www.random.org/.

[2] ID QUANTIQUE SA, “Quantique random number generator”.
http:/ /www.idquantique.com/true-random-number-generator/products-overview.html.

[3] S. Weinzierl, “Introduction to Monte Carlo methods”, arXiv:hep-ph/0006269.
[4] G. Cowan, “Statistical data analysis”. Oxford, UK: Clarendon (1998) 197 p.

[5] D. E. Knuth, “The Art of Computer Programming Volumes 1-3 Boxed Set”.
Addison-Wesley Longman Publishing Co., Inc., Boston, MA, USA, 1998.

[6] F. James, “RANLUX: A FORTRAN implementation of the high quality pseudorandom
number generator of Luscher”, Comput.Phys.Commun. 79 (1994) 111-114.

[7] M. Luscher, “A Portable high quality random number generator for lattice field theory
simulations”, Comput. Phys. Commun. 79 (1994) 100-110, arXiv:hep-1at/9309020.

[8] M. Luscher, “A Portable high quality random number generator for lattice field theory
simulations”. http:/ /luscher.web.cern.ch/luscher/ranlux/index.html C++ code.

[9] V. Blobel and E. Lohrmann, “Statistische und numerische Methoden der
Datenanalyse”, volume 54. Teubner, 1998.

[10] G. Bohm and G. Zech, “Introduction to statistics and measurement analysis for
physicists”. Hamburg, Germany: DESY (2005) 331 p.

[11] F.James, “Monte Carlo Theory and Practice”, Rept.Prog.Phys. 43 (1980) 1145.

[12] F. Halzen and A. D. Martin, “Quarks and Leptons: An introductory course in modern
particle physics”. 1984. New York, USA: Wiley ( 1984) 396p.

[13] R. D. Field, “Applications of Perturbative QCD”. Addison-Wesley Longman
Publishing Co., Inc., 1989.

[14] R. K. Ellis, W. ]J. Stirling, and B. R. Webber, “QCD and collider physics”, Camb. Monogr.
Part. Phys. Nucl. Phys. Cosmol. 8 (1996) 1-435.

101


http://www.random.org/
http://www.arXiv.org/abs/hep-ph/0006269
http://www.arXiv.org/abs/hep-lat/9309020

102 BIBLIOGRAPHY

[15] Y. L. Dokshitzer, V. A. Khoze, A. H. Mueller, and S. I. Troian, “Basics of perturbative
QCD”. Gif-sur-Yvette, France: Ed. Frontieres (1991) 274 p.

[16] J. C. Collins, “Light cone variables, rapidity and all that”, arXiv:hep-ph/9705393.

[17] J. Bjorken and E. A. Paschos, “Inelastic Electron Proton and gamma Proton Scattering,
and the Structure of the Nucleon”, Phys.Rev. 185 (1969) 1975-1982.

[18] ZEUS, H1 Collaboration, “Combination of measurements of inclusive deep inelastic
e*p scattering cross sections and QCD analysis of HERA data”, Eur. Phys.]. C 75
(2015) 580, larxiv:1506.06042)

[19] V. N. Gribov and L. N. Lipatov, “Deep inelastic ep scattering in perturbation theory”,
Sov. J. Nucl. Phys. 15 (1972) 438-450. [Yad. Fiz.15,781(1972)].

[20] L. N. Lipatov, “The parton model and perturbation theory”, Sov. J. Nucl. Phys. 20
(1975) 94. [Yad. Fiz.20,181(1974)].

[21] G. Altarelli and G. Parisi, “Asymptotic freedom in parton language”, Nucl. Phys. B 126
(1977) 298.

[22] Y. L. Dokshitzer, “Calculation of the structure functions for Deep Inelastic Scattering
and eTe™ annihilation by perturbation theory in Quantum Chromodynamics.”, Sov.
Phys. JETP 46 (1977) 641-653. [Zh. Eksp. Teor. Fiz.73,1216(1977)].

[23] G. Altarelli, “Partons in Quantum Chromodynamics”, Phys. Rept. 81 (1982) 1.

[24] CTEQ Collaboration, “Handbook of perturbative QCD: Version 1.0”, Rev.Mod.Phys. 67
(1995) 157-248.

[25] J. C. Collins, D. E. Soper, and G. F. Sterman, “Factorization of Hard Processes in QCD”,
Adv.Ser.Direct. High Energy Phys. 5 (1988) 1-91, arXiv:hep-ph/0409313. To be publ.
in "Perturbative QCD’ (A.H. Mueller, ed.) (World Scientific Publ., 1989).

[26] ]J. Pumplin et al., “New generation of parton distributions with uncertainties from
global QCD analysis”, JHEP 0207 (2002) 012, arXiv:hep-ph/0201195.

[27] M. Whalley, “The Durham HepData Project”.
http:/ /hepdata.cedar.ac.uk/pdf/pdf3.html.

[28] F. Hautmann et al., “Collinear and TMD quark and gluon densities from Parton
Branching solution of QCD evolution equations”, JHEP 01 (2018) 070,
arxXxiv:1708.03279.

[29] F. Hautmann et al., “Soft-gluon resolution scale in QCD evolution equations”, Phys.
Lett. B 772 (2017) 446, arxiv:1704.01757.


http://www.arXiv.org/abs/hep-ph/9705393
http://www.arXiv.org/abs/1506.06042
http://www.arXiv.org/abs/hep-ph/0409313
http://www.arXiv.org/abs/hep-ph/0201195
http://www.arXiv.org/abs/1708.03279
http://www.arXiv.org/abs/1704.01757

BIBLIOGRAPHY 103

[30] G. Marchesini and B. R. Webber, “Simulation of QCD initial state radiation at small x”,
Nucl. Phys. B349 (1991) 617-634.

[31] G. Marchesini and B. R. Webber, “Final states in heavy quark leptoproduction at small
x”, Nucl. Phys. B 386 (1992) 215-235.

[32] F. Hautmann, H. Jung, and S. T. Monfared, “The CCFM uPDF evolution uPDFevolv”,
Eur. Phys. ]. C 74 (2014) 3082, arxXiv:1407.5935.

[33] M. Botje, “QCDNUM: fast QCD evolution and convolution”, Comput.Phys.Commun.
182 (2011) 490-532, arXiv:1005.1481.

[34] R. Angeles-Martinez et al., “Transverse Momentum Dependent (TMD) parton
distribution functions: status and prospects”, Acta Phys. Polon. B 46 (2015), no. 12,
2501, arxiv:1507.05267.

[35] T. Sjostrand, S. Mrenna, and P. Skands, “PYTHIA 6.4 physics and manual”, JHEP 05
(2006) 026,|arXiv:hep-ph/0603175.

[36] T.Sjostrand, S. Mrenna, and P. Z. Skands, “A brief introduction to PYTHIA 8.1”,
Comput. Phys. Commun. 178 (2008) 852-867, arXiv:0710.3820.

[37] G. Marchesini et al., “HERWIG: A Monte Carlo event generator for simulating hadron
emission reactions with interfering gluons. Version 5.1 - April 1991”7, Comput. Phys.
Commun. 67 (1992) 465-508.

[38] G. Corcella et al., “THERWIG 6.5 release note”,|arxiv:hep-ph/0210213!

[39] M. Bahr et al., “Herwig++: physics and manual”, Eur. Phys. ]J. C 58 (2008) 639-707,
arxXxiv:0803.0883.

[40] H. Jung, “Hard diffractive scattering in high-energy ep collisions and the Monte Carlo
generator RAPGAP”, Comp. Phys. Commun. 86 (1995) 147.

[41] H. Jung, “The RAPGAP Monte Carlo version 3.2”.
http:/ / projects.hepforge.org/rapgap/, Nov., 2011.

[42] F. Von Samson-Himmelstjerna, “Determination of parton density functions using
Monte Carlo event generators”, Master’s thesis,
/afs/desy.de/group /hl/psfiles/theses/h1th-516.pdf , 2009.

[43] ]. Collins and H. Jung, “Need for fully unintegrated parton densities”,
arXiv:hep-ph/0508280.

[44] S. Drell and T.-M. Yan, “Massive Lepton Pair Production in Hadron-Hadron Collisions
at High-Energies”, Phys.Rev.Lett. 25 (1970) 316-320.


http://www.arXiv.org/abs/1407.5935
http://www.arXiv.org/abs/1005.1481
http://www.arXiv.org/abs/1507.05267
http://www.arXiv.org/abs/hep-ph/0603175
http://www.arXiv.org/abs/0710.3820
http://www.arXiv.org/abs/hep-ph/0210213
http://www.arXiv.org/abs/0803.0883
http://www.arXiv.org/abs/hep-ph/0508280

104 BIBLIOGRAPHY

[45] J. M. Campbell, J. W. Huston, and W. J. Stirling, “Hard Interactions of Quarks and
Gluons: A Primer for LHC Physics”, Rept. Prog. Phys. 70 (2007) 89,
arXiv:hep-ph/0611148.

[46] CMS Collaboration, “Measurement of the rapidity and transverse momentum
distributions of Z Bosons in pp collisions at /s = 7 TeV”, Phys.Rev. D85 (2012) 032002,
arxXiv:1110.4973.

[47] Y. L. Dokshitzer, D. Diakonov, and S. I. Troian, “On the Transverse Momentum
Distribution of Massive Lepton Pairs”, Phys. Lett. B79 (1978) 269-272.

[48] G. Parisi and R. Petronzio, “Small Transverse Momentum Distributions in Hard
Processes”, Nucl. Phys. B154 (1979) 427.

[49] S.D. Ellis, N. Fleishon, and W. J. Stirling, “LOGARITHMIC APPROXIMATIONS,
QUARK FORM-FACTORS AND QUANTUM CHROMODYNAMICS”, Phys. Rev.
D24 (1981) 1386.

[50] J. C. Collins, D. E. Soper, and G. E. Sterman, “Transverse Momentum Distribution in
Drell-Yan Pair and W and Z Boson production”, Nucl. Phys. B 250 (1985) 199.

[51] J. Collins, “Foundations of perturbative QCD”, volume 32. Cambridge monographs on
particle physics, nuclear physics and cosmology., 2011.

[52] A. Lelek, “Determination of TMD parton densities from HERA data and application to
pp processes”. PhD thesis, 2018.

[53] M. Pavlov, “Study of transverse momentum dependent formalisms”, Master’s thesis,
University Antwerp, 2020.

[54] CMS Collaboration Collaboration, “Measurement of the Drell-Yan Cross Section in pp
Collisions at sqrt(s) = 7 TeV”, JHEP 1110 (2011) 007, arXiv:1108.0566. * Temporary
entry *.

[55] H. Abramowicz and A. Levy, “The ALLM parameterization of sigma(tot)(gamma* p):
An Update”, arXiv:hep-ph/9712415|

[56] H1 Collaboration, “Measurements of transverse energy flow in deep inelastic-
scattering at HERA”, Eur. Phys. ]. C12 (2000) 595-607, arXiv:hep-ex/9907027.

[57] H1 Collaboration, “Measurement of charged particle transverse momentum spectra in
deep inelastic scattering”, Nucl. Phys. B 485 (1997) 3, arXiv:hep-ex/9610006.

[58] H1 Collaboration, “Forward jet and particle production at HERA”, Nucl. Phys. B538
(1999) 3-22, arXiv:hep-ex/9809028.


http://www.arXiv.org/abs/hep-ph/0611148
http://www.arXiv.org/abs/1110.4973
http://www.arXiv.org/abs/1108.0566
http://www.arXiv.org/abs/hep-ph/9712415
http://www.arXiv.org/abs/hep-ex/9907027
http://www.arXiv.org/abs/hep-ex/9610006
http://www.arXiv.org/abs/hep-ex/9809028

BIBLIOGRAPHY 105

[59] ZEUS Collaboration, “Forward jet production in deep inelastic scattering at HERA”,
Eur. Phys. ]. C 6 (1999) 239, arXiv:hep-ex/9805016.

[60] ZEUS Collaboration, “Measurement of the E(QTJ.e n /Q? dependence of forward jet
production at HERA”, Phys. Lett. B 474 (2000) 223, arXiv:hep-ex/9910043.

[61] S. Berge, P. M. Nadolsky, F. Olness, and C.-P. Yuan, “Transverse momentum
resummation at small x for the Tevatron and CERN LHC”, Phys.Rev. D72 (2005)
033015, arXiv:hep-ph/0410375.

[62] LHCb-CONF-2011-039, “Updated measurements of W and Z production at /s =7 TeV
with the LHCb experiment”. http:/ /cdsweb.cern.ch/record /1367851?In=en, July, 2011.

[63] T. Sjostrand and M. van Zijl, “Multiple parton-parton interactions in an impact
) J plep p p
parameter picture”, Phys. Lett. B188 (1987) 149.

[64] T. Sjostrand and M. van Zijl, “A multiple interaction model for the event structure in
hadron collisions”, Phys. Rev. D36 (1987) 2019.

[65] T. Sjostrand and P. Skands, “Multiple interactions and the structure of beam
remnants”, JHEP 03 (2004) 053,|arXiv:hep-ph/0402078.

[66] T. Sjostrand and P. Skands, “Multiple interactions and beam remnants”,
arXiv:hep—-ph/0401060.

[67] P.Skands and T. Sjostrand, “Progress on multiple interactions: Modelling the
underlying event in hadron hadron collisions”, Eur. Phys. ]. C33 (2004) s548-s550,
arXiv:hep-ph/0310315.


http://www.arXiv.org/abs/hep-ex/9805016
http://www.arXiv.org/abs/hep-ex/9910043
http://www.arXiv.org/abs/hep-ph/0410375
http://www.arXiv.org/abs/hep-ph/0402078
http://www.arXiv.org/abs/hep-ph/0401060
http://www.arXiv.org/abs/hep-ph/0310315

	Introduction
	Monte Carlo methods
	Random Numbers
	Statistics and Probabilities
	Random Numbers from arbitrary distributions 
	Law of Large Numbers and Central Limit Theorem
	Monte Carlo Integration

	Probing the Structure of Matter
	Kinematics and Cross Section definition
	Four-Vector Kinematics
	Light Cone Variables
	Cross Section definition

	The Quark Parton Model
	Cross Section in DIS
	The photon-proton cross section
	O(s) contribution to DIS 
	 QCDC process
	BGF process


	Parton evolution equation
	Conservation and Sum Rules
	Flavor Conservation
	Conservation Rules of Splitting Functions

	Collinear factorization
	Factorization Schemes

	Solution of DGLAP equations
	Double Leading Log approximation for small x
	From evolution equation to parton branching 

	Solution of evolution equation with Monte Carlo method
	The Parton Branching solution of the DGLAP equation

	Transverse Momentum Dependent parton distributions
	Why are transverse momenta important for the evolution ?
	kt-dependent Evolution Equation: Parton Branching TMD
	Angular Ordering 
	Calculating zM 
	The PB-TMD evolution equation


	Hadron-Hadron scattering
	Drell-Yan production in pp
	Factorization of production and decay in Drell Yan processes
	Factorization of transverse momenta in Drell Yan processes
	O(s) contributions to Drell Yan production
	The pt spectrum of Drell Yan production
	Measurement of the W mass


	High Parton Densities and small x effects
	The high energy behavior of the * p cross section
	The pt spectrum of Drell Yan production at high energies
	Multiparton interactions


	Appendix
	Kinematics
	ep - case
	pp - case

	Calculation of transverse momentum of Drell Yan pair 


