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Quotation

« Monte Carlo refers to any type of techniques
that makes use of random numbers,
probabilities and statistics to solve a problem
numerically. »

Hannes JUNG




Introduction

Introduction Motivation

m MC techniques are widely used in physics:

P deal with high-dimensional problems;
> often easy to interpret at event level.

m Today we will introduce them

P first with pedagogical examples,
> then in the context of Quantum Chromodynamics (QCD).

m We will alternate slides and hands-on sessions.
Main source: QCD and MC lectures, by Hannes JuNG



https://www.desy.de/~jung/qcd-and-monte-carlo-lectures.html
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Introduction

Motivation

m MC techniques are widely used in physics:

P deal with high-dimensional problems;
> often easy to interpret at event level.

m Today we will introduce them

P first with pedagogical examples,
> then in the context of Quantum Chromodynamics (QCD).

m We will alternate slides and hands-on sessions.
Main source: QCD and MC lectures, by Hannes JuNG

Calculate the following integral:

. /Q f(u) du (1)

for aANY  (more or less smooth) function f



https://www.desy.de/~jung/qcd-and-monte-carlo-lectures.html
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Exercises

m Either in plain C++ or in Python with Jupyter notebooks

m Just follow the instructions on the GitHub repository.

Advice: work in pairs _

m Formulate your choices loudly. Question!

m Review one another. _

m Exchange ideas. Hands on!



https://github.com/connorpa/mcSchool
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Definitions

Definitions

Probability density function (p.d.f.)

The random Variable X has pdf g (non-negative, integrable, and normalised to unity) |f

b
P[agxgb]z/g(x) dz )
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Definitions

Definitions

Probability density function (p.d.f.)

The random variable X has pdf g (non-negative, integrable, and normalised to unity) if:

b
IF’[aSXSb]z/g(m) do 2)

Expectation value and variance

Given f a function of a random variable X following a p.d.f. g:

+o0
expectation value E[f] :/ f(z)g(z) dz (3)

—00

variance V[f]=E [(f —E [f])2] (4)
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Law of Large Numbers

Law of Large General form

Given realisations x; of the random variable X, for N — oo:

Nz zi) — ELf] )
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Law of Large Numbers

Law of Large General form

Given realisations x; of the random variable X, for N — oo:

N

p=—=>" flz) — E[f] (5)

2|

~.
Il
_

Simple form
If 2; = u; ~Ula,b], for N — oc:
1 o i
N oS — = [ du (6)

i=1
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Law of Large Numbers

Average dice roll by number of rolls
Law of Large 6

Numbers —— Theoretical mean
—— Observed averages

0 200 400 600 800 1000
Number of trials
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MC integration

Apply simple form of LLN

i’\r/\ltigration b—a N
I'~Iuc = — ;f(uz-) (7)
—a)?
e =V liwd = L=y g ©
_ g
= O S () - +Fc (©




Basics

MC integration

Apply simple form of LLN

i’\r/\ltigration b—a N
—a)?
e =Vitud = L= v g ©
_ g
= O S () - +Fc (©
=1

How to generate random numbers?
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Random number generator

Pseudo random generator for a uniform distribution

m Linear congruential generator (e.g. std: :rand()) to generate integer
numbers in [0, m].

Random

number Il+1 = CLIZ + C (mOd m) (10)
generator

Iy seed ¢ increment

a multiplier m modulus

m RANLUX, which may be seen as a linear congruential generator with a smart
choice of a, ¢, m, implemented in TRandom1.

m The Mersenne Twister generator, as implemented in TRandom3 or
std: :mt19937_64.
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Random number generator

Pseudo random generator for a uniform distribution

m Linear congruential generator (e.g. std: :rand()) to generate integer
numbers in [0, m].

Random

number Il+1 = CLIZ + C (mOd m) (10)
generator

Iy seed ¢ increment

a multiplier m modulus

m RANLUX, which may be seen as a linear congruential generator with a smart
choice of a, ¢, m, implemented in TRandom1.

m The Mersenne Twister generator, as implemented in TRandom3 or
std::mt19937_64.

What would be the desired properties for a good pseudo random generator?
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Random number generator

Check the correlations of numbers generated with the linear congruential

Random

BEIE A generator and with one of the TRandom classes in ROOT.

generator




Basics

Random number generator

Check the correlations of numbers generated with the linear congruential
At generator and with one of the TRandom classes in ROOT.

number
generator

Congruential Ranlux TRandom3

0 01 02 03 04 05 06 07 08 09

Xy
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Integration

Calculate the following integral with the help of MC generators:

1
Integration / 3%2 dl‘ ( 1 1 )
0

and its uncertainty for different values of .




Basics

Integration

Calculate the following integral with the help of MC generators:

1
Integration / 3332 dl‘ (1 1)
0

and its uncertainty for different values of V.

N =10%: Iyc = 1.02013 £ 0.0274001 (12)
N =10°: Iyc = 0.99945 & 0.0008942 (13)
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Gaussian generator

Central limit theorem (CLT)

Given N i.i.d. random variables X; with expected value y and variance o2, then
for N — oo, the average random variable X tends to follow a normal
distribution:

_ Il

: — 2
Gaussian XN = N ZXZ ~ N(/J,, o ) (14)

generator

i=1
p p Gaussian

samples
of size n

X

—

Xz ses Xgeee Xpaus X3

population sampling distribution
distribution of the mean




Basics

Gaussian generator

Construct a Gaussian random number

Gaussian generator with the help of the CLT and

generator

of one of the uniform pseudo random
number generators.

Reminder

For u; ~U[0,1], u = N /2 and
0? = N/12.




Basics

Gaussian generator

Construct a Gaussian random number

Gaussian generator with the help of the CLT and oot
of one of the uniform pseudo random -
number generators.

generator

Reminder 00

For u; ~U[0,1], p = N/2 and o
0? = N/12.




Basics

Importance sampling

What if f covers different orders of magnitude? or has a divergency? (e.g. 1/x)

Importance

sampling




Basics

Importance sampling

What if f covers different orders of magnitude? or has a divergency? (e.g. 1/x)

Using the general form of LLN

Consider a p.d.f. g such that the x;s populate more the region(s) of interest:

Importance

sampling b b T
[ / Fu) du = / %g(a:) dz = E E] (15)
N
:I%IMC_%Z;CEZ; (16)
N N2
oMc = % Z (ggi;) - %Ingnc (17)




Basics

Importance sampling

Generation of non-uniformly distributed random numbers

Given u; ~ U[0, 1], the sample z; are described by the p.d.f. g if:

| o@ do=u | " o) @ (18)

—00 —00

Importance

sampling
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Importance sampling

Generation of non-uniformly distributed random numbers

Given u; ~ U[0, 1], the sample z; are described by the p.d.f. g if:
x; 400
/ g(x) dx:ui/ g(x) da (18)

m Calculate the following integral (and its uncertainty) using uniformly
distributed random numbers (i.e. without importance sampling):

/0 CoE=ap (19)

.0001 x

Importance

sampling

m Then, given Eq. 18, show how to draw random numbers with g(z) ~ 1, and
repeat this integral with importance sampling.

m Compare with the exact result using the incomplete Beta function.
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Importance sampling

m With linear sampling:

N =10%: Iyc = 4.85467 & 1.23751 (20)
N =10%: Iyc = 6.90493 - 0.098539 (21)
N =10°: Iyc = 6.92964 = 0.00314253 (22)

Importance

sampling

m To draw random numbers:

Ti = Tmin (l'max) (23)

Lmin

Then with importance sampling:
N =10°: 6.93396 & 0.00992476 (24)

m Exact value: 6.92747479226
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Conclusion

Utilise elements of probability theory to calculate integrals.

Conclusion
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Conclusion

Utilise elements of probability theory to calculate integrals.

Other methods
m Stratified sampling

b c b
Concton / Fz) do = / (@) dz + / f(@) dz (25)
m Subtraction method
b b b
[ 1@ da= ["g@) do+ [ ()= g@) da (20

m Hit & Miss (a.k.a. brute force method)




Application
Introduction
PDF evolution
Cross section calculation



Application

hadronic cross section PBFS Introduction
—_— 2 2\
Opp—sjet+X = Z fl (xiv N’F) X fj (xja MF)

1j€99q

Introduction

2 Q2
~ 2
®Uij—)jet+X (l’i,xj, 59 9 ,aS(MR)>
HE HR

[\

Vv
partonic cross section

Phenomenology of MC event generators

interaction = Parton Distribution Function (PDF)
® Matrix Element (ME)
® Parton Shower (PS)
® underlying event (UL)
® hadronisation
02
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Introduction
Physics case

m First, we will try to better understand the PDFs and their evolution:
> We will assume a simplistic PDF f(z, ty = m,) = 31=2" ’”)
» We will use MC integration to calculate this PDF at harder scales ¢.
m Then, we will consider gg — h.X and investigate the kinematics of h:
» First we will neglect the PDF evolution and consider partons directly taken

from our simplistic PDF.
» Then we will combine the PDF evolution for each of the incoming partons

and see the impact on the kinematics.

NB: We calculate everything at the lowest order in perturbation theory.




Application

PDF evolution

PDF evolution
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PDF evolution

Nature of PDFs

m Complex objects describing the non-perturbative
PDF evolution ‘ content of the hadron.

m Also contain a perturbative part, whose (collinear)
evolution is described by DGLAP equations.

m Parameterised with a non-physical variable, the scale.

m More-or-less universal, to be constrained with real
data.
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PDF evolution

Nature of PDFs

m Complex objects describing the non-perturbative
content of the hadron.

PDF evolution

m Also contain a perturbative part, whose (collinear)
evolution is described by DGLAP equations.

m Parameterised with a non-physical variable, the scale.

m More-or-less universal, to be constrained with real
data.

dfa(, MF _ Z / dZCYS IuF)fb( aMF)Pba() (27)

At o
Ja PDF for (1% factorisation scale
parton a € {¢, g} ag strong coupling (running)

2 momentum fraction Py, splitting function
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PDF evolution

Iterative expression

From scale % to scale t:

PDF evolution

)= fewdoto ) + [ [ Faarorer(Le) e

evolution W|thout radiation

parton splltting

with the Sudakov form factor (probability of non-branching):

Moot =ew (- [7 0 [ Dpe) )
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PDF evolution

From scale % to scale t:

£@.0) = @At ) / L [ Lawropas(Le) @

evolution W|thout radiation

terative expression

PDF evolution

parton splltting

with the Sudakov form factor (probability of non-branching):

Az, b0, 1) —exp( / / t/’fﬂo‘sfl P(z)) (29)

gluon, NNPDF31_nnlo_as_0118

— i, 7 Properties

m Factorisation property is only proven rigorously for a few
processes but holds for many others.

(i)

m Usually constrained with real data, regularly updated with
newer data appearing on the market.

TMDplotier 2.2.4
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PDF evolution

Splitting functions
2
POz = 2142 T (30)

T 31—z

P2(z) = g (2 +(1-2)?%) M (31)
POy = 4140 -2 W (32)

3 z

PgL;)(z):?)(liz-i-l_Z—i-z(l—z)) M@;&M&ﬁ (33)

z

PDF evolution
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PDF evolution
Splitting functions

PR(z) = 4142 —»—M (30)

T 31—z

P2(z) = g (2 +(1-2)?%) M (31)
POy = 4140 -2 W (32)

3 z

Pg";)(z):?)(lz +¥+z(1—z)> wwww;&&&%&jﬁ;nﬂ: (33)

—Z2

Calculate A to describe the PDF evolution without branching from a starting
scale of tg = mf, ~ 1 GeV? to a scale of 10,100,500 GeV?.

m For the integral in Ag, use 0.01 < z < 0.99.

PDF evolution

m Consider the running of the strong coupling ag.
m Try first Py, then Py,.
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PDF evolution

PDF eVOIUtiDn _

Evolve a PDF f(x,tg) = 3% from a starting scale of ty = mf, ~ 1 GeV? to
a hard scale of ¢t = 100 GeV? (alternate evolution and branching until the scale
is reached).

m Consider ag = 0.1 for simplification.

m To simplify the calculation, you may use Py4(2) ~ 6 (% 4 1;) for the
splitting, and only Py4(2) =~ 6% for As.
= In addition, the partons start with an intrinsic k1 ~ N(0,0.7%).
Plot 2 f(x) and kr at the starting and hard scales.
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Cross section calculation

4 Calculate the hadronic cross section of Higgs production via gluon fusion at the
Cocuiagon " lowest order, with the same starting distributions for = and kt as previously, but
neglecting the evolution for the moment.

m Assume /s = 7 TeV.
m Require 120 < mp < 130 GeV.

m The partonic cross section is given by ¢ = 0%7%
Gr = 1.166 - 107> GeV ™1,
m The Higgs production follows a Breit-Wigner distribution:

1 r
P = o G+ T &)

Plot the kinematics of the partons and of the Higgs (pT,n,m).
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Cross section calculation

e
Calculate the hadronic cross section of Higgs production via gluon fusion at the
lowest order, with the same starting distributions for x and kt as previously,
considering in addition the evolution from a starting scale at the proton mass to
a hard scale at the Higgs mass.

m Consider only P, in the evolution.
m Make the same assumptions as in exercise #38.

Plot the kinematics of the partons at the starting and hard scales, as well as the
kinematics of the Higgs (p,n, m).
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Summary

Summary We have
m introduced MC integration;
m applied the basic techniques in purely pedagogical examples;

m then in a more realistic (though simplified) concrete example, based on
QCD evolution.

Thank you for your attention!
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Description

Visualisation of parton shower
generated by PYTHIA 8 + partons
merged by anti-k7 jet algorithm
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Acronyms

MC Monte Carlo. 4, 5, 19, 20, 32, 33, 45
CLT Central limit theorem. 21-23 ME  Matrix Element. 32

DGLAP  after the five physicists DOKSHITZER, GRIBOV, p.d.f. probability density function. 8, 9, 24-27

LipaTOV, ALTARELLI and PARISI. 34-36
PDF Parton Distribution Function. 32-36, 39-41

i.i.d. independent and identically distributed. 21 PS  Parton Shower. 32

LLN Law of Large Numbers. 13, 14, 24, 25 QCD  Quantum Chromodynamics. 4, 5, 45
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