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Anomalous magnetic moment of the muon
Precision physics, sensitive to BSM effects.

[Jegerlehner & Nyffeler 0902.3360]
[Bennett+ Phys. Rev. D 73 (2006) 072003]

Larmor precession

aμ =
gμ − 2

2

• Leading order QED 
Schwinger term in 1948…





• Heavier flavors more 
sensitive to new physics 
effects


• Tau too short-lived, muon is 
the next-best option

aℓ =
α
2πμ
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Tensions in aμ

Combined 4.2  tension 




Expt: BNL E821 + Fermilab E989 

- Current err ~ 


- Expected err ~ 


Theory: Perturbative + pheno + latt 

- HVP err ~  
HLbL err ~ 

σ

Δaμ = 279(76) × 10−11

60 × 10−11

15 × 10−11

40 × 10−11

20 × 10−11

3[g-2 WP, Phys. Rep. 887 (2020)]

At the order of 
E989 projected err

… …
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Hadronic contributions to aμ

4

𝒪(α2) 𝒪(α3) 𝒪(α4)

HVP-LO

+ …

HVP-NLO HVP-NNLO

HLbL-LO

+ …

HLbL-NLO

+ …

6931(40) −98.3(7) 12.4(1)

90(17) 2(1)

All  values aμ × 10−11
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HLbL decomposition

 “VFF” 
well-determined 
experimentally

Fγ*→ππ Partial waves for 
 required


Result is small and 
well-constrained

γ*γ* → ππ
✅

✅

[Colangelo+ JHEP 1409, 091 (2014)]
[Colangelo+ PLB 738, 6 (2014)]

[Colangelo+ JHEP 1509, 074 (2015)]

π π

π

Pion-box Two-pion cut

 singly-virtual 
“TFF” experimentally 
accessible


 doubly-virtual 
“TFF” ~unconstrained

FP→γ*γ

FP→γ*γ*

5

π0, η, η′ 

Pseudoscalar-pole

+ …+ +
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Pole contributions to HLbL
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Muon g-2 contribution aP−pole
μ

7

aP−pole
μ = ( α

π )
3

[aP−pole,(1)
μ + aP−pole,(2)

μ ]

aP−pole,(1)
μ = ∫

∞

0
dQ1 ∫

∞

0
dQ2 ∫

1

−1
d cos θ w1(Q1, Q2, cos θ)

× FPγγ(−Q2
1 , − (Q1 + Q2)2) FPγγ(−Q2

2 ,0)

aP−pole,(2)
μ = ∫

∞

0
dQ1 ∫

∞

0
dQ2 ∫

1

−1
d cos θ w2(Q1, Q2, cos θ)

× FPγγ(−Q2
1 , − Q2

2) FPγγ( − (Q1 + Q2)2,0)

π
0
, η, η

′

π
0
, η, η

′

(1)

(2)
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Muon g-2 contribution aP−pole
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3

[aP−pole,(1)
μ + aP−pole,(2)

μ ]

aP−pole,(1)
μ = ∫

∞

0
dQ1 ∫

∞

0
dQ2 ∫

1
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2 ,0)

aP−pole,(2)
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0
dQ1 ∫

∞

0
dQ2 ∫

1

−1
d cos θ w2(Q1, Q2, cos θ)

× FPγγ(−Q2
1 , − Q2

2) FPγγ( − (Q1 + Q2)2,0)

Known kinematic 
weight functions

TFFs with DV x SV, 
spacelike structure

π
0
, η, η

′

π
0
, η, η

′

(1)

(2)
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Weight functions for π0

8

w1(Q1, Q2, cos θ) w2(Q1, Q2, cos θ)

co
sθ

=
−

0.
99

6

co
sθ

=
−

0.
99

6
co

sθ
=

0.
70

7

co
sθ

=
0.

70
7

[Nyffeler PRD 94, 053006 (2016)]

Peaked at 
low Q2

1 , Q2
2
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Weight functions for η
w1(Q1, Q2, cos θ) w2(Q1, Q2, cos θ)

co
sθ

=
−

0.
96

6

co
sθ

=
−

0.
96

6
co

sθ
=

0.
70

7

co
sθ

=
0.

70
7

[Nyffeler PRD 94, 053006 (2016)]

Peaked at 
low Q2

1 , Q2
2
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Weight functions for η′ 

w1(Q1, Q2, cos θ)
co

sθ
=

−
0.

96
6

co
sθ

=
0.

70
7

[Nyffeler PRD 94, 053006 (2016)]

Peaked at low , but 
somewhat broader spread

Q2
1 , Q2

2
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Relevant momenta and relative contribs

 (models) integrating up to aP−pole
μ Q1, Q2 ≤ Λ

Integral 
saturates 

around here

[Nyffeler PRD 94, 053006 (2016)]
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Pseudoscalar TFFs

12

P ∈ {π0, η, η′ }

γ(*)

γ(*)

= FPγγ(q2
1 , q2

2)

q1 = (ω1, q1)

q2 = (ω2, q2)
p = ( m2

P + p2, p)

Singly-virtual, spacelike:  FP→γ*γ = FPγγ(−Q2,0)
Doubly-virtual, spacelike:  FP→γ*γ* = FPγγ(−Q2

1 , − Q2
2)
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TFF kinematics
Related to decay to 2 


 

Large-  limits from pQCD


 (Brodsky-Lepage)


 (OPE)

γ

Γ(P → γγ) = ( πα2M3
P

4 ) |FPγγ(0,0) |2

Q2

FPγγ(−Q2,0) →
2FP

Q2

FPγγ(−Q2, − Q2) →
2FP

3Q2

13

q2
1

q2
2

2 pion threshold ( )4m2
π

Singly 
virtual

Singly 
virtual

Doubly 
virtual

Only spacelike TFFs 
needed for aP−pole

μ
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TFF data: singly virtual π0

14
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[H. J. Behrend+ (CELLO), Z. Phys. C49, 401 (1991)]
[J. Gronberg+ (CLEO), PRD 57, 33 (1998)]

[B. Aubert+ (BABAR), PRD 80, 052002 (2009)]
[P. del Amo Sanchez+ (BABAR), PRD 84, 052001 (2011)] [S. Uehara+ (Belle), PRD 86, 092007 (2012)]

π0
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TFF data: singly virtual η

15
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Note: Singly virtual for  is very similar.η′ 
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]

[H. J. Behrend+ (CELLO), Z. Phys. C49, 401 (1991)]
[J. Gronberg+ (CLEO), PRD 57, 33 (1998)]

[B. Aubert+ (BABAR), PRD 80, 052002 (2009)]
[P. del Amo Sanchez+ (BABAR), PRD 84, 052001 (2011)]
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TFF data: doubly virtual

16

η′ 

Based on ~50 events at BaBar

[J. P. Lees+ (BABAR), PRD 98, 112002 (2018)]
Figure from [g-2 WP, Phys. Rep. 887 (2020)]

⚠
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Lattice can fill in the gaps

Experimentally,  is easy,  is hard (small cross sections).


On the lattice,  is hard,  is easier (coming up).


FP→γ*γ FP→γ*γ*

FP→γ*γ FP→γ*γ*

From the lattice, we can provide 
complementary results.
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Related approaches
Other PS-pole lattice calculations


• Alternate discretization


• Chiral extrapolation 

Direct HLbL lattice calculations

• Precision currently lower than 

data-driven results 

Dispersive -pole

• Low-energy contribs accessible in 

IV channel ( )

η, η′ 

q2 ≲ 1.0 GeV2

[Gérardin+ PoS(LATTICE2021)592, 2112.08101]

[Holz+ Eur. Phys. J. C 81,1002 (2021)]
[Holz+ Eur. Phys. J. C 82, 434 (2022)]

[Gérardin+ Phys.Rev.D 94 (2016) 7]
[Gérardin+ Phys.Rev.D 100 (2019) 3]

[Chao+ Eur.Phys.J.C 81 (2021) 7]
[Asmussen+ 1801.04238]

[Blum+ Phys.Rev.Lett. 118, 022005 (2017)]
[Blum+ Phys.Rev.Lett. 124, 132002 (2020)]

[Gérardin+ 2211.04159]



Computing the TFFs
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°60 °40 °20 0 20 40 60

0.00

0.02

0.04

0.06

0.08

0.10 eA(ø)

Lattice calculation of FPγγ

1. Euclidean time current-current matrix element 
 

 

 

2. Laplace transform 
 

 

 
where  by momentum conservation

Ãμν(τ) = ∑
x

e−iq1⋅x ⟨0 jμ(τ; x) jν(0; 0) P(p)⟩

ϵμνρσq1ρq2σ FPγγ(q2
1 , q2

2) = − in0 ∫
∞

−∞
dτ eω1τ Ãμν(τ)

q2 = p − q1

20

tseq → − ∞ τ 0

Seq inv 
through P

Note: renormalized currents 
using precisely known , ZA ZV
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Matrix element from 3-pt function

21

Ãμν(τ) = lim
tseq→∞

2EP

ZP
eEPtseq ∑

x,y

e−iq1⋅xeip⋅y ⟨jμ(τ, x)jν(0,0)P†(−tseq, y)⟩

°60 °40 °20 0 20 40 60

°0.02

0.00

0.02

0.04

0.06

0.08

0.10 eA(ø)tseq = 28

tseq = 36

tseq = 44
|q1 |2 = 1

Creation 
operator 

times

tseq τ 0
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Interpolating operators
For  ordinary local interpolator is sufficient:


 

For , , mixing in principle requires diagonalizing between


    and    


to separate  from the correlator ground state (the )


• Analysis for  proceeds with 


• Noise reduction & GEVP required for future exploration of 

π0

𝒪π0 = iψ̄λ3γ5ψ

η η′ 

𝒪η8 = iψ̄λ8γ5ψ 𝒪η0 = iψ̄γ5ψ

η′ η

η 𝒪η8

η′ 

22

Note:  are   
generators (Gellmann basis)

λi SU(3)f

λ3 = (
1

−1
0)

λ8 =
1

3 (
1

1
−2)
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Remaining V-disconnected diagrams 
are included, but numerically small: 
 
 
 
 
 
 

 
 
 

Isospin symmetry* allows removing 
P-disconnected diagrams: 
 
 
 
 
 
 

 
 
 

Wick contractions:  isospin rotationπ0

23

°60 °40 °20 0 20 40 60

0.00

0.02

0.04

0.06

0.08

0.10 eA(ø)total

conn

10£ disc (u,d)

10£ disc (s)

10£ disc (c)

tseq = 28

*  isospin breaking with twisted mass is part of continuum extrapolationO(a2)
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Wick contractions:  diagramsη
All diagrams required even in isospin limit.

24

°20 °10 0 10 20

ø

°4

°2

0

2

4

6

£10°4

conn. light

conn. strange

p-disc. light

p-disc. strange

total

🕐 🕐

✅ ✅ Example of  decompositionÃ(τ)

Excluded at the present stage of analysis, 
but expected to be subleading.
[Gérardin+ 2211.04159]
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• Exponentially growing noise in the tails of 


- Probed in the Laplace transform 

Ãμν(τ)

∫
∞

−∞
dτ eω1τ Ãμν(τ)

Tail fitting and integration

⚠

°60 °40 °20 0 20 40 60

0.00

0.02

0.04

0.06

0.08

0.10

°60 °40 °20 0 20 40 60

0.00

0.02

0.04

0.06

0.08

0.10Integrand for 
FPγγ(−Q2,0)

Integrand for 
FPγγ(0, − Q2)



/ 4025

• Exponentially growing noise in the tails of 


- Probed in the Laplace transform 

Ãμν(τ)

∫
∞

−∞
dτ eω1τ Ãμν(τ)

Tail fitting and integration

⚠

• To handle this…


- Fit Vector Meson Dominance (VMD) or Lowest Meson 
Dominance (LMD) models to the tails


- Integrate data in peak ( ) 
Integrate model in tails ( )

|τ | < τc
|τ | > τc

°60 °40 °20 0 20 40 60

0.00

0.02

0.04

0.06

0.08

0.10 Integrand for 
FPγγ(−Q2,0)

°60 °40 °20 0 20 40 60

0.00

0.02

0.04

0.06

0.08

0.10

VMD fit

Integrand for 
FPγγ(0, − Q2)

INTEGRATE 
MODEL

INTEGRATE 
MODEL

INTEGRATE 
DATA

τc−τc
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VMD & LMD




and


FLMD
Pγγ (q2

1 , q2
2) =

αM4
V + β(q2

1 + q2
2)

(q2
1 − M2

V)(q2
2 − M2

V)

FVMD
Pγγ (q2

1 , q2
2) = FLMD

Pγγ (q2
1 , q2

2) |β=0

26

 and  by 
inverse Laplace transform
ÃLMD(τ) ÃVMD(τ)

According to VMD, , 
but left as a free fit parameter 

in this work

MV = Mρ
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- Singly virtual coverage (  & larger  help!)

q1 p ω1

(q2
1 , q2

2)

p ≠ 0 mP
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Lattice details
Action: Nf = 2+1+1 twisted clover, Iwasaki gauge action, physical point 
 
 
Pion analysis: 

- Three lattice spacings


- Continuum extrapolation 
(preliminary) 

Eta analysis: 

- One lattice spacing (cB072.64, 0.08fm)


- Runs for cC, cD in next allocation cycle

29

✅

✅

🕐

✅

Eta’ analysis: 

- Found to be too noisy so far ⚠
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Doubly virtual much more precise than 
singly virtual due to kinematics.

Shown for one choice of ensemble and 
analysis procedure.

Singly virtual

Doubly virtual
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Muon g-2:  poleπ0

1. -expansion fits to FF data per choice 
of tail model, tail fit window, tail cut  

2. Integrated  per FF 

3. Systematic error accounting:


- AIC weighted model averaging 

- Stability against other analysis choices 
( -exp fit ranges, )

z
τc

aπ0−pole
μ

z tseq

31

20 22 24 26 28 30

øc

44

45

46

47

48

49

50

51

52

a
º
0
°

p
o
le

µ

£10°11

cC80 ensemble, 
subset of analyses

[Borsanyi+  Science 347, 1452 (2015)]
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Constant vs linear in  fits.


- Constant: underestimated error


- Linear: overfitting


- Preliminary result: weighted average, 
variation between fits as syst. err 
[Alexandrou+ (ETMC) 2104.13408]


- Likely too aggressive, will be refined

a2

Muon g-2:  poleπ0

[1] Gérardin+ PRD 100 (2019) 3

[2] g-2 WP, Phys. Rep. 887 (2020)

Preliminary continuum limit:


aπ0−pole
μ = 55.3(1.9)ctm(1.0)ctm−syst × 10−11
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Statistical errors (dark band) dominate systematic errors (light outer band).
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Muon g-2:  pole (0.08 fm)η

• Same model averaging procedure 
as for the pion 

• Results found to be quite stable 

• Statistical error also dominates g-2

34
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tseq = 14, tc = (°8, 8), ws = ((°6, °2), (3, 7)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°6, °2), (3, 7)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°6, °2), (3, 7)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°6, °2), (3, 7)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°6, °1), (2, 7)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°6, °1), (2, 7)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°6, °1), (2, 7)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°6, °1), (2, 7)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°5, °1), (2, 6)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°5, °1), (2, 6)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°5, °1), (2, 6)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°8, 8), ws = ((°5, °1), (2, 6)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°7, °2), (3, 8)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°7, °2), (3, 8)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°7, °2), (3, 8)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°7, °2), (3, 8)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°7, °1), (2, 8)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°7, °1), (2, 8)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°7, °1), (2, 8)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°7, °1), (2, 8)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°6, °2), (3, 7)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°6, °2), (3, 7)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°6, °2), (3, 7)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°6, °2), (3, 7)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°6, °1), (2, 7)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°6, °1), (2, 7)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°6, °1), (2, 7)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°6, °1), (2, 7)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°5, °1), (2, 6)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°5, °1), (2, 6)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°5, °1), (2, 6)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°6, 6), ws = ((°5, °1), (2, 6)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°7, °2), (3, 8)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°7, °2), (3, 8)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°7, °2), (3, 8)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°7, °2), (3, 8)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°7, °1), (2, 8)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°7, °1), (2, 8)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°7, °1), (2, 8)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°7, °1), (2, 8)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°6, °2), (3, 7)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°6, °2), (3, 7)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°6, °2), (3, 7)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°6, °2), (3, 7)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°6, °1), (2, 7)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°6, °1), (2, 7)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°6, °1), (2, 7)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°6, °1), (2, 7)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°5, °1), (2, 6)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°5, °1), (2, 6)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°5, °1), (2, 6)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°4, 4), ws = ((°5, °1), (2, 6)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°7, °2), (3, 8)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°7, °2), (3, 8)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°7, °2), (3, 8)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°7, °2), (3, 8)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°7, °1), (2, 8)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°7, °1), (2, 8)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°7, °1), (2, 8)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°7, °1), (2, 8)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°6, °2), (3, 7)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°6, °2), (3, 7)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°6, °2), (3, 7)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°6, °2), (3, 7)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°6, °1), (2, 7)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°6, °1), (2, 7)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°6, °1), (2, 7)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°6, °1), (2, 7)), N = 1(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°5, °1), (2, 6)), N = 2(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°5, °1), (2, 6)), N = 2(full,VMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°5, °1), (2, 6)), N = 1(full,LMD,simpson,boot,uncorr)
tseq = 14, tc = (°2, 2), ws = ((°5, °1), (2, 6)), N = 1(full,VMD,simpson,boot,uncorr)

Model average tseq=14
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• Largest  used (conservative choice)


• Results consistent with previous work
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CA [1]

Dyson-Schwinger [2,3]

This work (prelim.)

Muon g-2:  pole (0.08 fm)η

[1] Masjuan, Sanchez-Puertas PRD95 (2017) 054026.

[2] Eichmann+ PLB797 (2019) 134855.

[3] Khépani+ PRD101 (2020) 074021.

Preliminary 0.08fm (cB ens.): 

aη−pole
μ,0.08fm = 13.2(5.2)stat(1.3)syst × 10−11
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Preliminary measurements of  on 
coarsest ensemble:

Ã(τ)

Currently  too noisyη′ 

tseq = 10

tseq = 14

tseq = 18

 [A
rb

. u
ni

ts
]

Ã(
τ)

τ

36
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Other observables: Γ(P → γγ)
 results (incl. continuum limit):π0

37

 results (cB 0.08fm ens. only): 
 
 
 
 
 
 
 




vs.


 [PDG]

η

Γ(η → γγ)0.08fm = 323.2(84.8)stat(21.5)syst eV

Γ(η → γγ) = 516(18) eV
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 results (cB 0.08fm ens. only): 
 
 
 
 
 
 




vs.


 [1]

η

b0.08fm
η = 1.185(0.361)stat(0.157)systGeV−2

bη = 1.92(0.04) GeV−2

Other observables:
 results (incl. continuum limit):π0

38

bP = −
1

ℱ(0,0)
d

dQ2
ℱPγ*γ(0, − Q2)

Q2=0

[1] Gan+  Phys. Rept. 945 (2022), 2007.00664
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Summary
1. Unambiguous decomposition of terms of HLbL


• Pseudoscalar-pole contribution significant uncertainty 

2. Form factors are the key input


•  dispersively from expt data,  not yet


• Lattice especially important for doubly virtual 

3. Comparable determination of  at physical point 

4. Progress towards  TFF and 


• Continuum limit required

π0 η, η′ 

aπ0−pole
μ

η aη−pole
μ

39

π0, η, η′ 
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Outlook

40
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3. Noise reduction approaches for  ?


4. Other terms in HLbL decomposition?

η

η′ 
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Thanks! 
Questions?



Backup slides



/ 40

-expansionz
Conformal transformation:





 
Polynomial fit to cutoff order  used in this work.


Multiplicative factor to match B-L and OPE asymptotics:


zk =
tc − Q2

k − tc − t0

tc + Q2
k + tc − t0

N ∈ {1,2}

P(Q2
1 , Q2

2) = 1 +
Q2

1 + Q2
2

M2
V

42

 given by  thresholdtc = 4m2
π 2π

 chosen to minimize  over 
range of interest

t0 |zk |
k ∈ {1,2}
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Other terms in HLbL decomposition

43[Colangelo+ Snowmass White Paper, 2203.15810]

Addressed by this work

AV form factors accessible 
on the lattice… future work?

Theoretical ambiguities 
actively being addressed 

by data-driven community
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Renormalization factors  and ZV ZA
Determined extremely precisely using a hadronic method based on the lattice 
Ward identities in [Alexandrou+ 2206.15084].

44
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AIC averaging

45

Averaging the analyses

• Average analysis results, weighted e.g. with reduced �2 or Akaike
Information Criterion (AIC).

• Procedure with modified AIC from [Sz. Borsanyi et al., Nature, 593(7857)
51–55, (2021) and refs. therein] can be used to estimate the systematic
errors.

AIC ⇠ exp


�

1
2
�
�2 + 2npar � ndata

��

• Normalize weights, i.e.
P

i wi = 1.
• Build cumulative distribution function (CDF)

P(y ;�) =

Z y

�1
dy 0

X

i

wiN(y 0;mi ,�i
p

�).

Sebastian Burri (University of Bern) FP!�⇤�⇤ 20th October 2022 27 / 39

[Slide credit: Sebastian Burri]
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Averaging the analyses
• Median of CDF defines central value, total error given by 16% and 84%

percentiles, i.e.

�2
total ⌘


1
2
(y84 � y16)

�2
⌘ �2

stat + �2
sys,

with P(y16; 1) = 0.16 and P(y84; 1) = 0.84.
• Rescaling each �2

i by � increases �2
stat by the same factor, i.e.

��2
stat + �2

sys ⌘


1
2
(ỹ84 � ỹ16)

�2
⌘ �̃2

total,

with P(ỹ16;�) = 0.16 and P(ỹ84;�) = 0.84.
• Maximal effective sample size can be estimated by the magnitude of the

correlation matrix R ,

|R |= sup

⇢
1

a⇤Ra
: a 2 Rn,

X
ai = 1

�
,

with Rij = cov(Xi ,Xj)/�Xi�Xj 2 [�1, 1], Rii = 1.
Sebastian Burri (University of Bern) FP!�⇤�⇤ 20th October 2022 28 / 39


