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1. Cosmological phase transitions

Field theory is able to describe metastable situations and different phases of our cosmo-

logical history including First-order phase transitions (FOPTs)
[Bruggisser et al., 2018], [Gould et al., 2019]
[Dorsch et al., 2017], [Barger et al., 2008],
[Kozaczuk, 2015], [Breitbach et al., 2019],
[Cline and Lemieux, 1997]

Although we know now the EW phase transition is not first-order several BSM models fea-

ture a FOPT. They are appealing for their gravitational waves (GWs) or CMB signatures.

In a FOPT generically

• Energetically forbidden regions are accessed

through quantum tunneling.

• Probabilities of occurrence are exponentially

suppressed.
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2. How is true vacuum produced?
[Coleman, 1977]
[Callan and Coleman, 1977]Bubble nucleation

A non-homogeneous background called the bounce, ϕb(r), interpolates between minima and

describes bubble nucleation. Tachyonic regions and gradient effects are not well described by

a Coleman-Weinberg potential and new methods must be sought.

False 

Vacuum 

True 

Vacuum

ϕ+

ϕ−

Gradients play a role in tunneling situations, which most treatments do not account for.

Different cases such as other geometries, EW phase transition and scale invariant potentials,

coupling to gravity, etc. have been treated

[Baacke, 1990],
[Baacke and Junker, 1994],
[Sürig, 1998],
[Garbrecht and Millington, 2017],
[Ai et al., 2018],[Ai et al., 2020],
[Andreassen et al., 2017].
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3.The Vanilla Decay Rate
The ground state [Coleman, 1977]

[Callan and Coleman, 1977]

Denote the constant field configuration corresponding to the false vacuum by ϕ−.

The vacuum-to-vacuum transition amplitude

⟨ϕ−|e−HT/ℏ|ϕ−⟩ = ∑
n

e−EnT/h̄ ⟨ϕ−|n⟩⟨n|ϕ−⟩ ∼ e−E0T/h̄⟨ϕ−|0⟩⟨0|ϕ−⟩

projects out the lowest energy state at large imaginary times.

The Semi-classical approach: lowest order

Such amplitude can also be written in terms of the partition function

⟨ϕ−|e−HT/ℏ|ϕ−⟩ = Z [0] = N
∫

Dφe−SE [φ ] ∼ e−SE(ϕb).

The energy of the ground state may have an imaginary part which relates to the decay rate

Γdecay

V
= 2 lim

V ,T→∞

ImZ [0]
VT

= 2 lim
V ,T→∞

|K |e
−SE(ϕb)/h̄

VT
.
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4.The Decay Rate (with some steroids)
First amendment: higher loop corrections

Γ(1)[φ (0+1)] = S[φ (0+1)]+
h̄
2
log

detG−1(φ (0+1))

detG−1(φ−)
= SE[φ

(0)]+B(1)+B(2)+O(φ (1)2)

B(1) ≡ h̄
2
log

detG−1(φ (0))

detG−1(φ−)
,

B(2) ≡ h̄2

2

∫
φ
(1)(x)

δ

δφ (x)
log

detG−1(φ )

detG−1(φ−)

∣∣∣∣
φ=φ (0)

.

Second amendment: curved geometry

SE =
∫

d4x
√−g

[
1
2

gµν
∂µφ∂νφ +V (φ )

]
,

where

ds2 = dτ
2+

1
H2 sin

2(Hτ)dΩ2
3,
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5. The simplest model on de Sitter
Fix the background by ignoring any backreaction and study a metastability present at

tree-level using a tilted Mexican hat potential, with φ (0) ≡ ϕb(x). [Dunne and Min, 2005]

V (φ ) = V0−
m2

2
ϕ

2− b
3!

ϕ
3+

λ

4!
ϕ

4 = V0+βH2v2
(
−1

2
φ

2− b
3

φ
3+

1
4

φ
4
)

R

z⊥zk Planar-wall (3 + 1 Decomposition): Lifted

Fourier transform the tangential directions to the bub-

ble wall. Leading to a continuum approximation of the

Green’s functions.

Thin-wall approximation: Lifted

Wide and small barriers allow the friction term to be ne-

glected and compute bounces analytically for some po-

tentials.
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6. Functional determinants via Gel’fand-Yaglom

For Φ solving the Jacobi eigenvalue equation for eigenvalue 0

Φ̈+3
ȧ
a
Φ̇−

[
V ′′(φ (0))+

ℓ(ℓ+2)
a2

]
Φ = 0, Φ(0) = 0, Φ′(0) = 1.

For a fixed value of ℓ we have

T (ℓ)(τ) :=
Φ(ℓ)(τ)

Φ
(ℓ)
− (τ)

=⇒ T (ℓ)(τf ) =
det′G−1

b,ℓ (τ,τ
′)

detG−1
−,ℓ(τ,τ

′)

[Gel’fand and Yaglom, 1960]

The full determinant is obtained by summing over ℓ≥ 2, the results for T (ℓ)(τf )

ln
det′G−1

b (x ,y)

detG−1
− (x ,y)

= tr′ log
G−1

b (x ,y)

G−1
− (x ,y)

=
∞

∑
ℓ=2

(ℓ+1)2 lnT (ℓ)(τf ),

omitting sectors with negative or zero modes.
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7. Functional determinants via resolvent
We deform the operator through an auxiliary parameter s.

[Baacke and Junker, 1994].

Given a differential operator G−1
• then its deformation is G−1

•s
= G−1

• +s.

A Green’s function for G−1 has spectral decomposition G(x ,y) = ∑n
Φn(x)Φ∗

n(y)
λn

then the the deformed operator is G•s(x ,y) = ∑n
Φ∗

n(y)Φn(x)
λn+s and

log
detG−1

ϕ (x ,y)

detG−1
χ (x ,y)

=−
∫

∞

0
ds

∫
d4x

(
Gϕs(x ,x)−Gχs(x ,x)

)

Without planar wall approx. we have the analytical expression:

1
2
log

det′G−1
b (x ,y)

detG−1
− (x ,y)

=−1
2

∞

∑
ℓ=2

(ℓ+1)2
∫

π/H

0
dτ

∫
∞

0
ds

(
Gb(ℓ,s)(τ,τ)−G−(ℓ,s)(τ,τ)

)
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8. Beyond with the Green’s functions method
[Garbrecht and Millington, 2015],

[Garbrecht and Millington, 2017]1. Obtain the vacua-interpolating background, ϕb, the bounce.

2. Solve for tree-level Green’s functions for the fluctuation operator

δ 2S
δΦ(x)δΦ(z)

∣∣∣∣
φ=ϕb

Gb(z,y) = δ
(4)(x −y).

3. Compute the “logdet” terms from the 1-PI effective action Γ(1)[ϕb].

4. The tadpole function for a field φ on the background ϕb,

Π(ϕb;x)ϕb(x) =
δ

δϕ(x)
log

detG−1
ϕ(x)(x ,y)

detG−1
− (x ,y)

∣∣∣∣
ϕb

gives the corrections to the bounce, δϕ , according to

−∂
2
z δϕ(x)+U ′(ϕb(x)+δϕ(x))+ℏΠ(ϕb;x)ϕb(x) = 0

5. Substituting δϕ back into the action yields quadratic corrections to the decay rate.
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9. Renormalization
Counterterms for the theory are found through homogeneous terms coming from CW

analogue computations

lim
τ ′→τ

Ghom
b(ℓ,s)

(τ,τ ′) =
(ℓ+1)2

2
√
ℓ(ℓ+2)csc2(Hτ)+V ′′(φ (0)(τ))+s

,

1
2
log

det′G−1
hom(x ,y)

detG−1
hom(x ,y)

=−1
2

∞

∑
ℓ=2

(ℓ+1)2
∫

π/H

0
dτ

[
a−3(τ)

√
ℓ(ℓ+2)csc2(Hτ)+V ′′(φ (0)(τ))

−a−3(τ)
√
ℓ(ℓ+2)csc2(Hτ)+V ′′(φ−)(τ)

]

The same divergences from the flat case are found and are extracted using the following

expression approximating the functional determinant:

1
2
log

detG−1
b,ℓ (τ,τ

′)

detG−1
−,ℓ(τ,τ

′)
=

1
2

∞

∑
ℓ=2

(ℓ+1)2
[

α

ℓ+1
+

γ

(ℓ+1)3
+O

(
(ℓ+1)−5)

]
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10. Results

Computing T (τf ) for 120 values of ℓ shows agreement with the
WKB approximation.

w�

0 20 40 60 80 100 120
ℓmax

−160

−140

−120

−100

−80

−60

−40

0 20 40 60 80 100 120
ℓ

−6

−5

−4

−3

−2

−1

0

1

ln
( T

(ℓ
)
(τ

f
))

α
ℓ+1

α
ℓ+1

+ γ

(ℓ+1)3

Partial sums approximate the functional determinant
~w

in the limit, but suffer noise for high ℓ’s.

Contribution Value

S0 620

B(1)hom -169

B(1)GY -164

B(1)GF -158

%GY 3.0%

%GF 6.5%

Come from gradients
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11. Conclusions and Outlook
• The exponential terms for the decay rate for a scalar model on a curved de Sitter

background have been computed accounting for corrections coming from exact

1-loop corrections.

• We have extended the numerical treatment applied in flat spacetime in order two

compute functional determinants in two independent ways: Gelfand-Yaglom and

Resolvent method. �/Stephan-Brandt/false-vacuum-decay-desitter

• Using WKB we are able to regularize the divergences and obtain curved

homogeneous Green’s functions.

• We have lifted assumptions regarding the thickness of the transition region.

Ongoing

• Exploring the possible FOTPs and the process of bubble in

BSM/Cosmology models together with their possible GW signatures.

[Niedermann and Sloth, 2020],

[Cruz et al., 2022]
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Backup slides
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A.1. The bounce

The field configuration ϕb(r) is obtained from the
classical e.o.m. by looking at O(4) invariant solu-
tions connecting the minima.

In a thin wall approximation the dissipative term is
ignored, with r2 = x2+x2

4 one has:

−d2ϕ

dτ2 − 3H
tan(Hτ)

dϕ

dτ
+V ′(ϕb) = 0,

we expand in Hyper-spherical harmonics’ and
avoid neglecting any angular momentum sector.

We perform a semi-classical expansion for the theory by expanding around ϕb, e.g. making the
substitution:

φ
(0+1) = ϕb +δφ .

Juan S. Cruz | CP3-Origins, Odense | 2022 DESY Theory Workshop “Higgs, Flavour and Beyond” | arXiv[hep]: 2205.10136 14

https://arxiv.org/abs/2205.10136


CP3-Origins

Det Naturvidenskabelige Fakultet

University of Southern Denmark

A.2. Regime of validity

In curved spacetime we are

V (φ) = V0+ V̄ (φ)

Between the minima we have that V̄ ∼ m4 while the expansion parameter is estimated by the
Friedmann equations to be H2 ∼ V0/M2

Pl

H4

V̄
∼ V 2

0

(mMPl)4

the ratio above can be large if the following relation holds

V0

M4
Pl
≳

m4

V0

so that the expansion effects may be still relevant without leaving the de Sitter approximation.
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A.3. Extracting the negative- and zero- modes

A negative mode contributes an imaginary part and allows for the tunneling interpretation, we

verify this mode exists and compute numerically a value of

λ0 =−2.71191,

which is expected in tunneling scenarios.

The fluctuation operator does not seem to contain 0 modes. We suspect symmetry is broken

by fixing the metric, their value may have been shifted to non-zero.

Functional determinants require these to be extracted such 0 modes, we do not have a prove

of non-existence so we do not include the sector ℓ = 1 where the zero-modes are expected.

The determinants that appear in the presentation do not include the corresponding pre-factors

via integration of their collective coordinate.
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A.4. Details on Green’s functions
Example of the Green’s functions obtained for a fixed angular momentum sector (left).

Out[ ]=
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0.06

0.08
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110000 115000 120000 125000 130000

-0.044
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-0.036

The deformed Green’s functions can easily be extrapolated (right) at higher values of ℓ, when the
behave almost identically to the false vacuum reference.
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A.5. Results of higher-order corrections
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Gradient effects on the tadpole functions: dashed curves represent the homogeneous result, while the
solid lines include gradient corrections. (Left) unrenormalized (Right) after renormalization.
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