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Figure 3: The CLs values for the SM Higgs boson hypothesis as a function of the Higgs boson
mass in the range 110–600 GeV (left) and 110–145 GeV (right).
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Figure 4: The 95% CL upper limits on the signal strength parameter µ = s/sSM H for the SM
Higgs boson hypothesis as a function of the Higgs boson mass in the range 110–600 GeV (left)
and 110–145 GeV (right).

                                                    Higgs discovery: What does this figure really show ?  
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Books and References

๏ V. Blobel, E.Lohrmann, 2012: “Statistische und numerische Methoden der 
Datenanalyse”, https://www.desy.de/~sschmitt/blobel/ebuch.html

๏ M. Erdmann, T. Hebbeker, 2013: Exp.Phys.V: Mod. Meth. der Datenanalyse  

๏ G. Bohm, G.Zech, 2017: “Introduction to Statistics and Data Analysis for 
Physicists”, [DESY library] 

๏ G. Cowan, 1998: “Statistical Data Analysis” 

๏ F. James, 2nd edition, 2006: “Statistical Methods in Experimental Physics” 

๏ O. Behnke et al, 2013: “Data Analysis in High Energy Physics: A Practical 
Guide to Statistical Methods” 

๏ Goodfellow et al, 2016: “Deep Learning”                                                 
https://www.deeplearningbook.org/

https://www.desy.de/~sschmitt/blobel/ebuch.html
https://bib-pubdb1.desy.de/record/389738
https://www.deeplearningbook.org/
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Links, Papers and Sources
Statistical Methods in Data Analysis”, Terascale, March 2023: https://www.desy.de/~ameyer/da_desy23/

A.B.Meyer 
๏ Statistical Methods in Data Analysis”, KSETA lecture, Feb 2022: https://www.desy.de/~ameyer/da_kseta_22/ 
๏ Statistical Methods in Data Analysis”, KSETA lecture, March 2021: https://www.desy.de/~ameyer/da_kseta_21/ 
๏ “Moderne Methoden der Datenanalyse”, Course lecture at KIT, SoSe 2017, slides (in German): http://

ekpwww.etp.kit.edu/~ameyer/da_sose17/index.html        Access to slides and material: (user: Students.  pw: only) 

Papers and Articles: 
๏ Robert Cousins: "Why isn’t every physicist a Bayesian ?”, Am.J.Phys. 65 (1995). 
๏ Robert Cousins: “Lectures on Statistics in Theory: Prelude to Statistics in Practice” [arXiv] 
๏ G.Cowan, Particle Data Group [pdg] 2020, chapter 40 [pdf] or full PDG book for download (80MB) [pdf] 
๏ G.Cowan, K.Cranmer, E.Gross, O.Vitells: “Asymptotic formulae for likelihood-based tests of new physics” [arXiv] 
๏ ATLAS and CMS Collaborations: “Procedure for the LHC Higgs boson search combination" [CDS] 
๏ T.Junk: "Confidence level computation for combining searches with small statistics”, NIM, A 434 (1999) 435-443 
๏ A.Read: “Presentation of search results: the CLs technique“, J.Phys.G: 28 (2002) 

Many thanks for discussions, material and help go to: 
๏ G. Quast (KIT), R. Wolf (KIT), O. Behnke (DESY), C. Autermann (Aachen), Th. Keck (KIT), Jan Kieseler (CERN)

https://www.desy.de/~ameyer/da_desy23/
https://www.desy.de/~ameyer/da_kseta_22/
https://www.desy.de/~ameyer/da_kseta_21/
http://ekpwww.etp.kit.edu/~ameyer/da_sose17/index.html
http://ekpwww.etp.kit.edu/~ameyer/da_sose17/index.html
https://arxiv.org/abs/1807.05996
https://pdg.lbl.gov/2020/reviews/rpp2020-rev-statistics.pdf
https://pdg.lbl.gov/2020/download/Prog.Theor.Exp.Phys.2020.083C01.pdf
https://arxiv.org/abs/1007.1727v3
https://cds.cern.ch/record/1379837


Introduction
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Motivation

๏   Parameter estimation:  
• What are the most likely “true” values, given the data ?                                                                                    

N.B this is a very “Bayesian” way of phrasing the question 

๏ Hypothesis testing: risk assessment 
• Should an email go to the spam folder? 

• Does a person carry a contagious disease? 

๏ Confidence intervals: significance and uncertainty estimation 
๏ Classification: multivariate analysis, machine learning, e.g. pattern recognition

Use optimal statistical methods 
to extract maximal information 
from the data
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The Scientific Cycle

3

Beispiel aus der Teilchenphysik

Entdeckung des Higgs-Bosons mit dem CMS-Experiment am CERN

Particle Physics

Experimental input to theory

measure and test theory predictionsExperiment: 

Theory: predict measurement

Statistical analysis and 
data interpretation



    Andreas B. Meyer                                                          Statistical Methods in Data Analysis                                                             Introduction to the Terascale,  6-10 March 2023                                 10

The Scientific Cycle

๏ Prediction (trivial for ideally cubic dice): 
• Same probability for each number: 1/6 (expectation value) 

๏ Experiment 
• Variance (spread) → statististical uncertainty 

• Bias (distortion) → systematic uncertainty (unless corrected) 

๏ Simulation requires good random number generators !

Example: dice.C

Example: dice

source: wikipedia

single dice
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Central Limit Theorem

In the limit of large n:               
the probability distribution of 
the sum of n independent 
random numbers follows a 
Gaussian distribution. 

N.B.: the sum is a Gaussian 
distribution even if the 
original variables are not 
Gaussian distributed

Example: dice
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 / ndf 2χ  81.85 / 77
Constant  7.2± 931.8 
Mean      0.1±   140 
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Augensumme von 40 Wuerfeln

σw/<w> ~5./35. = 1/7 σw/<w> ~10./140. = 1/14.

σw/<w> ~3./10.5 = 1/3.5

Relative uncertainty of the mean decreases as 1/√n

Sum of 40Sum of 10

Sum of 3Sum of 2

source: wikipedia
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Central Limit Theorem

• Be w the sum of n random numbers xi           
(with variance σi2) 

• In the limit of large n, the probability 
density function (PDF), follows a 
Gaussian 

• with variance V: 

• In case, σi = σ for all i, then 
• the mean  

• and the standard deviation

4:3 Zentraler Grenzwertsatz 53

4.3 Zentraler Grenzwertsatz

Der sogenannte Zentrale Grenzwertsatz spielt eine entscheidende Rolle für die
Interpretation von Messdaten. Seine wesentliche Aussage ist, dass die Kombina-
tion von vielen Zufallsvariablen aus der gleichen Wahrscheinlichkeitsverteilung als
resultierende Wahrscheinlichkeitsverteilung die Gauß-Verteilung ergibt.

Auch die Kombination von Zufallsvariablen aus verschiedenen Wahrscheinlich-
keitsverteilungen kann unter bestimmten Voraussetzungen eine Gauß-Verteilung
ergeben [1].

Mathematischer Einschub: Zentraler Grenzwertsatz

Es liegen n unabhängige Zufallsvariablen xi vor, die der Wahrscheinlichkeits-
verteilung f .x/ mit dem Mittelwert hxi und der Varianz V Œx! D "2 folgen.
Wir bilden die Summe aus den n Zufallsvariablen

w D
nX

iD1

xi : (4.13)

Die Wahrscheinlichkeitsdichte dieser Summe ergibt für große Anzahlen n !
1 eine Gauß-Verteilung (3.50)

f .w/ D
1

p
2#"w

! e
! .w!hwi/2

2!2
w (4.14)

mit dem Mittelwert

hwi D n hxi (4.15)

und der Varianz

V Œw! D n V Œxi ! D n "2 : (4.16)

Die Standardabweichung beträgt nach (3.21)

"w D
p

n " : (4.17)

Wenn sehr viele Fehlerquellen einen Messwert zufällig in die eine oder die
andere Richtung beeinflussen, ergibt sich als Wahrscheinlichkeitsdichte eine Gauß-
Verteilung, nach der sich die Messwerte verteilen.

In Experimenten ist diese Situation häufig gegeben. Damit können wir die Kon-
vention der Physiker nachvollziehen, als Fehlerangabe den Bereich anzugeben, in
dem 68 % der Messwerte liegen. Dieser Bereich entspricht ˙1" der Gauß’schen
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Erdmann/Hebbeker, p.53
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The Monte-Carlo Method

๏ Simple formulation of problems 
๏ Continuous improvement of precision (by CPU) 

• Statistical uncertainty is proportional to:  
• Other numeric integration methods, e.g. trapezoid 

integration in n intervals and d dimensions: 

๏ In particle physics: 
• Simulation of physics events (generators) and detectors 

(simulation by Geant) 

• Design and plan experiments, develop analyses, include, 
i.e. “fold in”, resolutions and efficiencies

Numeric method to solve multi-dimensional integrals

Beispiel: Faltungsintegral

Grundsätzlich ist die MC-Methode ein Integrationsverfahren, bei der 

    Simulation von Messwerten die Auswertung eines „Faltungsintegrals“:

             statt eines „wahren“ Werts x   wird ein durch

             Auflösungseffekte t(x',x)  „verschmierter“ Wert x' gemessen: 

Im Beispiel Lebensdauermessung ist f(x) die Verteilung der wahren Lebensdauern, 

   t(x,x') beschreibt die Auflösung und Systematik des Messapparates.

   Bei der MC-Simulation werden zufällige Störungen der Reihe nach aufaddiert.   

   Vorteil: einfach zu berechnende  Summe von Zufallsvariablen entspricht
                 einer Serie von komplizierten Faltungsintegralen

In der Praxis werden Messwerte in der Regel von einer großen Zahl von

 Effekten verfälscht (Auflösung des Messgerätes, Rauschen, Digitalisierung,

  systematische Effekte usw.), d.h. die zu bestimmenden Faltungsintegrale

  sind hoch-dimensional.

Convolution (“folding”) of all detector effects 

MC method: reformulate series of convolutions by sum of random distributions

Examples: calc_pi.C animate_pi.py

http://lib-www.lanl.gov/la-pubs/00326866.pdf 

Stanislaw Ulam, John von Neumann, Manhattan project

1/n2/d
<latexit sha1_base64="XzuRaA4ledL+8v7yHaejKsCkaYc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4anerYI8FLx4r2A9p15LNZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZekHCmjet+O2vrG5tb24Wd4u7e/sFh6ei4reNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvpn5nSeqNIvlvZkk1Bd4KFnECDZWevCq8jGrVcPpoFR2K+4caJV4OSlDjuag9NUPY5IKKg3hWOue5ybGz7AyjHA6LfZTTRNMxnhIe5ZKLKj2s/nBU3RulRBFsbIlDZqrvycyLLSeiMB2CmxGetmbif95vdREdT9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRkVbQje8surpF2reJeV2t1VuVHP4yjAKZzBBXhwDQ24hSa0gICAZ3iFN0c5L86787FoXXPymRP4A+fzB8nrj7c=</latexit>

MC better for d > 4

<latexit sha1_base64="NfaPCOopr0B0mKIM89sfTEj8OgM=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxhLuGqEeiF4+YyCPChswOA0yYnV1nek3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cS1EZG6x3HM/ZAOlOgLRtFKD95ZxzxqTNWkWyy5ZXcGsky8jJQgQ61b/Or0IpaEXCGT1Ji258bop1SjYJJPCp3E8JiyER3wtqWKhtz46eziCTmxSo/0I21LIZmpvydSGhozDgPbGVIcmkVvKv7ntRPsX/mpUHGCXLH5on4iCUZk+j7pCc0ZyrEllGlhbyVsSDVlaEMq2BC8xZeXSeO87F2UK3eVUvU6iyMPR3AMp+DBJVThFmpQBwYKnuEV3hzjvDjvzse8NedkM4fwB87nD4DQkNM=</latexit>

1/
p
n

http://lib-www.lanl.gov/la-pubs/00326866.pdf
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Higgs-Boson Discovery at the LHC (2012)

๏ Statistical distribution of randomly distributed events 
• counting experiments generally follow Poisson distributions 

• gradual appearance of the signal above background

Two independent experiments ATLAS and CMS

Inh 
Z 

Z 

Search for the Higgs - Particle 
Production of Higgs – Particle 
•  Requires particle with high coupling ~mass:  top quark 
•  ! multi-stage process  
    ! small rate (1/min) 

 
Detection via decay products 
•  p p ! H ! Z Z ! e+e- e+e-  

•  p p ! H ! Z Z ! e+e- µ+µ-  , ... 

•  p p ! H ! W W 
•  p p ! H ! W W ! Photons 

 
Similar final states without Higgs 
•  Much more frequent  

!  Search for excess of events with similar mass  
!  Calculate probability that a new particle is needed 

Die totale Breite (siehe Abbildung) spiegelt also bei kleinen Massen des Higgs die
Proportionalität zu m2

b und MH wieder. Bei MH < 130 GeV ist die Breite deutlich
kleiner als 1GeV. Rekonstruiert man die Masse des Higgs aus seinen Zerfallsproduk-
ten ist daher in diesem Bereich die natürliche Breite vernachlässigbar klein gegenüber
der experimentellen Auflösung.

Ab ca. 160 GeV ergibt sich ein starker Anstieg durch Zerfälle in W und Z. Auch
schon knapp unterhalb der kinematischen Schwelle (z.B. für H ⇥ W+W�, wenn
die W -Bosonen nur virtuell erzeugt werden können), kann ein Zerfall dominieren,
wenn die Unterdrückung durch den Propagator des virtuellen Teilchen durch die
viel größere Kopplung (hier HWW -Kopplung) mehr als ausgeglichen wird. Dies ist
inbesondere wichtig für Teilchen mit großer Breite, also für die Zerfälle

H ⇥ WW ⇥, ZZ⇥, tt̄⇥

Da Photonen und Gluonen masselos sind koppeln sie nicht direkt an das Higgs-Boson.
Trotzdem sind Zerfälle

H ⇥ ⇥⇥

und
H ⇥ gg

über Schleifen von Fermionen und Bosonen möglich. Solche Beiträge können dann
auch in der Produktion wichtig sein.

Higgs Boson Decays 

���������������������������	�����������������

����������
������	��������������������

W+, Z,  t, b, c, �!,.........., g, �  

W-, Z,  t, b, c, �",.........., g, �  

!"

(+ W-loop contributions)  

Total width 

In den Schleifen dominieren dann wegen ihrer großen Kopplung an das Higgs die
schwersten Teilchen, t, b,W, Z. Durch die Schleifen sind die Formeln deutlich kom-
plizierter. Die wesentlichen Abhängigkeiten sind

�(H ⇥ ⇥⇥) � �2 GF M3
H

32
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Exclusion Limits

๏ 4th of July 2012: announcement of the discovery of a new boson 
๏ Exclusion of signals between 131(128) GeV and 523(600) GeV

“Brazilian-Flag” figures

15
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Figure 3: The CLs values for the SM Higgs boson hypothesis as a function of the Higgs boson
mass in the range 110–600 GeV (left) and 110–145 GeV (right).
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Figure 4: The 95% CL upper limits on the signal strength parameter µ = s/sSM H for the SM
Higgs boson hypothesis as a function of the Higgs boson mass in the range 110–600 GeV (left)
and 110–145 GeV (right).Goal of this and the next lecture: understand what’s shown in these figures 
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Local p-Value

๏ Probability, that the measured distribution is due to a 
fluctuation of the background: p(mH = 125.8 GeV) = 10-11 

(corresponds to ~6.7σ significance)

Comparison measurement and theory

12 6 Results

Alternative shapes are introduced to account for statistical and systematic errors on these ob-
servables. In the Category I, alternative shapes of VD arise from the comparison with different
generators and underlying event tunes. The change in VD shape is found to be negligible for
variations of the jet energy scale. Several uncertainties are taken into account for the shape of
pT/m4`: QCD and PDF scales variation, resummation effects, as well as the effect of finite top
quark mass in gluon fusion production mechanism.

For the 2`2t channels, signal and background shape templates are taken from simulation, with
the background yields normalized to the data-driven yields described above. Shape variations
due to t energy scale uncertainties are accounted for by vertical template morphing. Due to the
limited number of simulated events, the reducible background shape was taken with relaxed
isolation requirements on the second Z boson. Normalizations for backgrounds vary within
the uncertainties. All systematic uncertainties are included in the likelihood with log-normal
distributions.

The upper limits obtained from the combination of the 4` and 2`2t channels are shown in
Fig. 5 (left). The SM-like Higgs boson is excluded by the four-lepton channels at 95% CL in the
range 130–827 GeV (for an expectation of 113.5–778 GeV). The local p-values, representing the
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Figure 5: Observed and expected 95% CL upper limit (left) on the ratio of the production cross
section to the SM expectation. The expected 68% and 95% CL ranges of expectation for the
background-only model are also shown with green and yellow bands, respectively. Signifi-
cance of the local excess (right) with respect to the SM background expectation as a function of
the Higgs boson mass in the full interpretation mass range 110-1000 GeV.

significance of local excesses relative to the background expectation, are shown for the full mass
range as a function of mH in Fig. 5 (right). The minimum of the local p-value is reached around
m4` = 125.8 GeV, near the mass of the new boson [10], and corresponds to a local significance
of 6.7s (for an expectation of 7.2 s). This constitutes an observation of the new boson in the
four-leptons channel alone. As a cross-check, we have also studied 1D (m4`) and 2D (m4`, KD)
models (see Fig. 6, right) and observed a local significance of 4.7 and 6.6 s, for an expectation
of 5.6 and 6.9 s, respectively.
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→ Hypothesis Testing

2 2 Analysis overview

and vector boson fusion (VBF), final states with H ! tt decays contain only two charged
leptons, defining the LL

0 channels. All six t-pair final states are studied: LL
0 = µth, eth, thth,

eµ, µµ, and ee.

q

g

g

H

W/Z

W/Z

q

q

q

H

q

W�/Z�

q

q̄

W/Z

H

Figure 1: Leading-order Feynman diagrams for Higgs boson production through gluon-gluon
fusion (left), vector boson fusion (middle), and the associated production with a W or a Z boson
(right).

Sensitivity to the associated production with a W or a Z boson is achieved by requiring one or
two additional electrons or muons compatible with leptonic decays of the W or Z boson. The
four most sensitive final states are retained in the ` + Lth channels aiming at the associated
production with a W boson, ` + Lth = µ + µth, e + µth/µ + eth, µ + thth, and e + thth. In
the `` + LL

0 channels that target the associated production with a Z boson decaying to ``, the
t-pair final states µth, eth, eµ, and thth are considered, leading to eight channels in total. The
ee and µµ t-pair final states are excluded because the corresponding events are already used
in the search for H ! ZZ ! 4` [11].

To maximize the sensitivity of the analysis in the LL
0 channels, events are classified in categories

according to the number of jets in the final state, excluding the jets corresponding to the L and
L
0 leptons. The events are further classified according to a number of kinematic quantities that

exhibit different distributions for signal and background events (see section 6). In particular,
the contribution of the VBF production process is enhanced for events with two or more jets
by requiring a large rapidity gap between the two jets with the highest transverse momentum.
For the remaining events with at least one jet, requiring a large pT of the reconstructed Higgs
boson candidate increases the sensitivity to Higgs boson production through gluon fusion. A
complete listing of all lepton final states and event categories is given in appendix B.

With the exception of the ` + Lth, ee, and µµ channels, the signal is extracted from the distribu-
tion of the invariant mass of the t-lepton pair, mtt, calculated from the L and L

0 four-momenta
and the missing transverse energy vector. In the ` + Lth channels, the signal extraction is in-
stead based on the invariant mass, mvis, of the visible Lth decay products because the missing
transverse energy does not entirely arise from the neutrinos produced in the decay of the two t
leptons. In the ee and µµ channels, a discriminating variable combining a number of kinematic
quantities and other observables, including mtt, is used.

The background composition depends on the channel and, in particular, on the number of
electrons and muons in the final state. The Drell–Yan production of a Z boson decaying into
a pair of t leptons constitutes the main irreducible background in all LL

0 channels. Another
source of background with the same leptonic final state is the production of top-quark pairs
(tt), which is most important in the eµ channel. Reducible background contributions include
QCD multijet production that is particularly relevant in the thth channel and W(! `n) + jets
production with a jet misidentified as a th in the `th channels. In the ` + Lth and `` + LL

0

Goal of this and the next lecture: understand what’s shown in these figures 



Uncertainties
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Error and Uncertainty  

• Strictly speaking, a correct measurement can not have errors 
• Any measurement has uncertainties. In practice, the term “error” is often used 
• Uncertainties can be statistical or systematic 5

Fehler und Unsicherheiten

 Menschen machen Fehler

 Wenn eine Messung Fehler hat, müssen diese korrigiert werden

Eine verwendbare Messung hat keine Fehler, sondern 

       (Mess-)Unsicherheiten  mit statistischen und systematischen Aspekten 
      → korrekte Behandlung der Unsicherheiten ist wesentlicher Teil der Datenanalyse

Error

Uncertainty

https://cds.cern.ch/record/2256357
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Statistical and Systematic Uncertainties

BiasSpread

Systematic uncertainty: uncertainty in the size of the bias
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Statistical Uncertainties

๏ Spread of a single measurement for reasons that are                       
practically (e.g. cube) and/or principally (QM) untraceable  
• => Variance: distribution around mean 

๏ Repeated measurements are independent (uncorrelated) 

๏ Statistical uncertainties are theoretically well understood 
• Error propagation 

• Correlations
For lack of time I will not say  
much about these aspects
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Systematic Uncertainties

๏ Bias (distortion) of measurement 

๏ Examples:  
• Reading errors  

• Noise  

• Miscalibration  

• Band-wagon effects,                                                                                
i.e. prejudice about result 

๏ Systematic uncertainties are (in principle) traceable 
๏ Repeated measurements are usually correlated                            

(unless underlying assumptions or analysis approach are changed)  
๏ In practice, no general method for quantification
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Systematic Uncertainties

๏ Explicit: purely experimental uncertainties 
• Often due to statistical uncertainties of ancillary measurements, e.g. calibrations 

• More data would help, but are often not available 

๏ Implicit: due to assumptions of the measurement setup or analysis 
1.   Those expressible with continuous parameters, e.g. QCD scale uncertainties 

2.   Those having discrete values only: no unambiguous interpolation between assumptions 

๏ Systematic uncertainties also follow the central limit theorem,  
๏ The shape of a single uncertainty is usually irrelevant for the total uncertainty of the measurement 

๏ “Unknown unknowns”: it is never excluded that sources of uncertainty remain undetected.  
๏ Known uncertainties are often deliberately overestimated (“conservative”)  

Accurate estimate of systematics requires care and courage

An attempt to categorise
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“Blind” Analysis

๏ Do not be guided by prejudice 
• Never delete the primary data, all results are to be doubted 
• Take all effects into account  
• Publish all results. About ~5% of the results should be off by more than 2σ! 

๏ Blinding policy 
• Produce control distributions for data and MC w/o looking at the final result. 
• Implement the actual measurement using MC pseudo data, and optimise analysis 
• Document the analysis and present the result for pre-approval 
• Unblind during peer-review 

๏ N.B.: worse than blind ⟶ unblind ⟶	publish is: 
• Blind analysis ⟶ surprise@unblinding ⟶ study surprise until surprise is gone ⟶	publish unsurprising result  

• Find middle ground, try to avoid bias, but be pragmatic

Good scientific practice 



Probability
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๏ A, B subsets of events in S  
๏ S = full set of all events 
๏ P(A) = probability that A takes place 

๏ Kolmogorov-Axioms (1931): 
• 1. 

• 2.    If A and B disjoint, i.e. if  

• 3.

25

Probability

positive

additive

normalised

P (A) � 0

P (A [B) = P (A) + P (B)

A \B = 0

P (S) = 1

6

Kobmination von Wahrscheinlichkeiten

   Bedingte Wahrscheinlichkeit, dass

            A wahr ist, wenn B wahr ist.

A = nicht A (A, A  schließen sich aus)

A oder B
falls sich A und B ausschließen
A und B 
falls A und B unabhängig
fall sich A und B ausschließen

Veranschaulichung

Cowan, p.2

“A or B”

“and”

“or”
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Probability

๏ Derived properties: 

๏ Moreover “A or B” for overlapping subsets: 

๏ Definition of conditional probability: 

๏ A and B are said to be “independent” if:

P (A|B) =
P (A \B)

P (B)

P (A [B) = P (A) + P (B)� P (A \B)

0  P (A)  1

P (A [A) = 1

P (A) = 1� P (A)

“Probability of A under the condition that B” 
Or in short: “probability of A given B”

P (A|B) = P (A)P (A \B) = P (A) · P (B) <=>

6

Kobmination von Wahrscheinlichkeiten

   Bedingte Wahrscheinlichkeit, dass

            A wahr ist, wenn B wahr ist.

A = nicht A (A, A  schließen sich aus)

A oder B
falls sich A und B ausschließen
A und B 
falls A und B unabhängig
fall sich A und B ausschließen

Veranschaulichung

Cowan, p.2

“or”

“and”

“and”

“and”
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Probability
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Probability

๏ Derived properties: 

๏ Moreover “A or B” for overlapping subsets: 

๏ Definition of conditional probability: 

๏ A and B are said to be “independent” if:

P (A|B) =
P (A \B)

P (B)

P (A [B) = P (A) + P (B)� P (A \B)

0  P (A)  1

P (A [A) = 1

P (A) = 1� P (A)

“Probability of A under the condition that B” 
Or in short: “probability of A given B”

6

Kobmination von Wahrscheinlichkeiten

   Bedingte Wahrscheinlichkeit, dass

            A wahr ist, wenn B wahr ist.

A = nicht A (A, A  schließen sich aus)

A oder B
falls sich A und B ausschließen
A und B 
falls A und B unabhängig
fall sich A und B ausschließen

Veranschaulichung

Cowan, p.2

6

Kobmination von Wahrscheinlichkeiten

   Bedingte Wahrscheinlichkeit, dass

            A wahr ist, wenn B wahr ist.

A = nicht A (A, A  schließen sich aus)

A oder B
falls sich A und B ausschließen
A und B 
falls A und B unabhängig
fall sich A und B ausschließen

Veranschaulichung

These are equal

P (A|B) = P (A)P (A \B) = P (A) · P (B) <=>
“and”
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Quantitative relation between correctness of a theory ↔ and observation of actual data

Application in measurements

Probability that theory “A” 
is correct, given data “B” 

have been measured  

“Prior”
“Posterior”

P (A|B) = P (B|A) · P (A)

P (B)

` Thomas Bayes, 1763

“Likelihood”

Conditional probability 
to measure data “B” 

assuming that  
theory “A" is correct

“Evidence” 

Bayes’ Theorem
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๏ Assume Covid infection rate has a prior probability of 1 permille (0.001) 

P(A) = 0.001        → P(not A)     = 0.999                                                                                                    “Prior” 
๏ Reliable Covid test (numbers invented) 

• In case the patient is infected, the test delivers a correct result in 90% of the cases (“correct positive”) 

P(+|A) = 0.90       → P(- |A)       = 0.10 (“false negative”)                                                                               

• In case the patient is not infected, the test delivers a correct result in 99% of the cases (“correct negative”) 

P(- |not A) = 0.99 → P(+|not A) = 0.01 (“false positive”)                                                                                       
๏ What is the probability P(A|+) that the patient is really infected in case the test is positive ?                       “Posterior”

30

Example: Covid test

P (A|+) =
P (+|A)P (A)

P (+)
=

P (+|A)P (A)

P (+|A)P (A) + P (+|A)P (A)

In practice, more tests with symptoms → different prior

Bayes’ Theorem

P (A|+) =
0.90⇥ 0.001

0.90⇥ 0.001 + 0.01⇥ 0.999
⇡ 8.2%

<latexit sha1_base64="iLmdTKlGcLxljQ6MmDMyXgR0KJk="></latexit>
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๏ Be p the probability to observe a certain event  
๏ What is the probability, to see k such events in n trials (e.g. find a “6” in 2 out of 3 dice) 

๏ Binomial coefficient                                  : number of combinations to select k in n elements. 

๏ The probability to find 2 times a “6” in 3 attempts (p=1/6, n=3, k=2) is: 

The binomial distribution

26

Statistik: grundlegende Verteilungen

Binomialverteilung (1)

Wahrscheinlichkeit für die Beobachtung eines bestimmten Ereignisses ist  p.
Was ist die Wahrscheinlichkeit, bei n Versuchen k solcher Ereignisse zu beobachten ?
z.B.   - bei 10 Versuchen 3 mal eine 6 würfeln.
           - bei 100 Einträgen in einem Histogramm 10 Einträge im ersten Bin  

Binomialverteilung

 ist die Anzahl der Kombinationen, k aus N Elementen ohne  Berück-
   sichtigung der Reihenfolge auszuwählen  („Binomialkoeffizient“) 

Erwartungswert

Varianz

Expectation value:
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 ist die Anzahl der Kombinationen, k aus N Elementen ohne  Berück-
   sichtigung der Reihenfolge auszuwählen  („Binomialkoeffizient“) 

Erwartungswert

Varianz Variance:

P (k;n) =

✓
n

k

◆
· pk(1� p)n�k

✓
n

k

◆
=

n!

k!(n� k)!

3!

2!(3� 2)!
·
✓
1

6

◆2 ✓
1� 1

6

◆3�2

= 0.069444...
animate_Binomial.py  
(pip3 install scipy)

Basic Probability Distributions Probability to find k events 
in the first k trials 

and not in the last n-k
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๏ Binomial distribution in the limit n → ∞, p → 0 and np = µ < ∞ fixed, i.e. 
• p = µ/n for n large, i.e. p<<1 

• Only one parameter µ ! 

๏ Examples for Poisson distributions:  
• Probability that 4 (=k) out of 100 chips (=n) are produced with a defect, if the error rate is 2% (=p). 

• At fixed event rate, the number of events observed in a time interval t (the distribution of differences in time 
follows an exponential) 

• The number of entries in a histogram with many bins 

The Poisson distribution

27

Statistik: grundlegende Verteilungen

Poissonverteilung
BinomialverteilungB(k;p,n)  im Grenzfall   n →∞ , p → 0, np=μ  fest: 

Poisson-Verteilung  

Erwartungswert  Varianz  

Beispiele für Poisson- verteilte Zahlen:
   - ein Klassiker: Zahl der pro Jahr durch Huftritt getöteten preußischen Kavallerieoffiziere
   - näherungsweise: Zahl der Einträge in einem Bin eines Histogramms mit vielen Bins

   - Zahl der bei fester Ereignisrate im Zeitintervall T beobachteten Ereignisse,
       übrigens: Zeitdifferenz Δt zwischen zwei Ereignissen 
                       folgt einer Exponenitalverteilung:

→ 

Grenzwert bedeutet:  Gesamtzahl beobachteter Ereignisse k in  n → ∞ Intervallen Δx ,
                                     in denen jeweils ein Ereignis mit der  (sehr kleinen) konstanten
                                     Wahrscheinlichkeit p erwartet wird .
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Expectation value:

Variance:

P (4) = e�2 · 2
4

4!

P (k) = e�µ · µ
k

k!

Erdmann/Hebbeker p.37 / Blobel/Lohrmann Example 4.11

~9%

Basic Probability Distributions

µ = n · p = 100 · 0.02 = 2
<latexit sha1_base64="77H7Ycu6rtwiD82AWZBlI//9Fi4=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCqzJTBd0IRTcuK9gLdIaSyWTa0FyGJCOUoS/gxldx40IRt+7d+Tam7Sy09YfAl/+cQ3L+KGVUG8/7dpaWV1bX1ksb5c2t7Z1dd2+/pWWmMGliyaTqREgTRgVpGmoY6aSKIB4x0o6GN5N6+4EoTaW4N6OUhBz1BU0oRsZaPfc44Bm8ggIGOJYGppZ9zytuXtWrWaPWcysWp4KL4BdQAYUaPfcriCXOOBEGM6R11/dSE+ZIGYoZGZeDTJMU4SHqk65FgTjRYT7dZgxPrBPDRCp7hIFT9/dEjrjWIx7ZTo7MQM/XJuZ/tW5mksswpyLNDBF49lCSMWgknEQDY6oINmxkAWFF7V8hHiCFsLEBlm0I/vzKi9CqVf2zau3uvFK/LuIogUNwBE6BDy5AHdyCBmgCDB7BM3gFb86T8+K8Ox+z1iWnmDkAf+R8/gAONpe5</latexit>
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27

Statistik: grundlegende Verteilungen

Poissonverteilung
BinomialverteilungB(k;p,n)  im Grenzfall   n →∞ , p → 0, np=μ  fest: 

Poisson-Verteilung  

Erwartungswert  Varianz  

Beispiele für Poisson- verteilte Zahlen:
   - ein Klassiker: Zahl der pro Jahr durch Huftritt getöteten preußischen Kavallerieoffiziere
   - näherungsweise: Zahl der Einträge in einem Bin eines Histogramms mit vielen Bins

   - Zahl der bei fester Ereignisrate im Zeitintervall T beobachteten Ereignisse,
       übrigens: Zeitdifferenz Δt zwischen zwei Ereignissen 
                       folgt einer Exponenitalverteilung:

→ 

Grenzwert bedeutet:  Gesamtzahl beobachteter Ereignisse k in  n → ∞ Intervallen Δx ,
                                     in denen jeweils ein Ereignis mit der  (sehr kleinen) konstanten
                                     Wahrscheinlichkeit p erwartet wird .
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Statistik: grundlegende Verteilungen

Poissonverteilung
BinomialverteilungB(k;p,n)  im Grenzfall   n →∞ , p → 0, np=μ  fest: 

Poisson-Verteilung  

Erwartungswert  Varianz  

Beispiele für Poisson- verteilte Zahlen:
   - ein Klassiker: Zahl der pro Jahr durch Huftritt getöteten preußischen Kavallerieoffiziere
   - näherungsweise: Zahl der Einträge in einem Bin eines Histogramms mit vielen Bins

   - Zahl der bei fester Ereignisrate im Zeitintervall T beobachteten Ereignisse,
       übrigens: Zeitdifferenz Δt zwischen zwei Ereignissen 
                       folgt einer Exponenitalverteilung:

→ 

Grenzwert bedeutet:  Gesamtzahl beobachteter Ereignisse k in  n → ∞ Intervallen Δx ,
                                     in denen jeweils ein Ereignis mit der  (sehr kleinen) konstanten
                                     Wahrscheinlichkeit p erwartet wird .

Expectation value:

Variance:

Poisson Probability Distribution

28

Grundlegende Verteilungen

Poissonverteilung
μ=2μ=2

μ=5μ=5

μ=10μ=10

Po
is

si
on

(n
;μ

)
Po

is
si

on
(n

;μ
)

Po
is

si
on

(n
;μ

)
Erwartungswert:    μ      
Standarabweichung:  √μ

„Statistischer Fehler“ auf
   eine  Anzahl n von Beobachtungen 
   wird häufig abgeschätzt zu                   
    

Problem: 
      dabei wird  n ≈ μ  angenommen
    Abwärtsfluktuation von n → Fehler zu klein
     Aufwärtsfluktuation von n → Fehler zu groß

Standard deviation: σ = √µ

Statististical uncertainty is often estimated as √n.  
Assumption n ≈ µ. Not correct, in case n fluctuates from µ 

Cowan, Fig 2.3

Here is the 9% 
from the previous slide
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Gaussian distribution
Basic Probability Distributions

๏ Normal distribution 

Expectation value:  E = µ   

              Variance:  V = σ2 

๏ Quantiles of the Gauss-distribution  
(a.k.a. confidence intervals)

N(x;µ,�) =
1p
2⇡�

e
�(x�µ)2

2�2

29

Statistik: grundlegende Verteilungen

(Gauß`sche) Normalverteilung

Die Normalverteilung (oder Gauß-Verteilung) ist die wichtigste 
   kontinuierliche Verteilung

Erwartungswert  Varianz  

Quantile der Gauß-Verteilung:

Für große n bzw. μ nähern sich Binomial- und
 Poisson-Verteilung der Gauß-Verteilung an.

Towards large n and µ:  
binomial and Poisson-distributions 
approach the Gauss-distribution

Example: animate_Gaussfunctions.py
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Statistik: grundlegende Verteilungen

Zusammenhang der Standardverteilungen

Binomial
n, p

Gauß
 μ, σ   

Poisson
μ

p→ 0
np=μ 

n→ ∞ 

p→ 0
np=μ 

μ→ ∞ 

See also: Blobel/Lohrmann  
Example 4.16

Gauss - Poisson - Binomial

Example: animate_basicDistributions.py

 n = 1000  
 p =  0.05



Parameter Estimation
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Parameter Estimation

๏ Probability density distributions (PDF) are defined by “truth” parameters a 
๏ Measurements of distributions consist of random samples, i.e. n elements x1, x2 … xn 

๏ The random sample contains information to determine the estimator â 
๏ The estimators â are also random numbers 
๏ In the limit of many identical experiments, distribution of â approaches the PDF 

๏ Estimators should be:  
• consistent:              limn→∞ â = a   

• unbiased:               E(â) = a   also for n < ∞ (!) 

• efficient:                  V(â) as small as possible   

• robust:                    stable against wrong data
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Parameter Estimation

๏ Which theory gives a better description of the data ?

A.U.
2 4 6 8 10

A.
U
.

0

20

40

60

80

100

120
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Goodness of Fit

๏ How well does a prediction fit the data ? 
๏ Weighted sum of squares of the difference between Gaussian-distributed data yi with uncertainties σi, 

and theory f(xi): 

๏ S follows a χ2-distribution (n = N - k degrees of freedom): 

๏ Expectation value:〈χ²〉= n       ⇒〈χ²/n〉= 1 

๏ Variance:               V[χ²]  = 2n

Example: χ2 distribution

S = �2 =
NX

i=1

✓
yi � f(xi, {p})

�i

◆2

7:3 !2-Methode 115

7.3.1 !2-Verteilung

Gegeben seien n unabhängige Zufallsvariablen z1; z2; : : : ; zn, die einer Gauß-Wahr-
scheinlichkeitsdichte mit dem Mittelwert ! D 0 und der Standardabweichung
" D 1 folgen. Wir nennen die Summe der Quadrate dieser Zufallsvariablen #2:

#2 !
nX

iD1

z2
i : (7.16)

Die Wahrscheinlichkeitsdichte von #2 erhält man über die Faltung der n einzelnen
Wahrscheinlichkeitsdichten der zi . Die Berechnung wird in [1] vorgeführt, wobei
die Faltung wie im Abschn. 4.2 über die charakteristischen Funktionen durchgeführt
wird.

Als Ergebnis erhält man die sogenannte !2-Verteilung:

fn.#2/ D
1
2

!
!2

2

" n
2 !1

e! !2

2

$
#

n
2

$ : (7.17)

Die Anzahl n der Zufallsvariablen entspricht der Zahl der Freiheitsgrade.
Der Mittelwert der #2-Verteilung entspricht der Anzahl der Freiheitsgrade:

h#2i D n : (7.18)

Die Standardabweichung der #2-Verteilung lautet:

" D
p

2n : (7.19)

Die Position des Maximums liegt für n " 2 bei:

#2
max D n # 2 : (7.20)

Many other goodness-of-fit tests, e.g. Kolmogorov Smirnov 

Figure: chi2PDF.C
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χ2-Probability

๏ Probability to measure a bigger value of χ2 
than the actually measured: 

• Useful to quantify agreement

χ2 - Probability for  
2 - 22 degrees of freedom

Figures: chi2Prob.C

χ2/nf: probability for  
2 - 22 degrees of freedom

Note: χ2/nf > 1 is more acceptable of nf  is small

�2
Prob =

Z 1

�2

fn(v)dv

= 1�
Z �2

0
fn(v)dv

n=2

n=22

n=2

n=22

๏ The probability for χ2/nf to observe a value 
> 1 is ~40% (largely independent of nf)
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Least Squares Method

A.U.
2 4 6 8 10

A.
U
.

0

20

40

60

80

100

120๏ Fit of a function to the data:                    
linear function ax+b                                  
(2 free parameters) 

๏ Minimize sum of squares: 

๏ χ² / ndof = 17.6 / 8                                       
(p-value: 2.4%)

�2 =
NX

i=1

✓
xi � µi

�i

◆2

S
ee also C

ow
an section 7.3
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Least Squares Method

๏ Fit of a function to the data:                
quadratic function ax2+bx+c                                      
(3 free parameters) 

๏ Minimize sum of squares 

๏ χ² / ndof = 9.1 / 7                                       
(p-value: 24%)

A.U.
2 4 6 8 10

A.
U
.

0

20

40

60

80

100

120

�2 =
NX

i=1

✓
xi � µi

�i

◆2

Better p-value than with 2 parameters

S
ee also C

ow
an section 7.3
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Least Squares Method

๏ Fit of a function to the data:                
quadratic function ax3+bx2+cx+d                                      
(4 free parameters) 

๏ Minimize sum of squares 

๏ χ² / ndof = 8.9 / 6                                       
(p-value: 17%)

�2 =
NX

i=1

✓
xi � µi

�i

◆2

Rule of thumb:  
Do not use more parameters than needed => 4 parameters already too many

A.U.
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ee also C
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Least Squares Method

๏ Fit of data with 9 parameters: 

๏ Minimize sum of squares 

๏ χ² / ndof = 0 / 0                                      

�2 =
NX

i=1

✓
xi � µi

�i

◆2

A.U.
2 4 6 8 10

A.
U
.

0

20

40

60

80

100

120

S
ee also C

ow
an section 7.3

With enough parameters "can fit an elephant”
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Parameter Correlation

๏ Ansatz: f(x) = p0 + p1 x                             
(2 parameters) 

๏ Result of the fit: 
• Parameters and χ2: see caption 

• Covariance:      26.7   -5.07                              
                        -5.07    1.27 

• Correlation:      1        -0.86                                                     
                        -0.86         1 

S
ee also C

ow
an section 7.3

A.U.
1 2 3 4 5 6 7 8

A.
U

.
0
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80

100

120  / ndf 2χ  4.073 / 6
Prob   0.6668
p0        5.165± 31.44 
p1        1.127± 5.125 

 / ndf 2χ  4.073 / 6
Prob   0.6668
p0        5.165± 31.44 
p1        1.127± 5.125 

( )

( )

Parameters p0 und p1 are strongly anti-correlated  
=> bigger p0 requires smaller p1, such that f(x) can still go through the data points

✓
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where

“Covariance” “Correlation”
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Parameter Correlation

๏ Ansatz: f(x) = p0 + p1 (x-4)                             
(2 parameters) 

๏ Result of the fit: 
• Parameters and χ2: see caption 

• Covariance:      6.4     0.013                              
                        0.013   1.27 

• Correlation:      1       0.004                                                    
                        0.004        1 

Decorrelation often possible by appropriate transformation of coordinates (e.g. principle component analysis) 
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 / ndf 2χ  4.073 / 6
Prob   0.6668
p0        2.542± 51.94 
p1        1.127± 5.125 
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“Covariance” “Correlation”
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Parameter Correlation

๏ 1σ contour, corresponding to Δχ2= 1, for the measured (estimated) parameters θi and θj  

C
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D

G
, Fig 40.5
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Fixing one parameter (here θj) leads to reduction of the uncertainty of parameter θi  
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Summary
๏ The scientific cycle:  

๏ Theoretical predictions are tested by experiment  
๏ Experimentally determined model parameters are input to theoretical predictions (e.g. Standard Model) 

๏ Measurements are random samples drawn from a true distribution described by a PDF.  
๏ Statistical uncertainties (variance -> spread): well understood 
๏ Systematic uncertainties (bias -> distortion): require care and courage  

๏ Probability 
๏ Bayes’ Theorem 
๏ Binomial-, Poisson- and Gaussian distributions 

๏ Parameter estimation 
๏ χ2 - function, goodness of fit and decorrelation
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Figure 3: The CLs values for the SM Higgs boson hypothesis as a function of the Higgs boson
mass in the range 110–600 GeV (left) and 110–145 GeV (right).
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Figure 4: The 95% CL upper limits on the signal strength parameter µ = s/sSM H for the SM
Higgs boson hypothesis as a function of the Higgs boson mass in the range 110–600 GeV (left)
and 110–145 GeV (right).

                                                    Higgs discovery: What does this figure really show ?  

Today 
๏ Statistical and Systematic Uncertainties 
๏ Probability 
๏ Parameter Estimation 

Wednesday 
๏ Hypothesis Testing 
๏ Confidence Intervals 
๏ Profile Likelihood Ratio 

Friday 
๏ Classification  
๏ Multivariate Analysis 
๏ Machine Learning  


