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Thrust observable

Thrust Brandt et al., PL (1964), Farhi, PRL (1977)

A E;
22 |kl

where &; are the momenta of the final-state particles or jets, and the maximum is
obtained for the Thrust axis R.

L 4
® One of the fundamental tools to test the theory of Tap e
strong interactions(such as the asymptotic freedom pooTEE,
of QCD) B S
u By fit
® Can be measured very accurately .
® |nfrared safe, theoretically clean, and feasible to high et DELPHI
perturbative order computations :
® Suitable for the determination of the strong coupling P T LT T TR
as(Mz) with a high precision e
Figure: —— as a function of

(1-T)
the cms energy. Kluth (2006
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Resummation

Near the dijet limit (7 — 0), fixed-order
perturbative calculation breaks down due to

the presence the large logarithms.

oco 2n+1
=> > ot P <*> ,

n=0 k=1

where the logarithms

I 2n—k
o= (2)
+

L_1(T) =d(7).
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Figure: Fixed-order distribution Becher &

Schwartz (2008)
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Resummation

Soft-collinear effective theory (SCET) provides a systematic method to resum
large logarithms. Near the dijet region, the thrust distribution is factorized in

SCET: Becher & Schwartz, JHEP (2008)
s ) [T dnda(rs i )73 = 1 = 70 = 7 )
o0 dr . ! idn\Tn, U)JIn\Th, L s n I sy 1) s

1=n,n,s 20 . . . .
where o is the leading order cross section I resummed and matched 3)
for eTe™ — gg. We assume that g is along "
the light-like direction n. = (1,0,0, 1) while 15 —4dorder
q along 7 = (1,0,0,—1). H is the hard —— 3 order
function, 7 is the inclusive jet function, and ld_‘f n 2 order
S is the soft function defined as the vacuum ¢ dT I* order
expectation of Wilson lines.
The logarithmic terms can be resumed to all 5
orders through the standard resummation
techniques.
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Soft function

Soft function

S(r) = ETr{ (QYAYn| X) (X|V]Y|Q) } (T—Zmln {k-n k- n}>

(4)
where Y;, and Y5 are the soft Wilson lines, |Q2) is the vacuum, and the
summation is taken over all the final hadronic states of soft scales. )

Known results: Logarithmic | fixed-order | Anomalous Dimension
® two-loop Order matching i Teusp
Monni et al. JHEP(2011), LL 1 - 1-loop
Kelley et al. PRD(2011), NLL 1 1-loop 2-loop
Boughezal et al. PRD(2015) NLL’ Qs 1-loop 2-loop
NNLL Qs 2-loop 3-loop
* thre.e-loop . NNLL' a? 2-loop 3-loop

triple-real: NSLL 5 3 4
Baranowski et al. PRD(2022) M s oop oop
double-real-virtual & N'LL %xs 3-loop 4-loop
4 3

double-virtual-real: NTLL %s 4-loop 5-loop

Chen et al. arXiv:2206.1232B,ple: The definitions for the logarithmic accuracy of the
resummation calculation.
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Figure: Representative diagrams for three-loop thrust soft function.

Double-real-virtual (RRV) contribution:

a1
SS’I)%V(T§ E) = /d@z @(T; k17 k2) / (27T)D Wgz):cv (l7 k17 kz; n, ﬁ) ) (5)

where d®,, denotes the n-body phase-space integration measure, ng)w is the squared
amplitude, and

@(T;kl,kz) = /dTldTQd(T —T1 — 7'2)671 (kl)@m (kg),
with
O-(k)=0(k" —k7)S(r— k™) +0(k™ —kT)o(r—kT).

Difficulty: Traditional integration-by-parts (IBP) method and differential-equation (DE)
technique break down due to the presence of Heaviside theta functions.
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Parametrization

Solution: Integrals with theta functions can be reduced by constructing and solving linear
relations in the parametric representation. Chen JHEP(2020), EPJC(2020, 2021)

Aitl

; — 6_7/00 dz, eiIiDix?‘z‘
D}t (A +1) ' :

i zzD

da: _
Com oo 1x¢+10+

We generalize theta function and define
A1 o0 1 ;
wy(u) =e” "2 “r/ dxﬁe”“. (6)
—oo

Obviously, wo(u) = 270(u), w—1(u) = 276(u), and w_z(u) = 278" (u).
We consider the parametrization of a general scalar integral:

_ wy, (D1)wx, (D2) -+ - whx,, (Dm)
T, 22,05 2n) = /[dll][dlz] e ldi) Amt1tl pAmpatl A 41
m-+1 m-+2 n

; (™

where L is the number of loops, I; are the loop momenta, D; are the denominators of

1

7o = d 2 with d the space-time

propagators, and we denote the integration measure as [dl;] = To
dimension.
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Parametrization

_L . _L .
J =542 I(Aoy A,y y An) = 54 2™ /dH(”+1)I(_"_1), with  (8)

n+1
UASERE F(*?O) Fro ] = 9)
P+ T, T+
Here s, the determinant of the d-dimensional space-time metric, Ao = —d/2, and
Af=3Ld— tm— > i my1(Xi +1). The integration measure
n+1
di™ ™ = [T dwid(1 - f(2)), (10)
i=1

with the positive definite function f(z) satisfying f(az) = af(z). The polynomial F is
related to the Symanzik polynomials U and F' through

F(z) =F(x) + U(z)xns+1, with (11)

U(z) =detA, and F(z)=U(x) <Z (A™Y;Bi - Bj — C) . (12)

ij=1
Here A, B, and C are linear in  and are determined from
Z?:l . D; = Zﬁj:l A1]l¢ . lj =+ 225:1 B;-l;+C.
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Linear reduction

By virtue of the homogeneity of the integrands of the parametric integrals, it can be
proven that

0 =/dn(”+1)8iz<*”*1), i=1,2,...,m, (13a)
z;

, t=m+1,m+2,...,n+1. (13b)

x;=0

Oz/dn(wl)if—n—l) +6A,0/d1‘[<") (=™
8%@ o

A parametric integral can be understood as a function of the indices ;. We define the
operators R;, D;, and A;, such that.

Ril(Xo, - Aiy. ) =N + DI X0, .., Ai+1,...),
Dil(Xoy- -y Aiy. ) =I(No, .. i —1,...),
Ail(Noy .. hiy o) =XI(Noy .y My ).

And we define

& =D, i=1,2,...,m,

T; =Ri, i=m+1, m+2,...,m,

zi=—TRi, 1=1,2,..., m,
zi=D;, i=m+1, m+2,..., n,
a=—A;—1, i=1,2,..., m,
a; =A;, i=m+1, m+2,..., n.
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Linear reduction

We further introduce the operators £n41 and 2,41 formally defined by 2,411 = I and
C%;H—II = (dnJrl + 1)(dn+1 + 2) c. (dn+1 =+ i)I, with
dny1 = —(L+1)Ao — 37, (a; +1). The eq. (13) can be written in the following form:

<D af(i)—éi)fzo, i=1,2,...,n+1 (14)J

0—f7-
8:1‘:1'

Let y be a kinematical variable, and we assume that the polynomial U(z) is free of y,
then the parametric integrals satisfy the differential equation
0 oOF
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Calculation of the amplitude

We introduce the dimensionless variables by re-scaling the momenta as 7; — 77,
ki; — k;7 and [ — [7, to factorize out the T dependence from the rest of the integral and
find

S
S}(;?})%V(T;G)ZT 1-6 /d@@ Wwg’év(l,kl,kz;n,n)@(1;k1,k2),

Thus we see that the 7-dependence of the soft function is trivial. An extra scale can be
introduced by inserting into the master integrals a trivial integral of the form

J dyd(K —y), with K a linear combination of Lorentz scalars of the loop momenta.
That is

Ji = /[dkl][dkz][dl]J: /dy/[dkl][dkz][dl]d(l(—y)Jz % Ji(y),

1
Integrals free of theta functions: K =k; - ko, y= 5(1 — ),

_ _ 1
Integrals containing theta functions: K :kf/ + k;'/ , y= —
T
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Calculation of the amplitude

Integrals J; can be obtained from J;(y) by integrating out y. For integrals with

K = k1 - k2 — y, the integration is straightforward. For integrals with K = kﬂf + k;/f,
Ji(y) is singular at y = co (z = 0). The integration can be carried out by subtracting the
singular part of J(y) (denoted by Sing{.J(y)}) and integrating the singular part in d
dimensions. That is,

Ji :/0oo (;% J’Z(y)
= [ 5L sttt ~sivglT 1) + [ 52 gl W)

Here we use Ser to denote the series expansion of a function with respect to e.
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Analytic results

We decompose the two-gluon-virtual contribution according to the colour structures by

Stiv.ge =(47)° cos(me)alCaClr

3) (17)
(NfSRRV gg,a + CASRRV gg,b + CFSRRV gg, c) .
Here
@) 1 31 95 1 3778
Sivase <518 T gae t ¢ (7 T ¢ *CZ - *C‘"’ Ty
18
<+7C_g< 39568 (18)
2 3 7t o187
a3 5 523 i 2129 l @ 6
SRRV,gg,b - 365 14464 CQ 216 + <2 + 42C3 3
1/ 386 14399 478 101329 596
te <_7<2 * G+ 3T o ) R (19)
6277 121919 8889 2360 649801
_ —4log(2)¢ —
51 27 o3 @t g wt G B(2)C ~ =55

+ 1244.294408e,
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Analytic results

and

A 6 60 300 810
SI('\’:I;)V,gg,c =5 ?3@ - ?CB - ?@ + 3000¢2¢s — 8100¢s

(20)
+ € [7500¢5 — 19635¢s] -
Similarly, for the two-ghost-virtual contribution, we have
SI(?SI;)V,gh.gh. = (47‘(’)604:;0,40]7 (Nfs\'l(?i)\/,gh.gh.,a + CAS’I&??)\/,gh.gh.,b) ’ (21)
with
&(3) __ v B 1/1. 10\ 17 . 41 . 566
SRRvengn.a = T o83 3242 T e \ 182 T 81 512 T 519 " 79 22)
L[, 4T, M9 14575
27°% 162> T 36 ' 4374 |7
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and
&(3) __ .5 5 1 /i5 .0 2\ 1/ 5 1, 167
SRRvenen.t = T 358ct  144e | &2 (144@’ 1) T 7272 T 3% 3888
55 289 1 35
- @CZ — %CS - EC4 +2 |Og(2)g2 + E
65832 655 529 2543 425 )
te [ 972 PV To R R VYR T 4log’(2)¢z
59 (1 20513 4
(23)
The double-virtual-real contribution reads
3 0l 1T\ 3) 2 (3)
Sa() =55 4 (4 (CrCaNiS&y o cam, + C’FC’AszRYCFOi) . (24)
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with
(3) -1, 5 1(19 23 1065 15, 7
Svancroan; ga T ora T (81 1892) Tl s 3e
211 545, 35, 13
L 2 -2 25
T T 162 T 9% T m (25)
L (665 2359C, 223G 65Cs 341G 161GGY)
2187 486 27 144 15 6 ’
and
(3) __ b 1 _1/67 23,y _1(193 253,
Svercrcd T T 38 s o \sa T 62) @ s T 3e
L(_ 42 s 77 409,
e\ 243 " 1087 " 6" a8t
6820 4547 . 469 .  143(, 52 122
e id 22y (y — 222 26
720 T 12T 1Y T Tes T8 T e (26)
40856 13403¢; | 1441¢ | 8TIG | BTBIG  1TT1GGs
2187 243 27 288 30 12
637C6 31 .o
1152 2 C3>6’
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® Some master integrals are numerically checked by using the sector decomposition
method.

® The leading pole (¢7°) of the CrC% term is validated by the strongly ordered limit
calculation.

® The CrC%e™° term is canceled upon summing the RRR, RRV, and VVR
contributions.

® The C%Ca term agrees with the nonabelian exponentiation theorem.

® Some diagrams (such as the vacuum polarization diagrams) are checked through
direct calculations.
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® We analytically calculate the RRV and VVR contribution to the thrust soft function.

® The application of our method to the calculation of the RRR contribution is
straightforward. This is the only missing piece of the complete N3LO thrust soft
function, which is the key ingredient for the N3LL’ resummation of the thrust
observable in the dijet configuration.

® Qur results can be used for the O-jettiness in Drell-Yan/ggH process as well as the
1-jettiniess observable in DIS through analytic continuation. The results are also
indispensable components to fulfill the N3LO calculation using the N-jettiness
subtraction scheme.

® The calculation demonstrates the feasibility of our reduction method to future jet
and substructure precision calculations.
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The End

Thanks for your attention !
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