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Overview of CMS cross section results.
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Two-loop box and pentagon integrals
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indep. | massive/ | internal
kinem. | off-shell | masses process full o
scales legs
22
2 0 0 ¥y 2011
2 0 0 JJ () | 2017
2 0 0 y+7J 2017
3 2 1 tt 2013
3 2 0 Vv 2014
4 2 0 4% 2015
3 1 0 V+j 2015
3 1 0 H + j @ry 2015
4 2 1 HH 2016
4 1 1 H+j 2018
3 0 1 99 = 7Y 2019
4 2 1 99—~ 22 2020
4 2 1 99— WW | 2020
5 2 1 99—~ ZH | 2021
4 2 1 QCD-EW DY | 2022
2—3
4 0 0 3y 2019
4 0 0 i 2021
4 0 0 35 2021
5 1 0 Wb 2022

Analytic results:
one off-shell leg
[Abreu et al. 2306.15431]

Today:
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Why not NIntegrate?
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Why not NIntegrate?

1ol
/ / L dwdy = 210g2 ~ 1.3863
0o Jo THY
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Why not NIntegrate?

1,1
/ / L dwdy = 210g2 ~ 1.3863
0o Jo THY

In[] NIntegratell/(x+y), {x,0,1}, {y,0,1},

Method->{"MonteCarlo","RandomSeed"->19950309}]
Out[] 0.998259
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Reason?

Even though

1 1
1
// dxdy = 2log 2 ~ 1.3863
0o Jo Tty

is convergent.
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Reason?

Even though

1 1
1
// dxdy = 2log 2 ~ 1.3863
0o Jo Tty

is convergent. The integral
1 1
1
———dxdy = ©
/o / @y

1
Vv dxyo1)d =
ar<x+y T, 3/[0,1]> o0

is divergent, so
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Reason?

Even though

1,1
/ / ! dxdy = 21092 ~ 1.3863
o Jo THUY

is convergent. The integral
1 1
1
———dxdy = ©
/o / @y

1
\% d d =
ar<x+y Lo, y[m]) o0

The Monte Carlo estimate is

is divergent, so

1L 1 0
il ol.=
Nzl'i+yi+ < N)

=1
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Reason?

Even though

1,1
/ / ! dxdy = 21092 ~ 1.3863
o Jo THUY

is convergent. The integral
1 1
1
———dxdy = ©
/o / @y

Var< 1
x 4+

The Monte Carlo estimate is

is divergent, so

ydfﬁ[o,udy[o,u) =

1N 1 >0
oD

This type of inte ndary, singularities arg ubiquitous in Feynman integrals, ,
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Feynman integration software

> pySecDec [Borowka et al ]
> FIESTA [Smirnov]

> DiffExp [Hidding]

> AMFlow [Liu, Ma]

> SeaSyde [Armadillo et al.]
= HyperlInt [Panzer]
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Feynman integration software

> pySecDec [Borowka et al ]
> FIESTA [Smirnov]

> DiffExp [Hidding]

> AMFlow [Liu, Ma]

> SeaSyde [Armadillo et al.]

= HyperlInt [Panzer]

> feyntrop [Borinsky, Munch, FT]

Uses tropical Monte Carlo integration and can be applied to Euclidean as well as
Minkowski kinematics.

True power: On your laptop you can evaluate high-loop multi-scale integrals in minutes

to reasonable error.
Page 8 -—@
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The Feynman Integral

_ Ve dz, _ppdl—z1—- —2xp)
T—1limT br2
€_I>r5]+ (w) /RE H (F(Ve)$e> u (V — i€ ZeeE xe)w

+ eckE
with the superficial degree of divergence
w:=Y ve—LD/2
eck

where v, are propagator powers and V = F /U with homogeneous graph/Symanzik
polynomials

U= Z H Ze, deg(Ud) =L

T aspanning egT
tree of G

F=Fn+Fo=UY mize— Y pF)?[[z. deg(F)=L+1
ecl F a spanning e¢F
2—forest of G
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Contour Deformation

Why ie?
Chooses the causal branch and ensures the convergence.

®
DESY. | Tropical Feynman integration in the physical region | Felix Tellander | EPS-HEP, 25 Aug. 2023 Page 10


http://creativecommons.org/licenses/by/4.0/

Contour Deformation

Why ic?
Chooses the causal branch and ensures the convergence.

Why 1e?
Modifies the analytic structure by displacing branch points and introducing spurious

branch cuts.
Numerics is hard, as ¢ — 0 poles can get arbitrarily close to the integration contour.
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Contour Deformation

Why ic?
Chooses the causal branch and ensures the convergence.

Why 1e?
Modifies the analytic structure by displacing branch points and introducing spurious
branch cuts.
Numerics is hard, as ¢ — 0 poles can get arbitrarily close to the integration contour.

Instead: Change of variables

Xe =z . EXP (i)\ ov >
0z,

Picks the same causal branch as ie as long as ) is sufficiently small and the Landau

on’in

&sq u\a;lt"nlp(lgal 3 have Ino t§ecg?!}'s'l|ttallcrglg—i]o§[ Felix Tellander | EPS-HEP, 25 Aug. 2023 Page 10
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Comparison with direct numerics on the Feynman parameterization with ie and with

deformation:

Ibub
20+

157

10}

[Hannesdottir,Mizeral]
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Tropical Monte Carlo

The tropical approximation of a polynomial p(x) = 3, csupp(p) Ca®™:

p"(x) = max {z“}.
aesupp(p)

®
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Tropical Monte Carlo

The tropical approximation of a polynomial p(x) = Zaesupp(p) Cax®:

p"(x) = max {z“}.
aesupp(p)

Theorem

For a homogeneous polynomial p € Clz1, ..., x,] that is completely non-vanishing in P’}
there exists constants C1,Cy > 0 S.t.

< Cy forall x EIE”’}r

®
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Assumption

You can find bounds on a deformed polynomial with the un-deformed one.

That is, there are A dependent constants C} (), Ca(A) > 0 s.t.
tr Do/2 tr wo

o < | (Ho@) ™ (@)

UX) V(X)

where the denominators are the deformed polynomials.

< Cy(\) forall zeP¥
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Expanding in e:
Assuming that the only potential divergence comes from I'(w) we have:

- ok ve det 7, (z) UX)
T=T(wo+el) kzzok' /Pg (g r(ue>> Z/I(X)DO/QA-V(X)“’O g’ <V(X>L> ¢

where wo = > cpve — DoL/2.
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Expanding in e:
Assuming that the only potential divergence comes from I'(w) we have:

- ok ve det 7, (z) UX)
T kzzo k! /P (l;E F(ue>> a7 (x ° <V<X >L> "

where wo = > cpve — DoL/2.

Writing the integral with these fractions in the integrand:

w0+eL
1= ILsT(ve) Zkl k

eEE

— It (Ieep(Xe/ze)") det Ty (x) o UX) N ¢
et /PE U (X) /ur (m))D0/2 V(X)) )V ()0 log ( > H

Mtr — i HeEE xge 97 Mtr -1
Jtr utr(w)Do/Q Vtr(w)wo Pf
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Special structure of Feynman integrals

Q: How do we sample from p'?
A: Use that N[i/] and N[F] are gereneralized permutohedra (some times).
Want details? Let's chat later.

DESY. | Tropical Feynman integration in the physical region | Felix Tellander | EPS-HEP, 25 Aug. 2023 Page 15


http://creativecommons.org/licenses/by/4.0/

Special structure of Feynman integrals

Q: How do we sample from p!?
A: Use that N[/] and N[F] are gereneralized permutohedra (some times).
Want details? Let’s chat later.

TLDR: Generalized permutohedra are special polytopal geometries revealing new
structures in Feynman integrals. Fits very well in the modern program of polytopal
geometries in amplitudes.
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The program feyntrop

Available at https://github.com/michibo/feyntrop
A C++ program with Python and JSON interface.

®
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Example:

D

17

2R

Dashed lines: massless, the solid lines: mass m and double pi £ 0.

edges = [((0,1), 1, '0'), ((1,2), 1, 'mm'), ((2,6), 1, '0"),
((6,3), 1, 'mm'), ((3,4), 1, '0'), ((4,5),1, 'mm'),
((5’0)’ 1, '0|); ((5,6), 1, 'mm')]

Phase space point

pi=0, pi=ps=ps=m?=1/2, s01=22, s02=23,

s03 =24, s12=25, s13=26, s93=27,
. _ 7
Wh | Troplcalllgeynman(r??e rallonln)@v) Wlth )\ 0 28 N 10 we Obtaln

DESY. physlcal region | Felix Tellander | 2pS-| HEP, 25 Aug. 2023
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Analytic continuation: activated. Lambda = 0.28.
Started integrating using 4 threads and N = 1e+07 points.
Finished in 19.6719 seconds = 0.00546442 hours.

-- eps”0: [0.06474 +/- 0.00066] + i * [-0.08298 +/- 0.00077]
-- eps”1: [0.4066 +/- 0.0036 1 + i * [ 0.3202 +/- 0.0040 ]
-- eps”2: [-0.778 +/- 0.012 ] + i * [ 0.9419 +/- 0.0100 ]
-- eps™3: [-1.328 +/- 0.022 ] + i * [ -1.218 +/- 0.025 ]
-- eps™4: [ 1.395 +/- 0.033 ] + i * [ -1.237 +/- 0.041 ]
This is a two-loop integral with mass scales that you can integrate on your laptop

in less than 20 seconds.

®
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Example:

16 2
. Z

4 ‘ 3
05 AN

edges = [((0,1), 1, 'mm_top'), ((1,6), 1, 'mm_top'),
((5,6), 1, '0"), ((6,2), 1, 'mm_top'),
((2,3), 1, 'mm_top'), ((3,4), 1, 'mm_top'),
((4,5), 1, 'mn_top'), ((5,0), 1, 'mm_top')]

Phase space point:

m? =1.8995, m% =1,
Sp02 = —4.4, S03 = —0.5, S12 = —0.6, §13 = —0.7, 8§93 = 1.8,

®
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Prefactor: gamma(2*eps + 4).

(Effective) kinematic regime: Minkowski (generic).

Finished in 8.12 seconds.
-- eps”0: [-0.0114757 +/- 0.0000082]

+ 1 * [0.0035991 +/- 0.0000068]
-- eps”1: [ 0.003250 +/- 0.000031 ]

+ 1 * [-0.035808 +/- 0.000041 ]
-- eps™2: [ 0.046575 +/- 0.000098 ]

+ i * [0.016143 +/- 0.000088 ]
-- eps”3: [ -0.01637 +/- 0.00017 ]

+ i * [ 0.03969 +/- 0.00016 ]
-— eps”4: [ -0.02831 +/- 0.00023 ]

+ i * [-0.00823 +/- 0.00024 ]

feyntrop 8.12 seconds with relative error ~ 1073
pySecDec 3 hours with relative error ~ 102
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Thank you!

Contact

DESY. Deutsches Felix Tellander

Elektronen-Synchrotron ®0000-0001-6418-8047
DESY Theory
felix@tellander.se

www.desy.de 10.1016/j.cpc.2023.108874
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