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Proton breaks up = Deep Inelastic Scattering (DIS)
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Deep Inelastic Scattering - �tot for �⇤+nucleon/-us! X
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Elastic scattering: either  or Q = 0 x = 1
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Puzzle:

proton = pure quantum state → zero von 
Neumann entropy


But produce a plethora of particles in DIS 
reaction
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Einstein-Podolsky-Rosen (EPR) paradox
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- 2 quantum systems are allowed to interact initially

- Later separated

- Measure physical observable of one system → immediate effect on  

conjugate observable in 2nd system


- Textbook example: 2  in spin singlet etc.  e−

|00⟩ =
1

2
( | ↑ ⟩ | ↓ ⟩ − | ↓ ⟩ | ↑ ⟩)

- [Tu, Kharzeev, Ullrich; 1904.11974]

Possible relation to the 
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Einstein-Podolsky-Rosen (EPR) paradox in DIS
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Interaction of virtual photon with 1 quark in 
Deep Inelastic electron proton Scattering 
(DIS)

Standard argument

- proton boosted to infinite momentum frame + probe 1 quark with 

virtual photon

- This quark is casually disconnected from the rest of the proton, 

during the interaction

- Reason why  worksσhadron = ̂σparton ⊗ PDF

But: 

- struck quark + remainder form color singlet 

(confinement)→ strongly correlated quantum 
system 


- EPR at subatomic scale: strongly correlated, 
but casually disconnected 
[Tu, Kharzeev, Ullrich; 1904.11974]


- Entangled system

- Observed entropy = entanglement entropy?
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Entanglement entropy
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Combined state can


- factorize 


- Or not (it is “entangled”) 

|ΨAB⟩ = |ΨA⟩ ⊗ |ΨB⟩

|ΨAB⟩ = ∑
j,k

αjk |ΨA,j⟩ ⊗ |ΨB,k⟩

Hilbert space: ℋAB = ℋA ⊗ ℋB

Entanglement:  
2 subsystems A and B

A B

  is entangled, but  a 

pure state

|ΨAB⟩ = ∑
j,k

αjk |ΨA,j⟩ ⊗ |ΨB,k⟩

→ SAB = −tr ̂ρAB ln ̂ρAB = 0

̂ρ = |Ψ⟩⟨Ψ |

Density matrix of a 
pure state
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Entanglement & density matrix
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A B

Now: do not observe system B

QM: anything can happen in B → sum over all possibilities that can 
occur in the system B

For the density matrix of system A (observed): sum over all B states

Density matrix of the subsystem A: ̂ρA = trB ̂ρAB = ∑
j

pj |ΨA,j⟩⟨ΨA,j | , pj = |β |2
j

Density matrix of a mixed system,  
if state  was entangled |ΨAB⟩

Use Mathematical trick 
(Schmidt decomposition): 
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Deep Inelastic Scattering
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hadrons

partons 
in resolved proton 

unresolved proton

photon

DIS: do not observe the entire proton, but only 
parts of it
[Gribov, Ioffe, Pomeranchuk, SJNP, 2, 549 (1966)];

[Ioffe, PLB 30B, 123, (1969)]

[Kharzeev, Levin; 1702.03489] 


• Observed entropy = entanglement entropy
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Demonstrating this, is a challenge … 
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• Pure state at  = observe entire proton


• But this is the region, where  is not small  perturbation theory; concept of quarks and 
gluons as degrees of freedom at least difficult


• Unobserved region subject to non-perturbative dynamics

Q2 → 0

αs(Q) ≠
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Result by Kharzeev & Levin 
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[Kharzeev, Levin; 1702.03489]


• Entanglement entropy was calculated for 2D conformal field theories [Holzhey, Larsen, Wilczek; 
1994], [Calabrese, Cardi; 2006] 

 studied region 
: regularization scale = resolution 

• Identify , find 


• Entropy in 1+1 toy model of non-linear QCD evolution (not entanglement):  

L :
ϵ

ϵ =
1
m

≪ L =
1
x

ϵ S =
c
3

ln 1/x

S = Δ ln(1/x)

S =
c
3

ln
L
ϵ
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4

Lc

lci

lcompt

FIG. 1: The parton cascade in deep inelastic electron-proton scattering. In the target rest frame, the partonic fluctuation

develops over the longitudinal distance L = (mx)�1
, where m is the proton mass. It interacts with the target that probes the

partonic fluctuation with a resolution scale given by the proton’s Compton wavelength ✏ = m�1
.

where ↵2
n ⌘ pn is the probability of a state with n partons. The identification of the basis | A

n i in the Schmidt
decomposition (7) with the states with a fixed number n of partons is natural – only in this case we do not have to
deal with quantum interference between states with di↵erent numbers of partons, and such interference is absent in
the parton model. Because the parton model represents a description of QCD that is a relativistic field theory, the
number of terms in the sum (7) (the Schmidt rank) is in general infinite. Note that a pure product state with no
entanglement would have a Schmidt rank one.

The von Neumann entropy of this state is given by

S = �

X

n

pn ln pn. (9)

From our derivation it is clear that this entropy results from the entanglement between the regions A and B, and
can thus be interpreted as the entanglement entropy. In terms of information theory, Eq. (9) represents the Shannon
entropy for the probability distribution (p1, ..., pN ).

We will now evaluate the probabilities pn and the corresponding entropy in two cases: i) a toy (1 + 1) dimensional
model of non-linear QCD evolution; and ii) in full (3+1) dimensional case where the non-linear evolution is described
by the Balitsky-Kovchegov (BK) equation [28].

1 + 1 toy model of non-linear QCD evolution

It will be convenient for us to describe the parton evolution using the dipole representation – in this representation,
a set of partons is represented by a set of color dipoles. In this section we consider a (1 + 1) dimensional toy model
that emerges from the BK equation if one fixes the sizes of the interacting dipoles [38, 39]. In this model the BFKL
equation for the dipole scattering cross section � at a rapidity Y is reduced to

d� (Y )

dY
= �� (Y ) , (10)

where � is the BFKL intercept. The Eq. (10) reproduces the power-like increase of the cross section with energy,
exp(�Y ) = (1/x)�.

Let us now introduce Pn (Y ), which is the probability to find n dipoles (of a fixed size in our model) at rapidity Y .
For this probability we can write the following recurrent equation (see Fig. 2):

dPn (Y )

dY
= ��nPn (Y ) + (n� 1)�Pn�1 (Y.) (11)

This is a typical cascade equation in which the first term describes the depletion of the probability to find n dipoles
due to the splitting into (n+1) dipoles, while the second one – the growth due to the splitting of (n� 1) dipoles into
n dipoles.

Figure taken from [Kharzeev, Levin; 1702.03489]

In the proton rest frame:

- parton (of the the photon) fluctuation over 

long. distance 


- Proton probes partonic  fluctuation with 

resolution 


- Proton probes only region  of the 
entire interaction

L =
1

mpx

ϵ =
1
m

≪ L =
1
x

ϵ
ϵ ≪ L

| ← L → |

| ← ϵ → |

S =
c
3

ln
L
ϵ

=
c
3

ln
1
x
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FIG. 1: The parton cascade in deep inelastic electron-proton scattering. In the target rest frame, the partonic fluctuation

develops over the longitudinal distance L = (mx)�1
, where m is the proton mass. It interacts with the target that probes the

partonic fluctuation with a resolution scale given by the proton’s Compton wavelength ✏ = m�1
.

where ↵2
n ⌘ pn is the probability of a state with n partons. The identification of the basis | A

n i in the Schmidt
decomposition (7) with the states with a fixed number n of partons is natural – only in this case we do not have to
deal with quantum interference between states with di↵erent numbers of partons, and such interference is absent in
the parton model. Because the parton model represents a description of QCD that is a relativistic field theory, the
number of terms in the sum (7) (the Schmidt rank) is in general infinite. Note that a pure product state with no
entanglement would have a Schmidt rank one.

The von Neumann entropy of this state is given by

S = �

X

n

pn ln pn. (9)

From our derivation it is clear that this entropy results from the entanglement between the regions A and B, and
can thus be interpreted as the entanglement entropy. In terms of information theory, Eq. (9) represents the Shannon
entropy for the probability distribution (p1, ..., pN ).

We will now evaluate the probabilities pn and the corresponding entropy in two cases: i) a toy (1 + 1) dimensional
model of non-linear QCD evolution; and ii) in full (3+1) dimensional case where the non-linear evolution is described
by the Balitsky-Kovchegov (BK) equation [28].

1 + 1 toy model of non-linear QCD evolution

It will be convenient for us to describe the parton evolution using the dipole representation – in this representation,
a set of partons is represented by a set of color dipoles. In this section we consider a (1 + 1) dimensional toy model
that emerges from the BK equation if one fixes the sizes of the interacting dipoles [38, 39]. In this model the BFKL
equation for the dipole scattering cross section � at a rapidity Y is reduced to

d� (Y )

dY
= �� (Y ) , (10)

where � is the BFKL intercept. The Eq. (10) reproduces the power-like increase of the cross section with energy,
exp(�Y ) = (1/x)�.

Let us now introduce Pn (Y ), which is the probability to find n dipoles (of a fixed size in our model) at rapidity Y .
For this probability we can write the following recurrent equation (see Fig. 2):

dPn (Y )

dY
= ��nPn (Y ) + (n� 1)�Pn�1 (Y.) (11)

This is a typical cascade equation in which the first term describes the depletion of the probability to find n dipoles
due to the splitting into (n+1) dipoles, while the second one – the growth due to the splitting of (n� 1) dipoles into
n dipoles.

d
dY

pn(Y) = − Δnpn(Y) + Δ(n − 1)pn−1(Y)

1+1 non-linear model of non-linear QCD 
evolution in   
[Levin, Lubinsky; arXiv:hep-ph/0308279]


 probability to encounter  color 
dipoles (~gluons) in the proton

Y = ln(1/x)

pn(Y) n

Subject to Cascade equation:

Yields entropy   


For very large :  
                       

S = − ∑
n

pn ln pn

ln(1/x)
S ≃ Δ ln 1/x S =

c
3

ln 1/xConformal field theory
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Result by Kharzeev & Levin 

13

[Kharzeev, Levin; 1702.03489]


• 1+1 toy model of non-linear QCD evolution:

-  gluon distribution function  


-  


• Identification:  ……. 


• Additional proposal: (partonic) entropy = entropy of final state hadrons  
→  test this through event-by-event measurements of the hadronic final state in DIS 

xg(x) = eΔ ln 1/x

⟨ngluons⟩ = xg(x)

S = ln [xg(x)] = ln ngluons
Sh ∼ S

           


 particle multiplicity distribution 

Shadron = ∑ P(N)ln P(N)

P(N) :

Where measure this?

- future: EIC

- Right now: analyze existing data of HERA 
→ H1 Collaboration
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H1 collaboration: results [arXiv:2011.01812]
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 ranges2Q
 2 < 10 GeV25 < Q
 2 < 20 GeV210 < Q

2 < 40 GeV220 < Q
 2 < 100 GeV240 < Q

Figure 12: Hadron entropy Shadron derived from multiplicity distributions as a function of hxbji
measured in different Q2 ranges, measured in

p
s = 319 GeV ep collisions. Here, a restriction

to the current hemisphere 0 < h⇤ < 4 is applied. Further phase space restrictions are given in
Table 1. Predictions for Shadron from the RAPGAP model and for the entanglement entropy
Sgluon based on an entanglement model are shown by the dashed lines and solid lines, respec-
tively. For each Q2 range, the value of the lower boundary is used for predicting Sgluon. The
total uncertainty on the data is represented by the error bars.
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• [Kharzeev, Levin; 1702.03489] Particle # at certain 
:  

 
,       


• Reason: glue dominates at low x


• H1 collaboration: LO HERAPDF


• "The predictions from the entanglement approach 
based on the gluon density again fail to describe 
Shadron  in magnitude. However, at low Q  the slope 
of Sgluon  has some similarities with that observed 
for Shadron, while it becomes steeper than observed 
with increasing Q"

ln 1/x

npartons = xg(x, Q2) S(x, Q) = ln [xg(x, Q2)]

[Kharzeev, Levin; 2102.09773]: try something 
based on LO BFKL & seaquarks
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Our approach:  PDFs from unintegrated gluon 
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[Catani, Hautmann, NPB 427 (1994) 475]: idea: use 
collinear factorization in light-cone gauge  
[Curci, Furmanski, Petronzio; NPB 175 (1980) 27]  
→ calculate all order low x resumed DGLAP splitting 
functions

A possible definition of TMD splitting functions

kT factorization I

High energy/low x resummation of splitting functions
[Catani, Hautmann; NPB 427 (1994) 475]

!

• essentially the BFKL Green’s function
low x resummation of gluon splitting function

• use o↵-shell extension of incoming projector

Pµ⌫
gluon, in

! kµk⌫

k2

• derived within high energy factorization +
reduces to conventional projector in on-shell
limit

obtain: all order Pgg with (↵s ln 1/x)n

however:
all order Pqg requires ↵s (↵s ln 1/x)n (starts at NLL finite coe�cient)

Martin Hentschinski (BUAP/UNAM) TMD splitting functions – REF 2016 Antwerp November 10, 2016 11 / 32

- Yields Transverse Momentum splitting function for gluon - 
quark splitting 


- Splitting = collinear PDF with partonic initial state

- Can calculate gluon and seaquark PDFs from BFKL 

unintegrated gluon distribution, subject to  
evolution 
see also [Hautmann, MH, Jung; 1205.1759]

ln(1/x)
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Based on [Kharzeev, Levin; 2102.09773]: only seaquark → not even close to data

Gluon alone is better


Proposal: why # of gluons, better: # of partons = quarks + gluons 
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• incorrect normalization constant for HSS gluon → correct constant 
overshoots data


• H1 collaboration measures charged hadron multiplicity, yet we 
calculate entropy for all hadrons 
roughly related by a factor 2/3


• In the model:  possible + possible (pre-
asymptotic constant in expansion of entropy)  
 
for , this makes a difference

xg(x) = C ⋅ eΔY

S ∼ 3.5

Spart.(x) = ln [ xg(x)
B ] + 1 + 𝒪 [ B

xg(x) ]

Great, but there are some flaws …
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0
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6

Integrate PDF (somehow) number 
of patrons 




H1: (seems) # of partons in a 
certain bin  




Problem: depends on bin size

ng(Q2) = ∫
1

0
dx g(x, Q2),

ng(x̄) = ∫
xmax

xmin
dxg(x, Q2),

# of partons/bin size (and infinitesimal limit)           n̄g(x, Q2) =
dng

d ln(1/x)
= xg(x, Q2) .
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Updated plots
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Still with normalization issue, x-dependence well described

Include now LO HERAPDF — 
works actually pretty well!
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Why do we care?
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Geometric
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QCD
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BFKL

- low  drives us into a overoccupied and saturated 
system of gluons ↔︎ quantum bounds on entropy, 
Bekenstein bound etc.?


- Unobserved system is non-perturbative … can 
perturbative physics tells us something new about it?




-
If , does this constraint further 

parton distribution functions?


- Heavy ion collisions & entropy?


- Calculate ? Diffraction?


- ….

x

′￼SA = S′￼B

Sh = ln ∑
a=q,g

xfa(x, Q)

pn
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First steps: towards low Q2
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• Many open questions which need to be addressed: consistent definition within collinear 
factorization, scheme (in-)dependence, higher order corrections


• Predictions are at the level of a model, theory uncertainties hard to quantify


• Personal take: underlying ideas are appealing, need to be developed further 
Comparison to data is reassuring 
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Conclusion

Thanks a lot! Work in progress
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Appendix
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