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Diverging perturbation series

In Quantum Field Theory the
perturbation series is divergent.
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Dyson’s argument [Phys. Rev. 85, 631
(1952)]

Perturbation series are typically
divergent with zero radius of
convergence.

Each termin the series firstdecrease and
gradually approaches to a minimum and
then start to increase without any limit.
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Diverging perturbation series

In Quantum Field Theory the What does ), C,a™ = oo do?
perturbation series is divergent.

z Cha" v" No way restricts predictions
n from the perturbation series for
practical applications.

Dyson’s argument [Phys. Rev. 85, 631

(1952)] v" We want a good approximation
Perturbation series are typically by calculating just a few terms of
divergent with zero radius of the perturbationseries, not all
convergence. of them!



Effect of running coupling of QCD

The strong couplingacts as the expansion parameter.
2, Cnct”
n

The coefficient C,, have factorial-like growth; n!

There are 3 known sources of n! behavior:

e infrared (IR) renormalons
e ultraviolet (UV) renormalons
* instantons.



Best guess of perturbation theory

There are ways where a value can be assign to sum of divergent series

For a factorially divergent series Borel summationis mostly used.

Step 1: Borel transform

S ™ = B(t) =Y, rn%

Step 2: Corresponding Borel integral Divergent behavioris encoded
in the singularities of Borel

fiﬂ dt e t° B(Lt)/) transform.



Divergence of perturbative series in QCD

The divergence of perturbative series in QCD is reflected through the pole

singularitiesin Borel plane.

* Infrared (IR) renormalons

Complex b-plane

e Ultraviolet (UV) renormalons e e
* Instantons. 32 1
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If the Borel integral has no singularity in the positive real axis and the terms
in the series do not increase faster than the factorial growth, the divergent

series is Borel summable.



Infrared renormalon

* |Rrenormalon are the first Borel non-summable singularity of the
QCD expansions.

 The non perturbative contribution stems from the IR renormalon.

Low momenta kJ_ —_> Nonperturbatlve corrections

* Itlie on the positive real axis of the Borel planeand the integralis not
defined.

Ambiguity of the Borel integral!



Uncertainty due to renormalon

The analytical structure of the Borel transform is connected to the large
order behaviorof series

S0 et = B(t) = Y00 1y L

r,=n!a® —>  Fora > 0,fixed sign series.

The Borel integral still be defined by moving the contour above or
below the singularities.

Difference between various regularization prescriptions gives an
estimate of the uncertainty due to the renormalonsingularity.



IR Renormalons in (color dipole) gluon distribution

Relation between dipole amplitude N and the unintegrated dipole gluon distribution
F (x,k; ) [Levin and Ryskin;1987]
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Running coupling.

Resumming
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IR Renormalons in (color dipole) gluon distribution

Relation between dipole amplitude N and the unintegrated dipole gluon distribution
F (x,k; ) [Levin and Ryskin;1987]
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Running coupling. Outside thezsaturation region.
ke < Qs
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IR Renormalons in (color dipole) gluon distribution

Relation between dipole amplitude N and the unintegrated dipole gluon distribution
F (x,k; ) [Levin and Ryskin;1987]

21 . 1
J @b N(ry,by,x) = 5 f a2k, (1- %) ay(k ) o Fxky)
c 1
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Running coupling. Outside the saturation region.

l k?1 < Qs
Resumming
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IR Renormalons in (color dipole) gluon distribution at small-x

Relation between dipole amplitude N and the unintegrated dipole gluon distribution
F (x,k; ) [Levin and Ryskin;1987]

2 : 1
J de N(T’l,bl,X) - Fn-f dzkl (1 - elkl'rl) aS(kJ_Z)k_]:(x’ kJ_)
c 1

DP
i — XF (X, kl) |Q52kl>>/\QCD

In the small momenta(k | ) regions, within the window of momentum scale
Agcp and saturationscale Qg where the running couplingbecomes large,
infrared renormalons is believed to be the source of the divergencein the
perturbation series.
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Color dipole TMD at small-x and small transverse momentum

M. Siddigah, N. Vasim, K. Banu, T. Bhattacharyya and R. Abir,
Phys.R D 97(2018),054009.

We use a special solution of BK equation or S-matrix (Levin-Tuchin solution)that is valid
for small-x and large transverse separation (large r, ) to derive Color dipole distribution
that would be valid for small-x and small transverse momentum (small K ).

xGPP(x, k) =

SN d*r .
1 c J_f 1 e—lkJ_.rJ_ S(X,TJ_)

2wl ag (2m)2

Levin-Tuchin Solution

Gaussian in In?[r, 2Q*(Y)] «—— S(r.,Y) = exp(—tIn?[r, 2Q*(V)])

This is validwhen r; 2Q¢*(Y) = 1,
leading to large logarithmsin the
exponent.
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Color dipole TMD at small-x and small transverse momentum

M. Siddigah, N. Vasim, K. Banu, T. Bhattacharyya and R. Abir,

Phys.R D 97(2018),0540009.

We developed new mathematical techniquesto Fourier transform lognormal

distributionsin two dimension.

When resumming the series in leadinglog accuracy, the results showing up
striking similarity with the Sudakov form factor.

3o

DP =~
xG"' (X, kJ_)|Q52kl>>/\QCD -

Inside the saturationregion, the
dipole gluon distributionis expected
to go to zero in zero momentum.
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IR Renormalons in (color dipole) gluon distribution

N.Vasim, R.Abir, Nuclear Physics B 953 (2020), 114961.

On resumming the contributioninside the saturationregion, the effect of renormalonin

the Borel integral as
J b ( (1+ e)b> 1
exp| —
J I  ald)) b= 1782

Pole outside the

/ saturation region
' t 4' r W lllllll +
3 .2 1 12 3
B, B B, B2 B, B
IR renormalons

The non-linearsaturation effects at small-x shift the first IR pole at the Borel
plane towards zero from 2/B2 to 1/B2
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IR Renormalons in (color dipole) gluon distribution

N.Vasim, R.Abir, Nuclear Physics B 953 (2020), 114961.

Associated uncertainty:

* Anenhanced non-perturbative uncertainty—> O (Azgcp)

2 2 2
r, In AQCD AQCD
~ AQCDZ 5 exp(—l’ lnziz
2 4Qs 4Q;

 Presence of the Sudakovfactorindicatesthat the saturation effect
tend to suppress the IR renormalon effects at small-x.
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Summary

Non-perturbative effects in QCD actually stems from the
diverging nature of the perturbative series.

The non-linearsaturation effects at small-x shift the
first IR pole at the Borel plane towards zero.

e The saturation effects suppress the renormalon effect
through a Sudakov type of soft factor.
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Summary

Non-perturbative effects in QCD actually stems from the
diverging nature of the perturbative series.

The non-linearsaturation effects at small-x shift the
first IR pole at the Borel plane towards zero.

The saturation effects suppress the renormalon effect
through a Sudakov type of soft factor.

Thank gou.
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