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Introduction perturbative QFT

Z[J] = / Do exp [i / de(£+J¢>)] .
E.g. with £ = [dPx [3(0u0)? — $m?¢? — Z2¢?].

All physical correlators are of the form
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In interacting theories A # 0 this is expanded asymptotically in

J=0

Feynman graphs
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Introduction perturbative QFT

Realistic theories: Probability for e~ e to annihilate to two

photons P(e~et — ) ~|A(e" et — 1), a~ -

Alee = ) = j} 4 ot K(j +\
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Scalar part e.g. for e.g. the box integral /: Propagators 7
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D=Dy—2e | = Zzoz_n I €™ with [, functions of masses and
Lorentz invariant products of the external momenta that we need

to know!



Emerging relation Feyman Integrals and Periods

Feynman integrals < Periods of algebraic varities

‘ Planar Feynman graph ‘ Max. Cut Integrals ‘ Period - Geometry

1-loop rational functions Pts in Fano 1-fold




Emerging relation Feyman Integrals and Periods

Feynman integrals < Periods of algebraic varities

‘ Planar Feynman graph ‘ Max. Cut Integrals ‘ Period - Geometry
1-loop rational functions Pts in Fano 1-fold
2-loop elliptic functions families of elliptic curve




Emerging relation Feyman Integrals and Periods

Feynman integrals < Periods of algebraic varities

‘ Planar Feynman graph ‘ Max. Cut Integrals ‘ Period - Geometry
1-loop rational functions Pts in Fano 1-fold
2-loop elliptic functions families of elliptic curve
3-loop fullfil 3 ord. hom diff egs. families of K3
4-loop fullfil 4 ord. hom diff egs. families of CY-3-fold




Emerging relation Feyman Integrals and Periods

Feynman integrals < Periods of algebraic varities

‘ Planar Feynman graph ‘ Max. Cut Integrals ‘ Period - Geometry
1-loop rational functions Pts in Fano 1-fold
2-loop elliptic functions families of elliptic curve
3-loop fullfil 3 ord. hom diff egs. families of K3
4-loop fullfil 4 ord. hom diff egs. families of CY-3-fold

The full Feynman integral has boundaries: Periods integrals are
replaced by chain integrals; hom. diff. eqgs. are replaced by inhom.
diff. egs.



Emerging relation Feyman Integrals and Periods

Feynman integrals < Periods of algebraic varities

‘ Planar Feynman graph ‘ Max. Cut Integrals ‘ Period - Geometry
1-loop rational functions Pts in Fano 1-fold
2-loop elliptic functions families of elliptic curve
3-loop fullfil 3 ord. hom diff egs. families of K3
4-loop fullfil 4 ord. hom diff egs. families of CY-3-fold

The full Feynman integral has boundaries: Periods integrals are
replaced by chain integrals; hom. diff. eqgs. are replaced by inhom.
difF eqS I. Gel'fand, S. Bloch, P. Vanhove, M.Kerr, C. Duran, S. Weinzierl, F. Brown, O. Schnetz, J

Bourjaily, A. Mc Leod, M. Hippel, M. Wilhelm, J. Broedel, L Trancredi, S. Miiller-Stach 248 cits. in [3]
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Kodaira map of algebraic varieties

= 2 general type (terrible), co Vd |d =1
<0
1=3 3 d=2
=4 CY 3-fold d=3
C1\— 0
c1 > 0
Fano (simple), finite d fix CY (beautiful), finite ? d fix




Detailed dictionary

I = (n+ 1)-loop banana Calabi-Yau (CY) geometry
integrals in D = 2 dimensions
1 Maximal cut integrals (n,0)-form periods of CY
in D = 2 dimensions manifolds or CY motives
2 Dimensionless ratios z = m;?/p? Unobstructed compl. moduli of M,, or

equi'ly Kahler moduli of the mirror W,

3 | Integration-by-parts (IBP) reduction Griffiths reduction method

4 | Integrand-basis for maximal cuts of Middle (hyper) cohomology H"(M.,)

of master integrals in D =2 M,
B Complete set of differential Homogeneous Picard-Fuchs
operators annihilating a given differential ideal (PFI) /
maximal cut in D = 2 dimensions Gauss-Manin (GM) connection




Relative Calabi-Yau periods via Symanzik representation

In the Feynman representation the contribution of an /-loop graph
yields an integral with a rational integrand defined by the graph
polynomials U(x) and F(x, p, m), p independent momenta, m
masses

U,, ) P, / qu,—lu =2
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In the Feynman representation the contribution of an /-loop graph
yields an integral with a rational integrand defined by the graph
polynomials U(x) and F(x, p, m), p independent momenta, m

masses
w =Y ", v —ID/2, | # of loops
n # of edges, vj their multiplicity D space time dim

w—2

I V,‘—l Z/{ 2

On—1 p? X; T Mn—1

On—1 in_1 measure on P" 1
on_1={x1: - :xa] €EP"lx € R>oV1 < i < n} an open domain.

D =Dy —2¢ | =3 %2, Ike” with I functions of masses and
Lorentz invariant products of the external momenta.
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Feyman graphs and (relative) Calabi-Yau periods

A very simple series of such Feynman integrals with loop order /
are the banana diagrams in critical dimension Dy = 2:

N

2
This graph leads in t = Zz & = % (zi = %) to period integrals
I = 1] :/ 1]
S F(&ix) o <t - (ng é,-QX;> (Zfl} qu)) T

The Newton polytopes of F is reflexive, hence F = 0 defines a
Calabi-Yau manifold. For example for | = 2, 3 they look like

mo



Maximals cut integrals

By closing the chain o, to a T' cycle one gets a maximal cut
integral in Dy = 2

i 12 .
| . :0) = = =, Q_ .
r=(Z0= | 715 /TH " F(1,2) ”’/FT:TH -1(2)

Here cycle T' is defined as

Th={lx:...:xq1] €P||x| =1forall 1 <i<[+1}.

The last identification relies on the Griffiths residue form for the

holomorphic n-form Q for complete intersections

%‘ % I l'unl
27TI 51 51 r

where S,:(l encircles the constraints P, = 0 in the ambient space.

Q(z)

The crucial point is that the integral over the S cycle of T/ leads
to a closed period integral of Q;_; over T'=1 on a CY family M,_;

,1—{XEP|.7:(12X)—0} 9



Maximals cut integrals

Performing all / residua integrals one gets with |k| = Zfi} ki
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Maximals cut integrals

Performing all / residua integrals one gets with |k| = Zfi} ki

00 n 2 I1+1
I7i-1(z:0) = (2mi) Y Y (kl.. > lIEAR
i=1

.k
n=0 |k|=n Al

e The periods Ir with I € H'=1(M,_1, Z) fulfill the homogenous
Picard Fuchs equations of M,_;.

e The Feynman integrals is a chain integral. It fulfils an
associated inhomogeous extension of the latter.

e The hypersurface I\/I,}fs1 defines a singular family of Calabi-Yau
motives with / + 1 complex parameters. To get a workable
smooth model one could deform F(1, z; x) (toric resolution).
However, one needs /> (complex) moduli to achieve that. This
leads to a highly redundant model that is very hard to solve.

We provide a better CY motive latter. 10



A better motive for the Banana integral

Consider the complete intersection of two polynomials of degree
(1,...,1) in the cartesian product of (P!)'s

P/+1 = ®fi:]l_P%I) .

Such a complete intersection manifold in a product of manifolds is
denoted in short as

1 1 1 1
P Py | 1

: - = F C P/+1 .
Pluy || 1 1 Pty || 1

11



A better motive for the Banana integral

1+1 I+1 141
k
Py :aoWO —I—Zazm 1Wm aonl —I—Zagm 1X2 HX( )
m=1 k#m
1+1 1 /+1 /+1
~ 2 2 k
P, :aow(guzazmws,ﬂ—an 91 5 a0 ) T 19
m=1 = m=1 k#m

On these parameters the (C*)/*1-scaling symmetries given in [?]

f(l) = (—1,—1;1,1,0,0,"' 70707070)
(@ = (-1,-1;0,0,1,1,---,0,0,0,0)

¢ = (-1,-1;0,0,0,0,---,1,1,0,0)
¢+ = (-1,-1;0,0,0,0,---,0,0,1,1)

act and yield the (/+ 1) second order GKZ operators in the Batyrev

: . _e042) A0 B 1
large radius coordinates z, = [[;2; 7 a;’ /(aodo), k=1,...,/+1.



A better motive for the Banana integral

To compare with hypersurface representation tset

ap = h, 50 =}
ak—_1 = Zk, asx =h, k=1,..../1+1 (1)
and construct a birational map from the complete intersection

geometry to the hypersurface geometry. Solving for P; = 0 one
gets h = ZIH ':k Wy, while P, becomes

P,=1 —|— hZIH 1/Wk. Here we passed to toric C*-coordinates
W = x1 /x2k) for k=1,...,/+ 1 and arrive at

oo o5

13



Periods on Calabi-Yau n-folds

Periods are integrals
Mj(z) = /
Aj

that define a pairing between between homology and cohomology
(n odd) well defined by the theorem of Stokes:

Pi : Hy(Mp,Z) x —C.
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Periods on Calabi-Yau n-folds

Periods are integrals
Mj(z) = /
Aj

that define a pairing between between homology and cohomology
(n odd) well defined by the theorem of Stokes:
Pi: H,(M,,Z) x —C.
A is topol. and sois /\ via [, a; = fBJB’ = 65. A ba-
sis moving with the comp. str. in A are the meromorphic forms
Q(z2),0,Q(z), .. ..

14
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Periods on Calabi-Yau n-folds

Periods are integrals

Mj(z) = /A,-

that define a pairing between between homology and cohomology
(n odd) well defined by the theorem of Stokes:

Pi : Hy(Mp,Z) x —C.

Calabi-Yau 1-fold  p3s = wy? —4x3 —g(z)xw? —g3(z)w® = 0 C P?

) Qz) = § 209 = &, 5,0(z) ~ 2
Ei(z) = $,Q, Ex(z) = $5Q Elliptic integrals.

B

Well studied in part because they solve Keplers problem
Fullfill linear diff eq. of 2cd order. Picard(1891)-Fuchs(1881) eq.

14
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Periods on 3-folds

Consider the mirror quintic W

4 4
1 A
/35:ZXE—5275 Hz;zOCP4
i—=0 k=0

Hodge di d of
odge diamond o Hodge diamond of W

elliptic curve L
0 0
1 0 101 0
1 1 — 1 1 1 1
1 0 101 0
0 0
1

The period vector M(z) = ([0 2, [11 (2), [go 2), [ 22))
fullfils a 4th order Picard-Fuchs diff. eq. (6 = zd/dz)

[0* — 52(50 + 1)(50 + 2)(50 + 3)(560 + 4)]N(z) =0

ii5)



Periods on 3-folds

Local — global: How to find the periods over cycles in H3(W,Z) ?
Find the basis in which mondromies 1 +— M.[1 around the singular
points x are in Sp(4,2)
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Local — global: How to find the periods over cycles in H3(W,Z) ?
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N
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Periods on 3-folds

Local — global: How to find the periods over cycles in H3(W,Z) ?
Find the basis in which mondromies 1 +— M.[1 around the singular
points x are in Sp(4,2)

Family of Quintics

Identifies also

°
o

0 00 % the expansion
o o i point for the
P{ O 1 2z mirror map as
o 2 3 point of maxi-
0o 1 % mal unipotent

monodromy

Orbifold/Landau-  Conifold point Large volume
Ginzburg/Gepner— point
point

16



Periods on 3-folds

Special geometry Bryant and Griffiths '83 implies that the periods

can be expressed by a prepotential F

triple logarithmic solution

+ double logarithmic solution

¢ . .
analytic solution

logarithmic solution
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can be expressed by a prepotential F

Jg @
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Fo
F1
XO
Xl

2Fo — t0:JFo
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1
t

triple logarithmic solution

L. double logarithmic solution

A . .
analytic solution
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Periods on 3-folds

Special geometry Bryant and Griffiths '83 implies that the periods

can be expressed by a prepotential F

triple logarithmic solution

Js 2 Fo 2F — t0, Fo
jB 9] Fl 0 atJT_.O L double logarithmic solution
1 = = X
jAo Q XO 1 [« analytic solution
: 1
jAl Q X t R logarithmic solution

and Candelas et al '91 identified near the MUM point z =0

1
F2) = Folt(z)),  t= % _ log(2) + O(2)
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Periods on 3-folds

Special geometry Bryant and Griffiths '83 implies that the periods
can be expressed by a prepotential F

triple logarithmic solution

Je, @ Fo 2F, — t0:Fo
Ja, & | AL X0 9:Fo | double logarithmic solution
fAO Q X° 1 [ analytic solution
fA1 Q X1 t logarithmic solution
and Candelas et al '91 identified near the MUM point z =0
Xl
F(z) = Fo(t(2)), t= X0 = log(z) + O(z)

Hosono et. al '93 generalised to multiparameter CY and related
the classical terms to the CTC Wall data x = D? o = (x mod 2)/2 in
K3 04 c-D x(M) ((3) 1 By .
F=—t4+-1 t — Li3(Q°).
6 T2V T T i 2 > mpLis(Q7)
BEHH(M,Z)
0 17




The mirror picture for the Banana geometry and the [-class

The vertical quantum cohomology of W,C_'1 relates natural to the
banana graph

1

<—>W,C,'1:

Pia || 1 1 Pha | 1
In particular, in the high energy regime we get a one-to-one identification of

the complexified (large volume) Kahler parameters t* of the / + 1 rational

curves P} with the physical parameters m?/p?

K 1 . _iky log (m log ()
t o~ -b)+0 =—=|=]=
2mi Pi(’w )+0(e ) 2mi \ p? 2mi

fork=1,...,/1+1. 18




The mirror picture for the Banana geometry and the [-class

A powerful application of the geometric realization ch_'l is the
T-class formalism. It relates the Frobenius Q-basis of solutions at
the point of maximal unipotent monodromy (MUM) to an integral
Z-basis of solutions to the PFI.

Let /, an index set of order |/,| = p and define the Frobenius basis
at the MUM point:

1 yeens] a
Siyk(z) = Griypl Z K/(lp),k P wo(z) log(z;) - - - log(z;,) + O(2") .
L

Here |S(,)(2)| denotes the total number of solutions which are of leading order

p in log(z;) and )" are intersection numbers of the mirror W<,

19



The mirror picture for the Banana and the [-class

In particular, the Kihler parameters t are given by the mirror map

k- k@ _ 1 Tk(2)
tl2) = Soyo(z)  2mi (l Bla) + WO(Z)>’

for k=1,..., 1Y (W,) = h"~11(M,). Homological mirror
symmetry predicts then the relevant maximal cut integral

S=S""H)N(T=T"1H =1

Ns(t(2)) = /W &t F(TWi_y) + O(e ) )

20



The mirror picture for the Banana geometry and the [-class

An extension also yields the full Feynman integral
hofz.0) = [ T (TF)+O(e™) ©
Fi

Here the extended T-class is given by

- _ATF) Tl -a)
Fe(TF) = F2(7F) ~ it a) cos(mey) .

By comparing the powers of tk ~ log(zx) on both sides of (2),(3)
using the mirror map these formulas determine uniquely the exact
boundary conditions for the integrals in terms of topological
intersection calculations on Wﬂl or the Fano variety F; and the
Frobenius basis for the banana graph [2].

21



The mirror picture for the Banana and the [-class

Let us give an example for /; 1(p, m, D = 2) up to five loops

AW N R~

S0),1
—2mi

18¢(2)
—16¢(3) + 24im¢(2)
—450¢(4) — 80iw((3)

—288¢(5) + 1440¢(2)¢(3)—
540i7¢(4)

S).1

67
—72¢(2)
80¢(3) — 120mic¢(2)

2700¢ (4)+
480im¢(3)

S@).1 5@).1 S(a).1
—127i
180¢(2) 207i
—240¢(3)+ .
360m7¢(2) —360¢(2)  —30mi

22



The analytic structure of the Banana integral and results

Roadmap to the physical moduli space

s=1/te MaMiy) =P\ (U (it} U 0))

MUM pt. conifold conifold

23



Analytic Results

The banana integrals J,(ﬁ) for | = 2,3,4 (blue, orange, green) and ¢ order
n=0,1,2 (upper, middle and lower panels) against 1/t.The solid: real part,

dashed lines: imaginary part.
24



Master Integrals and integration by parts relations

Consider |-loop Feynman integrals in general dimensions D € R
of the form

D P
LxD) = [ [[S2 ]2 (4)

D; = qf — mj2 +i-0forj=1,...,p are the propagators, g; is the
jth momenta through D;, mf € R, are masses, i -0 indicates the
choice of contour/branchcut in C. Subject to momentum
conservation the g; are linear in the external momenta p, ..., pg,
Z,E:j p;j = 0 and the loop momenta k,. We defined ¢ := 2-D

2

25



Master Integrals and integration by parts relations

The Feynman integral depends besides D on dot products of p;

and the masses mJ?, written compactly in a vector

x=(x1,...,N)=(pi, - pirs mj2) and dimensional analysis of /,
shows that it depends only on the ratios of two parameters x;, we
chose
zk::ﬁ for1< k<N
XN

and label now the parameters of the integrals /, by the

dimensionless parameters z.

26



Master Integrals and integration by parts relations

The propagator exponents and D € Z span a lattice
(v, D) € ZP*L. The I,(x, D) are called master integrals.
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The propagator exponents and D € Z span a lattice
(v, D) € ZP*L. The I,(x, D) are called master integrals.

The integration by parts (IBP) identities

/ P
dPk, 0 1
/H-Dﬁk“ quDVJ =0
r=1 172 “%k j=1"J

relate the master integrals with different exponents v.
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Master Integrals and integration by parts relations

The propagator exponents and D € Z span a lattice
(v, D) € ZP*L. The I,(x, D) are called master integrals.

The integration by parts (IBP) identities

/ P
dPk, 0 1
/H-Dﬁk“ quDVJ =0
r=1 172 “%k j=1"J

relate the master integrals with different exponents v.

There is a finite region in the lattice that contains all
non-vanishing master integrals. In a basis of master integrals one
can express derivatives w.r.t. the zx as a linear combination
rational coefficients by the IBP relations.
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Master Integrals and integration by parts relations

e The basis of master integrals (graph cohomology) corresponds
to the basis of the cohomology H'~(M,, Z).
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Master Integrals and integration by parts relations

e The basis of master integrals (graph cohomology) corresponds
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Master Integrals and integration by parts relations

e The basis of master integrals (graph cohomology) corresponds
to the basis of the cohomology H'~(M,, Z).

e The integration by parts relations correspond to the Griffith
reduction formula.

e A complete set of IBP relations corresponds to the complete
Picard Fuchs ideal of Gauss-Manin connection for the period
integrals.

Among the elements in the lattice Z” and, in particular, for the master integrals
one can define sectors and a semi-ordering on the latter by defining a map

v () = (0(’/]))1§j§p :

where 0 is the Heaviside step function. The semi-ordering is then defined by

with less propagators and therefore simpler topology.
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Detailed dictionary continued

6 Contributions from subtopologies Inhomogeneous extensions of the PFI
to the differential equations or the GM connection
7 (Non-)maximal cut contours (Relative) homology of CY

geometry Hp(Mp) (Hpt1(Fnt1, ont1))

8 Full banana integrals Chain integrals in CY geometry or
in D = 2 dimensions extensions of Calabi-Yau motive
9 Degenerate kinematics Critical divisors
(e.g., m? =0 or p?/m? — 0) of the moduli space
10 Large-momentum regime Point of maximal unipotent
P> m? monodromy & [-classes of W,
11 | General logarithmic degenerations Limiting mixed Hodge structure

from monodromy weight filtration
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The banana integrals as example for extensions

The banana graph has 2/*1 — 1 master integrals in / + 2 sectors:

| + 1 sectors correspond to J(v) = (1,...,1,0,1...1). These

sectors correspond all to /-loop tadpole integrals

(_1)I+1(p2)le€l
r(1+/e)

F(1+e)/ 1+1 .

-//,i(Zi E): m

h.101.1(x; D)=— j
=1
i#i

These lower sectors are all tadpoles yielding already analytic

R Y - T

& " T O RE\
Acdpdes
fodgshes

expressions.
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The banana integrals as example for extensions

Further 2/*1 — | — 2 master integrals come from the sector
) =(1,...,1), ke {0, 1}, 1 < |k| <11,

. - (71)I+1
Jio(z;€) = m

Jik(zie) =(1+2¢)---(1+ |Me)8§J/,Q(;; €).

(P 1(x;2 — 2€),

Here |k| = Zjlii k; and 8§ = [T o5 .

The latter correspond in the critical dimension, the leading order in
€ — 0 the period integrals of families of Calabi-Yau
(n=1—1)-folds.
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The banana integrals as example for extensions

Banana integrals do occur in the iterative procedure within each
more complicated Feynman diagram.

> Cohead
Condeck %
— —

= wo
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Detailed dictionary continued

12 Analytic structure and Monodromy of the CY motive
analytic continuation and its extension

13 Quadratic relations among Quadratic relations from
maximal cut integrals Griffiths transversality

14 | Special values of the integrals Reducibility of Galois action

for special values of the z; & L-function values
15 | (Generalized?) modularity of | Global O(X,Z)-monodromy, integrality
Feynman integrals of mirror map & instantons expansion
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Momentum space

I=2,d=2

i / d’x1d’x / d’xdx
’ X1 — aol[x1 — arf[x — a2f|x — xellx2 — as][x2 — as[[x2 — as]
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Momentum space Position space
al an
ao as
as ag

. d
i / d’x1d’x - / d’xdx
L2 \X1—30HX1—81HX1—32HX1—X2HX2—a3||X2—a4||X2—35| N /P(Z)IB(Z)
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Momentum space Position space
al an
ao as
as ag

, D=
i / d’x1d’x - / d’xdx
L2 \X1—30HX1—81HX1—32HX1—X2HX2—a3||X2—a4||X2—35| N /P(Z)IB(Z)
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Consider more generally in the momentum space of a QFT with a
four vertex interaction an /-loop multibox graph fmm made of m
rows and n columns of boxes together with its dual dual graph
['h,m in the positions space

Momentum space

Figure 1: The 6-loop net graph f2,3 in the momentum space (blue) and
the dual graph 23 in position space (red) a 2n + 2m correlator.
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Consider more generally in the momentum space of a QFT with a
four vertex interaction an /-loop multibox graph fmm made of m
rows and n columns of boxes together with its dual dual graph
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Momentum space Position space

ay a a3

x1 x2 x3

Figure 1: The 6-loop net graph f2,3 in the momentum space (blue) and
the dual graph 23 in position space (red) a 2n + 2m correlator.
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Note associate to each a coordinate x;, 1 = 1, ..., / that has to be

integrated over, while the a; are external coordinates.

37



Note associate to each a coordinate x;, 1 = 1, ..., / that has to be
integrated over, while the a; are external coordinates.  The

propagators in the position space are
Py =1/(( = %+ M Pia =1/((5 — 2)* + m?Y, (5)

where m; is the propagator mass and \ is a propagator weight and
we distinguished for latter use outer inner and outer propagators.
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Note associate to each a coordinate x;, 1 = 1, ..., / that has to be
integrated over, while the a; are external coordinates.  The

propagators in the position space are
Pj=1/((x —x)> + mi),  Pia=1/((xi —aa)> + mi)*, (5)
where m; is the propagator mass and \ is a propagator weight and
we distinguished for latter use outer inner and outer propagators.
For D=2, A =1/2 and in this case one complex coordinates and
write x> = xX so that the propagators become
P,-jzl/\x,-—le, P,-azl/\x,-—aa] .

The Feynman integral for a (m, n) net becomes a real quantity
|du? = Al dx; A d%

on= (T2 T1 P

int ext
edges edges
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In D = 2 we can use the conformal symmetry PSL(2,C) to set 3 a,
to 0,1,00. We label the remaining r = 2m + 2n — 3 cross ratios by
Zi,...,2z,. A particular simple one parameter sub slice of the

position space by the fishnet graphs

X1 X2 X3
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Claim 1: To each graph I',,,, we can associate a Calabi-Yau variety
W(mn) whose periods determine /p, ;.
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Indeed, let / = mn and P;; 2= (x; — x;) and P;.2 = (% — aa)
inverses of a holomorph|c version of the propagators. The I-fold
W(mn) is defined as the double covering of B = (P!)/ branched at

=11 7;° 1l P2 = P(x.u) .
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Claim 2: Each W(™n) gives rise to a Calabi-Yau motive with
integer symmetry (/ even) or antisymmetric (/ odd) intersection
form X, a point of maximal unipotent monodromy and a period
vector MN(z) = [ Q with [; € H(W(™"),Z).
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Claim 2: Each W(™n) gives rise to a Calabi-Yau motive with
integer symmetry (/ even) or antisymmetric (/ odd) intersection
form X, a point of maximal unipotent monodromy and a period
vector MN(z) = [ Q with T; € H(W(™",Z). The Feynman
amplitude is given near the Mum points by the quantum volume of

the mirror
Imn = i"NTEN = e~ K& — vol, (M)
and globally by analytic continuation of the periods. Here M(™")

is the mirror of W/(mn),
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Claim 3: There exist an integrable conformal fishnet theories
(CENT) developed first (Giirdogan, Kazakov 2015) as deformation
of N =4 SU(N.) SYM theory. Let X,Z be SU(N.) matrix fields
then the Lagrangian is

Ley = Netr (=9,X0™uX — 0,20™uZ + £>XZX2)

Each I, , integral is an amplitude in the CFNT, i.e. I »(z) has to

be single valued i.e. a Bloch Wigner dilogarithm or in the D = 2

case e_K.

W,(l’m+m) etc.
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Claim 3: There exist an integrable conformal fishnet theories
(CENT) developed first (Giirdogan, Kazakov 2015) as deformation
of N =4 SU(N.) SYM theory. Let X,Z be SU(N.) matrix fields

then the Lagrangian is
Len = Netr (—9,X0MuX — 0,Z0MuZ + £2XZX2)

Each I, , integral is an amplitude in the CFNT, i.e. I »(z) has to
be single valued i.e. a Bloch Wigner dilogarithm or in the D = 2

case e_K.

The factorisation of the amplitudes of the integrable system
subject to the Yang-Baxter relations imply many non-trivial
relations for he periods of the W(™") E.g we the one parameter
specialisation the periods of W("™) are (m x m) minors of the

periods W,(l’m+m) etc.
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Claim 4: The conformal Yangian generated by the algebra

Pjy _ —ia.l;j, Kjf‘ = —2iaj.i(a}’83j,y + Aj)+ iaj?(‘?éf.
v . v v /
L =i(a05 —a/05), D =—i(30a),
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Claim 4: The conformal Yangian generated by the algebra

Pl = —idh, Ki' = —2ia(a 0y + D)) + ia}0s,
LY =i(@oy, —ady), Dy = —i(ad0s,),

in differentials w.r.t. to the external position, generates together
with the permutation symmetries of the latter a differential ideal
that annihilates the I, ,(z) and is equivalent to the Picard-Fuchs
differential ideal that describes the variation of the Hodge
structure in the middle cohomology of Mém’") and annihilated the

periods of €.
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Conclusion and Outlook
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