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N =4 SYM

Just a fast introduction to A/ = 4 SYM:

Lie algebra fields parameters Lagrangian Mink4 4-form
— | ——
[ » o JE— ’—/A
N =48SYM" = g:5U(N),A,¢,)\,Q,Z),gYM,TYM, $N=4

> su(N') gauge theory with matter
> psu(2,2|4) invariant

> superconformal at the quantum level [Sohnius and West, 1981] [Seiberg, 1988]
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N =4 SYM
Just a fast introduction to A/ = 4 SYM:

Lagrangian Mink4 4-form

LN=4

Lie algebra fields parameters

—— N
“N:4SYM”E QE5U(N),A,¢,)\,ZZ),QYM,TYM,

> su(N') gauge theory with matter

> psu(2,2|4) invariant
> superconformal at the quantum level [Sohnius and West, 1981] [Seiberg, 1988]

Solve the theory? ({¥M (z)})

DESY. | Hexagonalization of WL | Davide Lai | Hamburg, 29.09.2022

Page 2


http://creativecommons.org/licenses/by/4.0/

N = 4 SYM Dynamics

> Use the conformal algebra so(2, 4) to constrain the correlation functions

(0i(x) 05(y) ox duy ™', (Oi() O5(y) Ok(2)) X ——x—=—= ng_ﬁ, A TA A ()
d:cy ! dyzj dzm /
Data of the theory
‘N =48YM” = {A,,Ci;i} (3)

where D e O; = A;O;
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N = 4 SYM Dynamics

> Consider the planar limit ['t Hooft, 1974]
Let A/ = 4 SYM be the theory defined above. We call planar limit of the theory the

following:
N — o0, gYym — (0] (4)

A = gy N finite
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N = 4 SYM Dynamics

> Consider the planar limit ['t Hooft, 1974]
Let A/ = 4 SYM be the theory defined above. We call planar limit of the theory the

following:
N — o0, gYym — (0] (4)

A = gy N finite
1
GM (2) =) ~Im(A) = “genus m” diagrams
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N = 4 SYM Dynamics

We focus on m = 0 (strictly “planar”) [Beisert et al., 2010]
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Integrable 2PFs

For A, we have nice news [Beisert, 2005]:

trivial “one-loop” anom. dimensions
~~
DeO = |TW+ r® +...|e0=

AYO +Hpsu ® O+ ...

The dynamics of the spin chain is encoded in a
2-particle S-matrix, Sgeisert
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(ZZWZW ZZW ZZW) =

W = “magnon”
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Integrable 3PFs

What about C;;;,?

Thanks to the AdS/CFT correspondence
[Maldacena, 1997], [Gubser, Klebanov, Polyakov,
1998], [Witten, 1998] we have naturally a string
dual to three-point functions:
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Figure: Classical “pair of pants”

Page 7


http://creativecommons.org/licenses/by/4.0/

Integrable 3PFs

In our setting (AdS/CFT/Spin chains) we can
see the 3PF as the observable describing the
scattering of three spin chains, each with its
own excitations (“magnons”) that can
propagate.
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Figure: We attach a spin chain on

every operator
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Integrable 3PFs

In our setting (AdS/CFT/Spin chains) we can
see the 3PF as the observable describing the
scattering of three spin chains, each with its
own excitations (“magnons”) that can
propagate.

The so-called BKV prescription [Basso, Komatsu,
Vieira, 2015] consists in the cutting of the world-
sheet in two hexagonal patches

Figure: BKV cutting of the worldsheet
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Integrable 3PFs

In our setting (AdS/CFT/Spin chains) we can
see the 3PF as the observable describing the
scattering of three spin chains, each with its
own excitations (“magnons”) that can
propagate.

The so-called BKV prescription [Basso, Komatsu,
Vieira, 2015] consists in the cutting of the world-
sheet in two hexagonal patches

psu(2,2)2 — psu(2, 2)diag ~ psu(2,2)  (5) Figure: BKV cutting of the worldsheet
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Integrable 3PFs

How can we reconstruct the structure constant?

> We have a “real”’, physical set of excitations of the a single spin chain, that we can
group as a bi-partition (o, @)

BKV Conjecture

Cijp = X > wle,a)r AR (e)

B {a},{@} partitions
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Integrable 3PFs

How can we reconstruct the structure constant?

> We have a set /7 of “mirror”, virtual excitations arising from the cutting/gluing
procedure

BKV Conjecture

=Y X wle@HEHEY (@)

B {a},{a} partitions
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Integrable 3PFs

The central takehome message here is that: Let h1h1-AnAN pe the creation amplitude for N
“tesselation” magnons. on a single hexagon edge.
Cijk & ) = We have:
of a Riemann surface

product of “bootstrapable” b* AN = Crormion Caynamic (AN ... A1|Saeisert|A1 . . . An)
hexagonal form factors

page 11

DESY. | Hexagonalization of WL | Davide Lai | Hamburg, 29.09.2022


http://creativecommons.org/licenses/by/4.0/

Wilson Loops

Question [Kim, Kiryu, 2018]: can we
extend the hexagon procedure to an
open string setting?
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Wilson Loops

Question [Kim, Kiryu, 2018]: can we
extend the hexagon procedure to an
open string setting?

We can consider an open string
worldsheet ending on JAdS5 ~ Minky
describing a loop C (dual to a Wilson
loop, [Maldacena, 1998])

®
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Wilson Loops

Question [Kim, Kiryu, 2018]: can we

extend the hexagon procedure to an Definition
open string setting? Let C C Minky a closed path. Considering the

space of fields of N' = 4 SYM, we define as

. . 1/2-BPS Wilson loop the following quantity:
We can consider an open string / 2 9¢ i

worldsheet ending on OAdS; ~ Minky WC] = Pexp (7{ WA-ds+ - ﬁ|ds|)
describing a loop C (dual to a Wilson Ve ‘ (8)
loop, [Maldacena, 1998]) ¢-Ri=¢6,°=0"

®
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Correlation Functions Hexagons Hexagons and WLs Backup
00000 o]

00000 0®00000

Wilson Loops

We know [Okamura, Takayama, Yoshida, 2005],
[Drukker, Kawamoto, 2006] that Wilson loop’s
correlators admit an open spin chain
representation!

©_ O
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Wilson Loops

What is the translation of BKV cutting in the
open string setting?

We have three edges that are physical (end of
the OS) and three edges that are associated to
the propagation of the OS.

®
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Correlation Functions Hexagons Hexagons and WLs Backup
00000 00000 0@00000 o]

Wilson Loops

(open) cutting = |B)-contraction

®
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Wilson Loops

BKV Conjecture revisited [Kim, Kiryu, 2017], [Kiryu,

Komatsu, 2018] / gPs \
8>
13>

= = 1 t ot
|B) = zk:bk [vr) = exp(2 /K(q) al a,q) 10) Qe )
c®Fs) — ibalb32bﬂsﬂ{ﬁ}
- 1%y

where ¢ is the mirror momentum and K(q) is the analitically continued
reflection matrix (R)

®
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Wilson Loops

BKV Conjecture revisited [Kim, Kiryu, 20171, [Kiryu,

Komatsu, 2018]

wo= Yonbabs Y

B {at},{a} partitions
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R here!

e .
wﬁe(a"’,a_)?-l{a a2 2l

7\

1%
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Wilson Loops

> [Cavaglia, Gromov, Levkovich-Maslyuk,
2018] analysed a three-cusped Wilson loop
in the Q-functions framework (see [Gromov,
Kazakov, Leurent, Volin, 2013]),
encountering massive simplifications

®
DESY. | Hexagonalization of WL | Davide Lai | Hamburg, 29.09.2022 Page 15


http://creativecommons.org/licenses/by/4.0/

Wilson Loops

> [Cavaglia, Gromov, Levkovich-Maslyuk,
2018] analysed a three-cusped Wilson loop
in the Q-functions framework (see [Gromoyv,
Kazakov, Leurent, Volin, 2013]),
encountering massive simplifications

Definition
Let {0; ; ¢:} be the internal and physical angles

defining the cusp and g = ¥2 the 't Hooft
coupling. We define as ladder limit the

following:
0; — 100, g — 0
gi = ge—wm finite
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Wilson Loops

Learn from [Correa, Maldacena, Sever,

2012], [Drukker, 2012]

> Consider a Wilson loop with one
insertion W[Tr (Z%) (0)], in the large
L limit: this form an open spin
chain vacuum

> Fix the R matrix

> “Open-closed string duality”
(space-time flip to the mirror theory):

boundary condition — |B)

®
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Wilson Loops

Learn from [Correa, Maldacena, Sever, R=R, (P)SBeisert
2012], [Drukker, 2012]

> Consider a Wilson loop with one
insertion W[Tr (Z%) (0)], in the large
L limit: this form an open spin
chain vacuum

> Fix the R matrix

> “Open-closed string duality”
(space-time flip to the mirror theory):

boundary condition — |B)

®
DESY. | Hexagonalization of WL | Davide Lai | Hamburg, 29.09.2022 Page 16


http://creativecommons.org/licenses/by/4.0/

Wilson Loops

Learn from [Correa, Maldacena, Sever,

2012], [Drukker, 2012]

> Consider a Wilson loop with one
insertion W[Tr (Z%) (0)], in the large
L limit: this form an open spin
chain vacuum

> Fix the R matrix

> “Open-closed string duality”

(space-time flip to the mirror theory):

boundary condition — |B)
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B 1 1+ (x7)? 5
R = o, —p) T+ (@T)2 Berer

op(p) = ex@)=x(@")

_[dz 1 sinh(2mg(z + 1))
x(@) = lo < 2rg(z + 1) )
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Wilson Loops

Learn from [Correa, Maldacena, Sever,

2012], [Drukker, 2012]

> Consider a Wilson loop with one
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B 1 1+ (x7)? 5
R = o, —p) T+ (@T)2 Berer

op(p) = ex@)=x(@")

_[dz 1 sinh(2mg(z + 1))
x(@) = lo < 2rg(z + 1) )

. . o AB . .
KABCD(q) _ (R 1(zi)) EFCEFCD
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Wilson Loops

Learn from [Correa, Maldacena, Sever,

2012], [Drukker, 2012]

> Consider a Wilson loop with one
insertion W[Tr (Z%) (0)], in the large
L limit: this form an open spin
chain vacuum

> Fix the R matrix

> “Open-closed string duality”
(space-time flip to the mirror theory):

boundary condition — |B)
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Wilson Loops

Learn from [Correa, Maldacena, Sever, ) )
2012], [Drukker, 2012] m = Diag <e’ e " ,e“‘s,e_"z’)
> At this point introduce two cusp

angles {6, ¢} that rotate one of the
two boundary

> Compute the ground state energy
trough TBA ansatz ([Yang, Yang, 1969],
[Zamolodchikov, 1990], [Dorey, Tateo,
1996], ...)

> Take the L — 0 limit to get the cusp
anomalous dimension

®
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Wilson Loops

In the three-cusped Wilson loop, we have three
different boundary states |B), = B(6;, ¢:), each
one specified by K(g, 6;, ¢;) of [Correa,
Maldacena, Sever, 2012], [Drukker, 2012]
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Wilson Loops

In the three-cusped Wilson loop, we have three
different boundary states |B), = B(6;, ¢:), each
one specified by K(g, 6;, ¢;) of [Correa,
Maldacena, Sever, 2012], [Drukker, 2012]

Point of view of [Kim, Kiryu, Komatsu,
Nishimura, 2017]: no local operators, structure
constant of boundary changing operators
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Wilson Loops

In the three-cusped Wilson loop, we have three

different boundary states |B), = B(6;, ¢:), each @

one specified by K(g, 6;, ¢;) of [Correa,

Maldacena, Sever, 2012], [Drukker, 2012] 85 g
>

Point of view of [Kim, Kiryu, Komatsu,
Nishimura, 2017]: no local operators, structure
constant of boundary changing operators

PURE MIRROR THEORY!

%>
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Perspectives

Some starting point:

> The [Cavaglia, Gromov, Levkovich-Maslyuk,
2018] results are obtained in the ladder limit

> The QSC perspectives underlined a
profound difference between C*°° (and its
generalization C**°) and C***®

®
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Perspectives

Some starting point: Some interesting features of the
hexagon approach:
> The [Cavaglia, Gromov, Levkovich-Maslyuk, [1 The hexagon computations does not rely
2018] results are obtained in the ladder limit from the beginning on this limit

> The QSC perspectives underlined a
profound difference between C*°° (and its
generalization C**°) and C***®

®
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Perspectives

Some starting point: Some interesting features of the
hexagon approach:

> The [Cavaglia, Gromov, Levkovich-Maslyuk, [J The hexagon computations does not rely
2018] results are obtained in the ladder limit from the beginning on this limit

> The QSC perspectives underlined a [J From the hexagon point of view, turning one,
profound difference between C*°° (and its two or three g; is not a profound change
generalization C**°)and C*°° (some effects have (2) to appear in the

resummation)
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Thank you!

Contact

Deutsches Elektronen- Davide Lai

Synchrotron DESY 0000-0002-9294-3908
DESY Theory Group

www.desy.de
davide.lai@desy.de
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Gauge theory

SYM (i)

> Gauge theory
(g =Lie(G),(-,-), “(Gauge)fields” A= o (P), withm4) : P— M
> ... with some matter
- X |lso(X)=G, “Fields’ ¢ =0 (P xgX),with7s : PxgX — M

- “Potential’=V : X — R, G-invariant map
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Gauge theory

SYM (ii)

... that is also Super!

> We can introduce “dual fields”:
- Dual(A) =X =0 (P x¢ (g ® IIF?))

- Dual (¢) = o (¢* (P x¢ (TX ®p IIF?)))
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Gauge theory

SYM (i)

With these ingredients we can construct a supersymmetric lagrangian:

1 _
7 = {—QIFAF +(dad, dao) — ¢*llgradW || — 20| ul” +fermions} )

V= WP+ 2|uf?

®
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Gauge theory

N =4 SYM (i)

We specialize to:

Lie algebra fields parameters Lagrangian Mink,4 4-form
“ ” /_JA
N:4SYM = QEEU(N),A,QS,)\,QXJ,QYM,TYM, $N=4 (10)

Liec.Zyv—4 (With £ € psu(2,24)) is d-exact
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Gauge theory

N = 4 SYM (i)

integral measure over the field space

Lie algebra fields
‘N =48SYM" = | g=su(N),A, ¢\, Up = I I Dfield

fields

(11)

ghost fields parameters (quantum) Lagrangian Minky 4-form

—_— ~
b,... ,gym, TYM, $N24

Liecup = 0 (with £ € psu(2,2[4))

®
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Planar limit

Planar Limit

> Consider the planar limit ['t Hooft, 1974]
M (@) =Y Y )M € R[N~
TG N "N

1 . . .
- gM ()= W%(A) where we interpret ¢,() as the sum of all the correlation functions
4
associated the Feynman diagrams that can be drawn on a genus / surface

®
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Planar limit
Planar Limit
If we identify gstring = N ', we have

GM (1) = Ghtingm () (12)

string theory partition function

We are dealing with free strings in a curved Zstrings (@, Blop = B0l =
background! generator of connected CFT correlators
This is just one example of the celebrated (exp(=go - O))ceronm

AdS/CFT duality [Maldacena, 1997], [Gubser,
Klebanov and Polyakov, 1998], [Witten, 1998]

®
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Integrable Spin chains in N” = 4 SYM

Planar ' = 4 SYM and Integrability

For /= 0, M = 2 we have:

0= H Tr | [[ D’Field; (13)
i=1

J
trivial, from dimensional analysis  “one-loop” anomalous dimensions
~ =
DeO = r© + r® +...|e0=

AYO + Hyey ® O+ ...

®
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Integrable Spin chains in N” = 4 SYM

Planar ' = 4 SYM and Integrability

Theorem [Minahan and Zarembo, 2002]

Let O be a single-trace operator of the (ZZWZIW ZZW ZZW) =

following form:
N\

Oil,...,im o<Tr(<I>Z-1 (I)zm) (15) A\
where each ® is a LC of scalar fields and v
let '™ the one-loop anomalous dimension \ v

matrix. We have:

(1) —
T =Heo (16) W = “magnon”

where H,, ) is the hamiltonian of a SO(6)
spin-chain with m sites in one dimension.

®
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Integrable Spin chains in N” = 4 SYM

Planar ' = 4 SYM and Integrability

Theorem [Minahan and Zarembo, 2002]

Let O be a single-trace operator of the
following form:

Oil ,,,,, i OX Tr (®11 A (I)zm) (15)

m

where each ® is a LC of scalar fields and
let (™) the one-loop anomalous dimension
matrix. We have:

F(l) = Hso(ﬁ) (16)

where H,, ) is the hamiltonian of a SO(6)
spin-chain with m sites in one dimension.

DESY. | Hexagonalization of WL | Davide Lai | Hamburg, 29.09.2022

The model is integrable, we have that
the whole dynamics is encoded in a
two-particle S-matrix, i.e.:

850(6) : M0d50(6) ® M0d50(6)

(17)
— MOdso(G) ® M0d50(6)

i.e. an intertwiner operator between fun-
damental modules
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Integrable Spin chains in N” = 4 SYM

Planar N’ = 4 SYM and Integrability

Let O be a single-trace operator of the following

form: [Beisert, 2005]
Oilq-n’im o Tr ((I)il (I)zm) (18)

where each @ is a LC of the whole psu(2,2|4)

multiplet and let T'™") the one-loop anomalous psu(2,2]4) —

dimension matrix. We have:
(psu(2,2))% x u(1) <

where Hgz(2,2)2 is the hamiltonian of a spin-chain
with centrally extended psi(2,2)? symmetry with m
sites in one dimension.

®
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Integrable Spin chains in N” = 4 SYM

Planar ' = 4 SYM and Integrability

(Beiser, 2005
Let O be a single-trace operator of the following
form:
07;1 ’’’’’ im OCTI'((I)Z‘1 (I)zm) (18) pﬁu(? 2|4) 5
where each @ is a LC of the whole psu(2,2|4) 9
multiplet and let T'™) the one-loop anomalous (psu(2,2))" x u(l) —
dimension matrix. We have: (psu(2,2))? x R?
1
IV = Hygus,2)2 (19) The centrally extended

where Hgz(2,2)2 is the hamiltonian of a spin-chain algebra knows about
with centrally extended psi(2,2)? symmetry with m E and g!
sites in one dimension.

®
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Integrable Spin chains in N” = 4 SYM

Planar ' = 4 SYM and Integrability

Let O be a single-trace operator of the following

form:
Oilq-n’im o Tr ((I)i1 (I)zm) (18)
[Beisert, 2005]
where each @ is a LC of the whole psu(2,2|4)
multiplet and let T'™) the one-loop anomalous Sgeisert : Mods, ® Mod,sy

dimension matrix. We have: N Modpﬁu ® Modp5u

I'Y = Hgs(z.2)2 (19)

where Hgz(2,2)2 is the hamiltonian of a spin-chain
with centrally extended psi(2,2)? symmetry with m
sites in one dimension.
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Spin chains

Wilson Loops

Fact [Drukker, Kawamoto, 2006]: Theorem [Okamura, Takayama, Yoshida,
computations of Wilson loop 2005]
deformations (or insertions) can be _

d to a spin chainl Let =4 + Lietect be the total lagrangian form
mappe P - for the dCFT coupled to AV = 4 SYM that is dual

to AdSs x S° bisected by an AdS, x S? brane.

This fact was an evidence of previous It follows that:
physical situations, when some dofs F(sb)@) — HE 4o (1 _Qv - ézv) (20)

were added to = 4 SYM ...
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Spin chains

Wilson Loops

Fact [Drukker, Kawamoto, 2006]:
computations of Wilson loop
deformations (or insertions) can be Let £y -4 be the total lagrangian form for
mapped to a spin chain! N = 4 SYM and let W[Os ... O] be the
insertion of m SU(2) local operators on a
1/2-BPS Wilson loop. It follows that:

Theorem [Drukker, Kawamoto, 2006]

... butin A/ = 4 we naturally have

. . . A~ 6 ~ 6
Wilson loops, so nothing more is T{) = e +2 (1 -Q) —-Q) ) (21)
needed:
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