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INTRODUCTION

-~

n-gluon scattering amplitudes

# legs |4 5 6 7 8

#diagrams‘ 4 25 220 2485

Many diagrams, but when expressed
using the helicity spinors results are
suspiciously simple...

Example: tree 8-point amplitude




INTRODUCTION

Basic methods

-~

Color decomposition

~
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. # diagrams
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SL(2,C) representation for Lorentz group.
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spinor products:
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where Vv, are solution
to Dirac equation:
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INTRODUCTION Helicity amplitudes
a )

Key tree-level results for any number of gluons

The simplest (color-ordered) helicity amplitudes:

i n 4
S 2 A(1*2%,....nH =0
s ey A(172%,..,n) =0
2 +

Maximally Helicity Violating (MHV) amplitudes:

Tl n + 4
™ 7 (17,2734 ....n") =g"? U2
s -~ (12)(23)...{((n — )n){nl)
£ e +

[S.J. Parke, T.R Taylor, 1986]
Simplicity of the MHV amplitudes triggered incredible

developments in theory over last 20 years...




INTRODUCTION Cachazo-Svrcek-Witten (CSW) method
~

MHYV vertices spinor products (on-shell)

The Maximally Helicity Violating (MHV) amplitudes can - bﬁ/'\ * Wit
be treated as interaction vertices. (ij) = eaﬂ/"ti“;tj & pvior
[F. Cachazo, P. Svrcek, E. Witten, 2004] ~. ~(—\ e
+ (] = egplid] T
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INTRODUCTION Lagrangian for the CSW method (1)

Yang-Mills theory on the light cone . Scherk, J.H. Schwarz, 1975]

Set the light cone gauge A™ = 0 and integrate out A~ :

S
D2 e 9, 4 +
SO [A*, A%] _de [d { ~TrA'OA* - 2igTrolo.A" [0 A", 4|
i)

_2igTro~'a, A* [a_ i, A*
hlicthy

fFihd

double-null coordinates

t oy, — L0 3 N 1 ) :LIOO—l +=—1 :
vt =y ;7__\/5(1; +1?) V'=v-¢e] —\/_(v + iv?) n \/5( 0,0,—1) & \/5(0,1,+l,0)
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INTRODUCTION Lagrangian for the CSW method (2)
~

MHV action  Apply the canonical field transformation (at equal LC time) {A*,A*} — {B*,B*}

such that:
- [P. Mansfield, 2006]
-Cu_u.ﬂ- .|.. V"{x" —_— 0 anc
- + -—
+ OB (xT;
c » ¥
- _ — 0_AF (xT;x) = Jd3y ( ) 0_B} (x*;y)
m A Sietds in & Sdds

(6]

the solutions: X;[B‘](x““;P) = Z Id3p1...d3pn f‘f’/Zbl"‘b"(P;pl, ...,pn)H FZ,Z.(XJF; p;)

n=1 i=1
00

AX[B,B* I P) = Y Jd3p1...d3pn QPP Py s, P BT ) [ B iR
n=1 =2

— .
R /
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WILSON LINES Field transformations as Wilson lines

Inverse solutions to field transformations [PK, A. Stasto, 2017]
[H. Kakkad, PK, A. Stasto, 2020]

In order to understand the field transformations better, solve for B fields:

o0

| = A
B[A®](x) = — [ do Tr{t"a_ P exp [igj ds e - A (x + se;“)] }
27Z'g 5 — 0 S )

I

¢ -1 plane
(self-dual planc)

x=hxT,x, x)

0Z(y) SB[A'](xF;x)
02(x) OANxT;y)

f

Pexp { ig / dsel A (x4 se}) } funconal  derivehve
e of the HWilsew Une

BX[A®, A*](x) = Jd3y [ ] AX(xhyy)

Can one generalize to transformations supported on both self-dual and anti-self-dual plane?
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NEW ACTION Field transformations (1)
~

New fields Z°, Z* [H. Kakkad, PK, A. Stasto, 2021]

Introduce a canonical transformation {A*, A*} — {Z°,Z*} given by the generating functional:

GIA*, Z*](x+) = — Jd3x Te W ZZ1) 0T (A1)

where
| S (7 A
Wi K](x) = %[ do Tr{taa_ P exp [ng ds €5 - K (x + se;:)] }
€ -n plane K u:\sov\ \/:-V\l_ o ‘D'Ae 'dMﬁL
(anti-self-dual plane) o OUV\&Q:' SM' damed. ?LOU“\Q,

§
)

€7-n plane
(self-dual plane)

Relations between A and Z fields:

5 CIA*, Z*](xF)

0_AX(xt,y) =
d SA; (x+,y)
SCIA®, Z*|(x™
070t y) = — [ 1(x™)
SZ} (x+,y)
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NEW ACTION Field transformations (2)
~

Canonical transformation of the B fields in the MHV action [H. Kakkad, PK, A. Stasto, 2021]

It turns out, that the new fields can be introduced also from the MHYV action :

- N/ - ZX[B*1(x) = #"?_\[Bl(x)
t P A )
E 2 * * +.
—~— 92 SB*(x+:
.- - dunel ‘S’V"" Feven =(%) Fry)
onkv—- SAE i 2 g\'MS

€, -n plane
(anti-self-dual plane)

\
/

FI—'J]' plane
(self-dual plane)

Canonical

Transformation
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NEW ACTION General structure
~

7-field action [H. Kakkad, PK, A. Stasto, 2021]

Solving the field transformation relations we get the following action:

A A +~ -
SOz, 2] = de - Jd3x SVARVA < o—
— . o MWV vekees — + 0+ PO+ PO+
(LC) (LC) (LC)
‘\I / NMHY — 4 PO 4 O fz___++++ +.
v/ .. v he... :
t - -
+ (LC) (LC) (LC)
% +g———...—++ + g———...—+++ + 3———...—++++ T
* +
* o O * ¢
- - MHV
- . VerticeS
+ o« No triple gluon vertices!
c"
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NEW ACTION Structure of vertices
~

Master formula for a vertex [H. Kakkad, PK, A. Stasto, 2021]

L g Jd3y1-..d3yn 2 (v [1zretw [ 12ty
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=~ 0p.... v e 53 + ..o 4+ —P) Tr l‘al‘bl...l‘bn

Pt {p,p, b = - (g S Bot B, = ) TN ) p¥  p*
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NEW ACTION

Example of amplitude calculation (1)

6-point amplitudes [H. Kakkad, PK, A. Stasto, 2021] \
A(1F21 3147 57,61 =0 L. 2
-\-/ o pi ’ us
A(172° 3745060 = T =gt = 2! MHV
+ +\\-'+ 2
5
X
A(17,27,37,4%,5%,67) = | i — NMHV
/
4
ps o
ﬂ(1_72_93_94_35+96+) — = g4 i_ MHV
Pe
~ p.’ ;
vij == (& - p) =pi+( wy=—(&" - p) =p;’ <P]+ - p+> ~ (1))
J i
%
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NEW ACTION

Example of amplitude calculation (2)

-~

8-point NNMHV amplitude &/(17,27,37,47,5%,6%,7%,8")

(A 3 1\

S IO AN N W

\ \/ / _|_\ ’+\-’—“’-./;lt _>.‘._ x-f=s
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8 ¥ c 3 ¢ S

Summary: 13 diagrams

[H. Kakkad, PK, A. Stasto, 2021]
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vertices used: 4p-MHV, 5p-MHYV, 5p-MHV, 6p-NMHYV, 8p-NNMHV

~

15



LOOP AMPLITUDES Problems with transformed actions
4 I

All-plus-helicity amplitude at one loop

Amplitude with all same helicity gluons is non-zero at one loop and is a rational function:

() [jkICkL 1]
(12)(23).. (n1)

ﬂ(l)(1+,2+,3+, . n+) — gn Z
g<i<j<k<I<n

[Z. Bern, G. Chalmers, L. Dixon, D.A. Kosover, 1993]
[G. Mahlon, 1994]

Problems with MHV action (or Z-field action) at quantum level

It is not possible to reconstruct (£ 4+ + ... + ) amplitudes in the MHV theory or the Z-field action.

Example  diagram e only The self-dual vertex ( — + + ) was removed in
N { n Conbribuking both MHV action and in the Z-field action.
vul'ex \(
- < + / One also cannot get the rational parts
+ of other (singular) amplitudes...
+ + [J. Bedford, A. Brandhuber, B.J. Spence, G. Travaglini, 2005]

\_ Y
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LOOP AMPLITUDES Quantum Z-field theory action (1)
4 I

One loop effective action

° : e A% 4 T T T Ax
Generating functional for -M theory:  Zy_mlJ/] = J[dA 1[dA*] e \STASA I+ x T AT, A% }

Apply the field transformation A — Z: FlJ] = J'[dZ°] (dZ*] e\ SIZ°.Z7 1+ | d*x Tre(JA'[Z]+], A*Z)) }

( warning: transform also the current terms!)

Integrate quadratic fluctuations around the classical solution:

CANARS exp{ iS |Z:1J1, ZX 11| - %Tr In (M[J] + Mg [J]) }

Mi%ing
525[2] 52Am[Z] Contn bukiong

where k,l,m,... = {{ o, % },X”,Cl} are collective indices.

Legendre transform to

. . . 1
one-loop effective action: FJ] - Td] = S[d] — ETr In (MZ + MS“)ZC[J]=¢

\_ Y
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LOOP AMPLITUDES Quantum Z-field theory action (2)
4 I

Further steps

* The log can be “computed” to the desired number of legs, but it's complicated as there are
multiple nested sums (| used FORM ... )

+ -

Oz* Oz
Trin (Mz+Mg) = dedpels  — 4 @'@ ,
— 2
Ozx F—._ 0Oz Oz *—_ Oz
TP - R
—7 —

* We can prove that the one loop effective action is “quantum complete” (the rational contributions
are not missing).

» Diagrams can be calculated in 4D world-sheet regularization scheme Chakrabarti-Qiu-Thorn (CQT).

[ for some examples see H. Kakkad thesis, ArXiv:2308.07695 ]

\_ Y
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CONCLUSIONS

-~

But... is it wort it?

* The structure at quantum level gets very complicated (unlike the classical level),

just because of the self-dual and anti-self dual sectors.

* Still, the number of diagrams for loop amplitudes is smaller then in Y-M,

because of very efficient tree management.

* The new fields have very interesting geometric structure given by the Wilson

line functionals. What to do with that?

* This formulation bags for N=4 SYM extension (or reduction, taking into

account that the rational contributions are zero there...).
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