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Introduction

The Standard Model (SM) of particle physics is highly successful

theory which describe the governing principle of elementary

constituents of matter and their interactions.

However, the SM has issues within the theoretical framework ( the

hierarchy of mass, strong CP problem) and also the inability to

address neutrino oscillation, dark matter, baryogenesis and many

more.

New physics has been postulated to cure those, predicting new

particles and symmetry.

Sadly, nothing found beyond the SM at the current reach of energy

(O(10) TeV).
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Introduction

One could expect that the new physics scale is too heavy to be

directly explored at the LHC at the current energy range.

They may leave footprints in the available energy range. They will

modify the structure of SM interactions or bring some new

interactions.

These can be modelled by effective filed theory (EFT) through higher

dimensional operators,

Left = LSM +
∑

i

c
(6)
i

Λ2
O

(6)
i +

∑

i

c
(8)
i

Λ4
O

(8)
i + . . . .
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Anomalous triple gauge boson couplings (aTGC)

W

V

W

V

V

Z

1V = Z/γ

Possible triple gauge boson self interactions in electro weak (EW)

theory:

Present in the SM : WWZ , WW γ (WWV ),

Not present in the SM : ZZZ , ZZγ, Zγγ (ZVV ).
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aTGC operators
The operators contributing to WWV couplings are

OWWW = Tr[WµνW νρW µ
ρ ], O

W̃WW
= Tr[W̃µνW νρW µ

ρ ],

OW = (DµΦ)†W µν(DνΦ), O
W̃

= (DµΦ)†W̃ µν(DνΦ).

OB = (DµΦ)†Bµν(DνΦ),

K. Hagiwara, Nucl. Phys. B282 (1987) 253–307

The operator for ZVV couplings are.

OBW = iΦ†BµνW µρ{Dρ,D
ν}Φ,

OWW = iΦ†WµνW µρ{Dρ,D
ν}Φ,

OBB = iΦ†BµνBµρ{Dρ,D
ν}Φ,

OB̃W = iΦ†B̃µνW µρ{Dρ,D
ν}Φ.

Dµ = ∂µ +
i

2
gτ IW I

µ +
i

2
g ′Bµ

Wµν =
i

2
gτ I (∂µW I

ν − ∂νW I
µ + gεIJKW J

µW K
ν ),

Bµν =
i

2
g ′(∂µBν − ∂νBµ), Ṽ µν = 1/2εµνρσVρσ

Gounaris et al. Phys. Rev. D 61, 073013 (2000)5 / 18



BSM contribution to anomalous couplings

Contribution can arise from MSSM, Little Higgs model, 2HDM, NCSM,

UED, Georgi-Machacek model.

Toy model :

LVFF̄ = −eQFAµF̄γµF − e

2swcw
ZµF̄ (γµgVF − γµγ5gAF ) F

F

F

F

Z

γ

Z F

F

F

γ

γ

Z F

F

F

Z

Z

Z

1Gounaris et al. Phys. Rev. D 61, 073013 (2000)
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BSM contribution to anomalous couplings — 2HDM

φi(=1,2) =

(
φ+
i

φ0
i

)
,

(
H1

H2

)
=

(
cosβ sinβ

− sinβ cosβ

)(
φ1

φ2

)
, tanβ =

v2

v1
, v =

√
v 2

1 + v 2
2

H1 =

(
−iG+

1√
2

(
v + h + iG 0

)) , H2 =

(
H+

1√
2
(R + iI )

)

hi

hj

hk/GZ

Z

Z hi

hj

ZZ

Z

Z

hi

hj

W−Z

W−

W+ hi

hj

G−/h−Z

W−

W+

1
Corbett et al. Phys. Rev. D97 no. 11, (2018) 115040,

Grzadkowski et al. JHEP 05 (2016) 025, Bélusca-Mäıto et al. JHEP 04 (2018) 002
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Spin density matrix and polarization parameters

ρ1/2(λ, λ′) =
1

2
[I2×2 + ~p · ~σ] ,

ρ1(λ, λ′) =
1

3

[
I3×3 +

3

2
~p · ~S +

√
3

2
Tij

(
SiSj + SjSi

)
]

P1/2(λ, λ′) =
1

2

[
1 + pz px − ipy

px + ipy 1− pz

]

P1(λ, λ′) =




1
3 + pz

2 + Tzz√
6

px−ipy
2
√

2
+

Txz−iTyz√
3

Txx−Tyy−2iTxy√
6

px+ipy
2
√

2
+

Txz+iTyz√
3

1
3 − 2Tzz√

6

px−ipy
2
√

2
− Txz−iTyz√

3

Txx−Tyy+2iTxy√
6

px+ipy
2
√

2
− Txz+iTyz√

3
1
3 −

pz
2 + Tzz√

6




F. Boudjema and R. K. Singh JHEP 0907, 028 (2009)
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Spin density matrix and polarization parameters
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Txz+iTyz√
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3 − 2Tzz√
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px−ipy
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√
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− Txz−iTyz√

3

Txx−Tyy+2iTxy√
6

px+ipy
2
√

2
− Txz+iTyz√

3
1
3 −

pz
2 + Tzz√

6




F. Boudjema and R. K. Singh JHEP 0907, 028 (2009)
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Angular distribution of decayed fermion (spin-1)

1

σ

dσ

dΩf
=

2S + 1

4π

∑

λ,λ′
P1(λ, λ′)︸ ︷︷ ︸
Production

× Γ1(λ, λ′)︸ ︷︷ ︸
Decay

,

=
3

8π

[(
2

3
− (1− 3δ)

Tzz√
6

)
+ α pz cos θ +

√
3

2
(1− 3δ) Tzz cos2 θ

+

(
α px + 2

√
2

3
(1− 3δ) Txz cos θ

)
sin θ cosφ

+

(
α py + 2

√
2

3
(1− 3δ) Tyz cos θ

)
sin θ sinφ

+ (1− 3δ)

(
Txx − Tyy√

6

)
sin2 θ cos(2φ)

+

√
2

3
(1− 3δ) Txy sin2 θ sin(2φ)

]

F. Boudjema and R. K. Singh JHEP 0907, 028 (2009)
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Polarization parameters from asymmetry

Ax =
1

σ

[ ∫ π

θ=0

∫ π
2

φ=−π
2

dσ

dΩf
dΩf −

∫ π

θ=0

∫ 3π
2

φ=π
2

dσ

dΩf
dΩf

]
=

3αpx

4
,

≡ σ(cosφ > 0)− σ(cosφ < 0)

σ(cosφ > 0) + σ(cosφ < 0)
≡ Green Region− Red Region

Green Region + Red Region
.

Rahaman, Singh, Eur. Phys. J. C76 no. 10, (2016) 539
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Polarization parameters from asymmetry

Ay ≡ σ(sinφ > 0)− σ(sinφ < 0)

σ(sinφ > 0) + σ(sinφ < 0)
=

3αpy

4
,

Az ≡ σ(cos θ > 0)− σ(cos θ < 0)

σ(cos θ > 0) + σ(cos θ < 0)
=

3αpz

4
,

Axy ≡ σ(sin 2φ > 0)− σ(sin 2φ < 0)

σ(sin 2φ > 0) + σ(sin 2φ < 0)
=

2

π

√
2

3
(1− 3δ)Txy ,

Axz ≡ σ(cos θ cosφ > 0)− σ(cos θ cosφ < 0)

σ(cos θ cosφ > 0) + σ(cos θ cosφ < 0)
=

2

π

√
2

3
(1− 3δ)Txz ,

Ayz ≡ σ(cos θ sinφ > 0)− σ(cos θ sinφ < 0)

σ(cos θ sinφ > 0) + σ(cos θ sinφ < 0)
=

2

π

√
2

3
(1− 3δ)Tyz ,

Ax2−y2 ≡ σ(cos 2φ > 0)− σ(cos 2φ < 0)

σ(cos 2φ > 0) + σ(cos 2φ < 0)
=

1

π

√
2

3
(1− 3δ) (Txx − Tyy ) ,

Azz ≡ σ(sin 3θ > 0)− σ(sin 3θ < 0)

σ(sin 3θ > 0) + σ(sin 3θ < 0)
=

3

8

√
3

2
(1− 3δ)Tzz .

Rahaman, Singh, Eur. Phys. J. C76 no. 10, (2016) 539
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CP-even and CP-odd distinction



V

Z

e−

e+

e−

V

Z

e−

e+

V

1

V = Z/γ

LZVV =
e

m2
Z

[
−

[
f γ
4 (∂µFµβ) + f Z

4 (∂µZµβ)

]
Zα(∂αZβ)

+

[
f γ
5 (∂σFσµ) + f Z

5 (∂σZσµ)

]
Z̃µβZβ

−
[

hγ
1 (∂σFσµ) + hZ

1 (∂σZσµ)

]
ZβFµβ

−
[

hγ
3 (∂σFσρ) + hZ

3 (∂σZσρ)

]
ZαF̃ρα

]
.

Gounaris et al. Phys. Rev. D 61, 073013 (2000)

12 / 18



Sensitivity: S O(~f ) =
|O(~f )− O(~f = 0)|

δO
,

Figure: e+e− → ZZ → l+l−qq̄,
√

s = 500 GeV, L = 100 fb−1
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Rahaman, Singh, Eur. Phys. J. C76 no. 10, (2016) 539
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Constraining aTGC



W−

W+

e−

e+

νe

W−

W+

e−

e+

V

1

V = Z/γ

LWWV = igWWV

[
+ ∆gV

1 (W +
µνW−µ −W +µW−

µν)V ν

+ igV
4 W +

µ W−
ν (∂µV ν + ∂νV µ)

− igV
5 ε

µνρσ(W +
µ ∂ρW−

ν − ∂ρW +
µ W−

ν )Vσ

+
λV

m2
W

W +ν
µ W−ρ

ν V µ
ρ +

λ̃V

m2
W

W +ν
µ W−ρ

ν Ṽ µ
ρ

+ ∆κV W +
µ W−

ν V µν + κ̃V W +
µ W−

ν Ṽ µν
]
.
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e+e− →W +W− → l−ν̄lqq̄′

−6 −3 0 3 6

λγ(10−2)

−6

−3

0

3

6

λ
Z

(1
0
−

2
)

√
s = 500 GeV, L = 100 fb−1

95% C.L. σ

Pol.
σ+Pol.

Multi parameter variations

Rahaman, Singh, Phys. Rev. D 101 no. 7, (2020) 075044
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e+e− →W +W− → l−ν̄lqq̄′,
√

s = 500 GeV, L = 100 fb−1

−3.0 −1.5 0.0 1.5 3.0

λγ(10−2)

−2

−1

0

1

2

λ
Z

(1
0
−

2
)

95% C.L.

Rahaman, Singh, Phys. Rev. D 101 no. 7, (2020) 075044

16 / 18



Extraction of parameters



Figure: pp → 3l +�ET (W±Z ),
√

s = 13 TeV, L = 100 fb−1

−200

−100

0

100

−200 −100 0 100

√
s = 13 TeV

L = 100 fb−1

χ2 = 4

κ̃Z
(1

0−
3 )

∆κZ(10−3)

A∆φ +AZ
i +AW

i
σi

σi +A∆φ +AZ
i

σi +A∆φ +AZ
i +AW

i

−50 −25 0 25 50

∆κZ(10−2)

−40

−20

0

20

40

κ̃
Z

(1
0
−

2
)

95% C.L.

?

•

(•) ≡ SM

(?) ≡ {∆gZ
1 , λ

Z ,∆κZ , λ̃Z , κ̃Z} = {0.01, 0.01, 0.1, 0.01, 0.1}
Rahaman, Singh, JHEP 04 (2020) 075
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Summary

The polarization observables help to distinguish between CP-even and

CP-odd couplings.

They help to constrain anomalous couplings.

Beam polarization at e+e− collider improve limits on anomalous

couplings.

Polarization observables are instrumental in extracting the values of

anomalous couplings if a deviation from the SM is observed at the

LHC.

Spin-spin correlations can be added to further improve the limits.
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Relation of form factors with SU(2)× U(1) operators

∆gZ
1 = cW

m2
Z

2Λ2
,

gV
4 = gV

5 = ∆gγ
1 = 0 ,

λγ = λZ = λV = cWWW
3g 2M2

W

2Λ2
,

λ̃γ = λ̃Z = λ̃V = c
W̃WW

3g 2M2
W

2Λ2
,

∆κγ = (cW + cB)
M2

W

2Λ2
,

∆κZ = (cW − cB tan2 θW )
M2

W

2Λ2
,

κ̃γ = c
W̃

M2
W

2Λ2
,

κ̃Z = −c
W̃

tan2 θW
M2

W

2Λ2
.

∆gZ
1 = ∆κZ + tan2 θW ∆κγ ,

κ̃Z + tan2 θW κ̃γ = 0 .
2 / 9



Relation of form factors with SU(2)× U(1) operators

f Z
5 = 0,

f γ
5 =

v 2m2
Z

4cw sw

CB̃W

Λ4
,

f Z
4 =

m2
Zv 2

(
cw

2CWW + 2cw swCBW + 4sw
2CBB

)

2cw swΛ4
,

f γ
4 = −m2

Zv 2
(
−cw swCWW + CBW

(
cw

2 − sw
2
)

+ 4cw swCBB

)

4cw swΛ4

hZ
3 =

v 2m2
Z

4cw sw

CB̃W

Λ4
,

hZ
4 = hγ

3 = hγ
4 = hZ

2 = hγ
2 = 0,

hZ
1 =

m2
Zv 2

(
−cw swCWW + CBW

(
cw

2 − sw
2
)

+ 4cw swCBB

)

4cw swΛ4
,

hγ
1 = −m2

Zv 2
(
sw

2CWW − 2cw swCBW + 4cw
2CBB

)

4cw swΛ4
,

f γ
5 = hZ

3 and hZ
1 = −f γ

4 .
3 / 9



Production density matrix and polarization parameters

ρ1(λ, λ′) =
1

3

[
I3×3 +

3

2
~p · ~S +

√
3

2
Tij

(
SiSj + SjSi

)
]
,

Sx =
1√
2

 0 1 0

1 0 1

0 1 0

 , Sy =
i√
2

 0 −1 0

1 0 −1

0 1 0

 , Sz =

 1 0 0

0 0 0

0 0 −1

 ,

~p = {px , py , pz}, T =

 Txx Txy Txz

Tyy Tyz

Tzz

 ,
∑
i

Tii = 0.

P(λ, λ′) =




1
3 + pz

2 + Tzz√
6

px−ipy
2
√

2
+

Txz−iTyz√
3

Txx−Tyy−2iTxy√
6

px+ipy
2
√

2
+

Txz+iTyz√
3

1
3 − 2Tzz√

6

px−ipy
2
√

2
− Txz−iTyz√

3

Txx−Tyy+2iTxy√
6

px+ipy
2
√

2
− Txz+iTyz√

3
1
3 −

pz
2 + Tzz√

6



.

F. Boudjema and R. K. Singh JHEP 0907, 028 (2009)
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The decay density matrix of a spin-1 particle

Γ1(λ, λ′) =



1+δ+(1−3δ) cos2 θ+2α cos θ
4

sin θ(α+(1−3δ) cos θ)

2
√

2
e iφ (1− 3δ) (1−cos2 θ)

4 e i2φ

sin θ(α+(1−3δ) cos θ)

2
√

2
e−iφ δ + (1− 3δ) sin2 θ

2
sin θ(α−(1−3δ) cos θ)

2
√

2
e iφ

(1− 3δ) (1−cos2 θ)
4 e−i2φ sin θ(α−(1−3δ) cos θ)

2
√

2
e−iφ 1+δ+(1−3δ) cos2 θ−2α cos θ

4



,

F. Boudjema and R. K. Singh JHEP 0907, 028 (2009)

Vff ′ : γµ
(

C f
L

(1− γ5)

2
+ C f

R

(1 + γ5)

2

)
.

δ → 0 for mf → 0 and α→
(
C f
R

)2 −
(
C f
L

)2

(
C f
R

)2
+
(
C f
L

)2
.
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Lab frame and rest frame momentum configuration

z(~PB1)

y

x

o

~PV

~Pf

~Pf ′

θV

φ
90◦

1
Lab frame

z′

y′

x′

~PV

θ

φ

~P ′
B1

~P ′
B2

~P ′
f

~P ′
f ′

1Rest frame
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Sensitivity of observables to aTGC

Sensitivity of an observable O dependent on parameter ~f is defined as

S (O(~f )) =
|O(~f )− O(~f = 0)|

δO

δO =
√

(δOstat.)2 + (δOsys.)2

For Asymmetry the error is

δA =

√
1− A2

L σ
+ ε2

A,

L being the integrated luminosity.

For the cross section the error is

δσ =

√
σ

L
+ (εσσ)2.

Here εA and εσ are the systematic fractional errors in A and σ, respectively.
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Observables with parametric dependence

e+e− → ZZ

Observables Linear terms Quadratic terms

σ f Z
5 , f

γ
5 (f γ4 )2, (f γ5 )2, (f Z

4 )2, (f Z
5 )2, f γ4 f Z

4 , f
γ

5 f Z
5

σ × Ax f γ5 , f
Z

5 −
σ × Ay f γ4 , f

Z
4 −

σ × Axy f Z
4 , f

γ
4 f Z

4 f γ5 , f
γ

4 f Z
5 , f

γ
4 f γ5 , f

Z
4 f Z

5

σ × Ax2−y2 f Z
5 , f

γ
5 (f γ4 )2, (f γ5 )2, (f Z

4 )2, (f Z
5 )2, f γ4 f Z

4 , f
γ

5 f Z
5

σ × Azz f Z
5 , f

γ
5 (f γ4 )2, (f γ5 )2, (f Z

4 )2, (f Z
5 )2, f γ4 f Z

4 , f
γ

5 f Z
5
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MCMC algorithm

1. 1st point in chain: ~f1 ∈ Uniform[~fmin, ~fmax ] and calculate likelihood,

L (~f1).

2. Set Standard deviation δ~f =
~fmax−~fmin

h .

3. Generate 2nd point in chain: ~f2 ∈ Gaus[~f1, δ~f ] and calculate L (~f2).

4. Accept nearby points:

DO

IF Uniform[0, 1] < L (~f2)

L (~f1)

~f1 = ~f2.

Write w , L (~f2), ~f2,Oi (~f2).

w = 1.

ELSE w = w + 1

.....Continue.

5. GetDist chain: w , − log[L (~f )], ~f , Oi (~f )

6. Obtain correlations, BCI, etc.
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