b

u

b
UNIVERSITAT
BERN

AEC
ALBERT EINSTE
FOR FUNDAME

Tobias Rindlisbacher!, Kari Rummukainen?, Ahmed Salami? & Kimmo Tuominen?

1 University of Bern, AEC & Institute for Theoretical Physics, Bern, Switzerland
2University of Helsinki, Department of Physics & Helsinki Institute of Physics, Helsinki, Finland

December 5, 2022

HELSINGIN YLIOPISTO
HELSINGFORS UNIVERSITET
UNIVERSITY OF HELSINKI




Outline

1. Motivation
> flavor-number-dependency of running coupling (massless fermions)
> fermion mass effects
2. Lattice methods
> used data
> gradient flow running coupling
> finite volume effects
3. Results |

> lattice gradient flow coupling data fitted
4. Renormalization scheme matching

> massive GF scheme 1-loop beta function

> relating the massive GF and massive BF-MOM schemes
5. Results I

> Comparing lattice GF data with 2-loop BF-MOM
> Potential effects from 3-loop non-universality



1. Motivation
Beta function and running coupling in SU(N) gauge theories

m Gauge coupling beta function (massless fermions):

dg _
T /3(9 )

> running gauge coupling g2 at energy scale p.
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1. Motivation
Beta function and running coupling in SU(N) gauge theories
m Gauge coupling beta function (massless fermions):

dg? 5
A— =—
o B(g°)

> running gauge coupling g2 at energy scale p.

> will use ren. length scale A ~ 1/p.
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1. Motivation
Beta function and running coupling in SU(N) gauge theories

m Gauge coupling beta function (massless fermions):

d2
229

= -B(9%)

> running gauge coupling g2 at energy scale p.
> will use ren. length scale A ~ 1/p.
m Scale change A\ — A = s \g:

2
(68, s) = && — B(gR) log(s) +5'(Q§)ﬁ(gg)@ +

m perturbative definition:

n, (g )= —2¢° nlzfﬁn ((4 2)2>n+1

> [n in general scheme-dependent (exception(s): Bo (, £1))-
> known up to 5-loops (n; = 5) in MS-scheme
[F. Herzog et al. JHEP02(2017)090]
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> running gauge coupling g2 at energy scale p.
> will use ren. length scale A ~ 1/p.
m Scale change A\ — A = s \g:
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Beta function and running coupling in SU(N) gauge theories

m Gauge coupling beta function (massless fermions):

d2
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= -B(9%)

> running gauge coupling g2 at energy scale p.
> will use ren. length scale A ~ 1/p.
m Scale change A\ — A = s \g:
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Beta function and running coupling in SU(N) gauge theories

m Gauge coupling beta function (massless fermions):

d2
229

= -B(9%)

> running gauge coupling g2 at energy scale p.
> will use ren. length scale A ~ 1/p.

m Scale change A\ — A = s \g:
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Beta function and running coupling in SU(N) gauge theories

m Gauge coupling beta function (massless fermions):

d2
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> running gauge coupling g2 at energy scale p.
> will use ren. length scale A ~ 1/p.
m Scale change A\ — A = s \g:
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m perturbative definition:
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Beta function and running coupling in SU(N) gauge theories

m Gauge coupling beta function (massless fermions):

d2
229

= -B(9%)

> running gauge coupling g2 at energy scale p.
> will use ren. length scale A ~ 1/p.

m Scale change A\ — A = s \g:
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m perturbative definition:
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> [nin general scheme-dependent (exception(s): So (, 81))

> known up to 5-loops (n; = 5) in MS-scheme
[F. Herzog et al. JHEP02(2017)090]
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1. Motivation

Beta function and running coupling in SU(N) gauge theories

m Gauge coupling beta function (massless fermions):

do® 5
)\ﬁ = —-p(g%)

> running gauge coupling g2 at energy scale p.

> will use ren. length scale A ~ 1/p.
m Scale change A\ — A = s \g:

log?(s
& (.5) = 6 ~ 5(5) los(s) + 7 (&) B(68) 2 +
m perturbative definition:

n—1

n, (g )= —2¢° Zﬁn ((4 2)2)n+1

> [nin general scheme-dependent (exception(s): So (, 81))

> known up to 5-loops (n; = 5) in MS-scheme
[F. Herzog et al. JHEP02(2017)090]

m Example: SU(N = 2) with Ny massless flavors (n, = 2)
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Beta function and running coupling in SU(N) gauge theories

m Gauge coupling beta function (massless fermions):

a 2
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> running gauge coupling g2 at energy scale p.
> will use ren. length scale A ~ 1/p.

m Scale change A\ — A = s \g:

log?(s
& (.5) = 6 ~ 5(5) los(s) + 7 (&) B(68) 2 +
m perturbative definition:

n—1

n, (g )= —2¢° Zﬁn ((4 2)2)n+1

> [nin general scheme-dependent (exception(s): So (, 81))

> known up to 5-loops (n; = 5) in MS-scheme
[F. Herzog et al. JHEP02(2017)090]
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1. Motivation
Effect of non-zero fermion mass

m SU(N) with N; degenerate, fundamental fermions of mass m =- additional scale m, resp. &m ~ 1/min system.
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1. Motivation
Effect of non-zero fermion mass

m SU(N) with N; degenerate, fundamental fermions of mass m =- additional scale m, resp. &m ~ 1/min system.

Expected asymptotic behavior:
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1. Motivation

Effect of non-zero fermion mass

m SU(N) with N; degenerate, fundamental fermions of mass m =- additional scale m, resp. &m ~ 1/min system.
Expected asymptotic behavior:

> for A < &m fermion mass irrelevant = By, m>o0 (92) ~ Bng,m=0 (g )

— — Ny=24, my=0

— — N;=24, my=0
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Expected asymptotic behavior:

> for A < &m fermion mass irrelevant = By, m>o0 (92) ~ Bng,m=0 (g )
> for A > &m fermions decouple
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1. Motivation

Effect of non-zero fermion mass

m SU(N) with N; degenerate, fundamental fermions of mass m =- additional scale m, resp. &m ~ 1/min system.
Expected asymptotic behavior:

> for A < &m fermion mass irrelevant = By, m>o0 (92) ~ Bng,m=0 (92)

massive scheme interpolates
> for A > &m fermions decouple = Bny,m>0(9%) ~ Bn,=0,m=0(g?)

— — Ny=24, mp=0
- N=0

Ny=24, g2=1.6, Aymo=0.5

Ny=24, g3=1.6, Aymy=0.5
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1. Motivation

Effect of non-zero fermion mass

m SU(N) with N; degenerate, fundamental fermions of mass m =- additional scale m, resp. &m ~ 1/min system.
Expected asymptotic behavior:

> for A < &m fermion mass irrelevant = By, m>o0 (92) ~ Bn;,m=0 (gz) ) )
massive scheme interpolates

> for A > &m fermions decouple = Bn,m>0(9%) ~ Bny=0,m=0(9?)
m General mass-dependent scheme:
dg? — Ni=24, my=0 8 — Nj=24, my=0
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1. Motivation

Effect of non-zero fermion mass

m SU(N) with N; degenerate, fundamental fermions of mass m =- additional scale m, resp. &m ~ 1/min system.

Expected asymptotic behavior:

> for A < &m fermion mass irrelevant

> for A > &m fermions decouple

m General mass-dependent scheme:

dg®
Tiog(y) = —B(g%, Am)
dlog(m) _
F v(g?, Am)

m 2-loop BF-MOM scheme result:
[Jegerlehner & Tarasov NPB549(1999)]

> pole mass m = mg (not running)

(2) (¢?) i
(9P A< Emy

B ﬂ(le):‘M,Nl:24(g27 Amg) = ﬁl(vz[;g’Nf*Zz 2) A e .
- _ g | moy
MS,N;=0 gz

= BN,,m>0(92) ~ BNf,m:O (92)
= Bny,m>0(9%) ~ Bn,=0,m=0(g?)

massive scheme interpolates

— — Ny=24, my=0
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2. Lattice methods

Running coupling on the lattice

m Can this behavior be observed on the lattice? 5

B(&?)
N
3
T
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2. Lattice methods

Running coupling on the lattice

m Can this behavior be observed on the lattice?

- can use HMC data from previous study: [Rantaharju et al. PRD 104, 114504 (2021)]

>

>

>

SU(2) lattice gauge theory with Ny = 24 massive Wilson fermions

lattices of size V = L* (L = 32a, 40a, 48a) with periodic (gauge), resp. time-antiperiodic (fermions) BC

lattice action: S = Sg(U) + Sr(V) + csw Ssw(V)

- U: fundamental, unsmeared gauge link matrices

- V : HEX-smeared gauge link matrices (corresponding to U) [Capitani et al. JHEP11(2006)028]
> Sg, Sk : Wilson gauge and Wilson fermion actions

=  Csw Ssw : clover term with Sheikholeslami-Wohlert coefficient cgw = 1

3 values of inverse gauge coupling, 3 € { — 0.25,0.001,0.25 }

for each value of 3 4-6 different values of fermion hopping parameter x

(OF + Oa)fa(xa)
4fP(X4) X4=L/2

gradient flow running coupling (clover-energy, Liischer-Weisz action)

PCAC quark mass: amq = (axial and pseudo-scalar current correlators fa, fp)
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2. Lattice methods
Running coupling on the lattice

' : . 5 212 XN (E(N)) i
m Gradient flow (GF) scheme in the continuum: gor(N) = W [Luscher JHEP08(2010)071]

> GF scale A = /8, after flow time ¢t

> (E(XN)) : VEV of flow-evolved gauge action after flow time ¢, i.e. at flow scale A
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2. Lattice methods
Running coupling on the lattice

212 XN (E(N))

m Gradient flow (GF) scheme in the continuum: gGF(A) 3N — 1) [Lischer JHEP08(2010)071]

> GF scale A = /8, after flow time ¢t

> (E(XN)) : VEV of flow-evolved gauge action after flow time ¢, i.e. at flow scale A
2m2 M (E(AL L))
5 [Fodor et al. JHEP11(2012)007]
3(N2—1) (1 +68,/a(AL/L))
> lattice GF scale \; = /81, after flow time t

m Finite lattice estimator: ~ g&p(A\L,L) =

> (E(Ar, L)) : estimator for flow-evolved clover energy after flow time ¢, i.e. at flow scale A,

N/2—1 24
c
> finite, periodic lattice correction: dn(c) = (\fc E e—(Nesin(mn/N))>? ) _ “T 1
n=—N/2

= slightly modified: summing over lattice instead of continuum momenta
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2. Lattice methods

Running coupling on the lattice

212 XN (E(N))

3N 1) [Lischer JHEP08(2010)071]

m Gradient flow (GF) scheme in the continuum:  g&p(\) =
> GF scale A\ = v/81, after flow time t

> (E(XN)) : VEV of flow-evolved gauge action after flow time ¢, i.e. at flow scale A
27 X{ (E(Q\w, L)

3(N2—1) (1 +68,/a(AL/L))

> lattice GF scale A, = /81, after flow time t

[Fodor et al. JHEP11(2012)007]

m Finite lattice estimator: ~ g&p(A\L,L) =

> (E(AL, L)) : estimator for flow-evolved clover energy after flow time ¢, i.e. at flow scale A\, ¢

N/2—1 5 4
c
> finite, periodic lattice correction: sy(c) = (\fc > e (N esin(mn/N))? ) - WT 1 T oy
n=—N/2 :Qz’ '
- slightly modified: summing over lattice instead of continuum momenta @
bS]
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2. Lattice methods
Running coupling on the lattice

212 XN (E(N))

m Gradient flow (GF) scheme in the continuum: gGF(A) 3N — 1) [Lischer JHEP08(2010)071]

> GF scale A = /8, after flow time ¢t

> (E(XN)) : VEV of flow-evolved gauge action after flow time ¢, i.e. at flow scale A
2m2 M (E(AL L))
[Fodor et al. JHEP11(2012)007]
3(N2—1) (1 +68,/a(AL/L))
> lattice GF scale \; = /81, after flow time t

m Finite lattice estimator: ~ g&p(A\L,L) =

> (E(Ar, L)) : estimator for flow-evolved clover energy after flow time ¢, i.e. at flow scale A,

N/2—1 24
c
> finite, periodic lattice correction: dn(c) = (\fc E e—(Nesin(mn/N))>? ) _ “T 1
n=—N/2

= slightly modified: summing over lattice instead of continuum momenta

= improved short dist. behavior [Fritzsch & Ramos JHEP10(2013)008]
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2. Lattice methods

Running coupling on the lattice
B=0.001, my=0.0175944

272 XH(E(X 15
m Gradient flow (GF) scheme in the continuum: géF(A) = w \
> GF scale A = /8, after flow time ¢ 1
> (E(XN)) : VEV of flow-evolved gauge action after flow time ¢, i.e. at flow scale A '
05
212 XH(E(AL, L))
m Finite lattice estimator:  g&p (A, L) = L | — )
Gr ) 3(N2—1) (1 +68,/a(AL/L)) 0 — 6(c)
> lattice GF scale \; = /81, after flow time t 0 5 10
Aa
> (E(Ar, L)) : estimator for flow-evolved clover energy after flow time ¢, i.e. at flow scale A, B=-0.25, m,=0.45946993
Nz : 2\ 4 w2ct
> finite, periodic lattice correction: dn(c) = (\/?c Z e~ (Nesin(mwn/N)) ) -5 1
n=—N/2 4
= slightly modified: summing over lattice instead of continuum momenta Ny
2
= improved short dist. behavior N=L/a=232 [Fritzsch — 5(0)
0 — dn(c)
0 5 10

Aa
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2. Lattice methods

Running coupling on the lattice

B=0.001, my=0.01729788

i ) ) 5 212 XN (E(N))
m Gradient flow (GF) scheme in the continuum: gor(N) = W \
> GF scale A = /81, after flow time ¢ !
> (E(X)) : VEV of flow-evolved gauge action after flow time ¢, i.e. at flow scale A ® 05
212 XH(E(AL, L))
m Finite lattice estimator:  g&p (A, L) = L | — 6(0)
GrOLL = 300 1) (1 + /a0 /D) . 6o
> lattice GF scale \; = /81, after flow time t 0 5 10 15
Aa
> (E(Ar, L)) : estimator for flow-evolved clover energy after flow time ¢, i.e. at flow scale A, B=-0.25, m,=0.45606046
Nt . 2\ 4 w2ct
> finite, periodic lattice correction: dy(c) = (\/Ec Z e~ (Ncsin(mn/N)) ) - 1 6
n=—N/2
y 4
= slightly modified: summing over lattice instead of continuum momenta S
= improved short dist. behavior N=L/a=40 [Fritzsch — 5(0)
0 — 6n(©)
0 5 10 15
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2. Lattice methods

Running coupling on the lattice
8=0.001, m,=0.01697415

' ) . 5 212 XN (E(N))
m Gradient flow (GF) scheme in the continuum: gor(N) = W \
1
> GF scale A = /8, after flow time ¢
> (E(X)) : VEV of flow-evolved gauge action after flow time ¢, i.e. at flow scale A = 05
272 2\ (E(\, L))
m Finite lattice estimator:  g&p (A, L) = L — ()
e = 5 1) (1 + a(0/0) i Y
> lattice GF scale \; = /81, after flow time t 0 5 10 15 20
Aa
> (E(Ar, L)) : estimator for flow-evolved clover energy after flow time ¢, i.e. at flow scale A, B=-0.25, my=0.45455918
Nt . 2\ 4 w2ct 8
> finite, periodic lattice correction: dn(c) = (\/?c Z e—(Nesin(mn/N)) ) _TC
3 6
n=—N/2
- slightly modified: summing over lattice instead of continuum momenta $ 4
= improved short dist. behavior N=L/a=48 [Fritzsct 2 — 8(0)
0 — 6n(c)
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2. Lattice methods
Running coupling on the lattice

212 XN (E(N))

m Gradient flow (GF) scheme in the continuum: gGF(A) 3N — 1) [Lischer JHEP08(2010)071]

> GF scale A = /8, after flow time ¢t

> (E(XN)) : VEV of flow-evolved gauge action after flow time ¢, i.e. at flow scale A
2m2 M (E(AL L))
5 [Fodor et al. JHEP11(2012)007]
3(N2—1) (1 +68,/a(AL/L))
> lattice GF scale \; = /81, after flow time t

m Finite lattice estimator: ~ g&p(A\L,L) =

> (E(Ar, L)) : estimator for flow-evolved clover energy after flow time ¢, i.e. at flow scale A,

N/2—1 24
c
> finite, periodic lattice correction: dn(c) = (\fc E e—(Nesin(mn/N))>? ) _ “T 1
n=—N/2

= slightly modified: summing over lattice instead of continuum momenta

= improved short dist. behavior [Fritzsch & Ramos JHEP10(2013)008]

m We will consider g2 (A, L) as function of A, at fixed L (no step scaling).
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GF scheme beta function
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m Continuum GF running coupling: ugr(N\) = g&r(\) = 7;(,)\\[27(@ with A\ = V8t


https://doi.org/10.1007/JHEP06(2016)161
https://doi.org/10.1007/JHEP08%282010%29071
https://doi.org/10.22323/1.396.0489

4. Renormalization scheme matching

GF scheme beta function

22 X4 (E
m Continuum GF running coupling: ugr(N\) = g&r(\) = ;2/27((1;\» with A\ = V8t

m use 1-loop MS result for leading mg-contribution to (E(t)) [Harlander & Neumann JHEP06(2016)161]

> uor () = tis0) (1 4+ k1 (3/0) “(AS;)O)Jrh(A ()\o))ul\(T()O)Jr () ©

> old: k1(A/Xo) = (2 log(A/Xo) + vE) Bo + N(% -3 Iog(S)) - Nf(g - g Iog(Z)) [Lischer JHEP08(2010)071]

> new: h(y) = 7% Ta Ny Qig(— 1/(2y))


https://doi.org/10.1007/JHEP06(2016)161
https://doi.org/10.1007/JHEP08%282010%29071
https://doi.org/10.22323/1.396.0489

4. Renormalization scheme matching

GF scheme beta function

m Continuum GF running coupling: ugr(N\) = g&r(\) = 27;(2;7(5(1? with A= +/8t

m use 1-loop MS result for leading mg-contribution to (E(t)) [Harlander & Neumann JHEP06(2016)161]
> uer(\) = MS(/\O)(1 + k(M Xo) “(Asﬂ() o) (Am(Xo)) ““(T() o) | o( MS(Ao))) ")
> old: ki1(A/Xo) = (2 log(A/Xo) +vE) Bo + N(% -3 Iog(S)) — N,(S — g Iog(Z)) [Lischer JHEP08(2010)071]
> new: li(y) = 73 Ta Neg( — 1/(2y)2)

m define GF beta function in terms of A-derivative of (*): [Harlander PoS(LATTICE2021)489]
5 Bup - _)\dz:l% _ _(Adm(dAA/Ao) +)\d/1(>\dn>7\()\o))) h(if) 0) L O(Ry) )
> invert (s () = ur () (1~ ki (4o )”&jr()A) KA m(%o) ”(ij)” +O(r () )

- (A 0) | dh(Am(N)) \ U
> anduseitin (**) = fBar(ugr,Am)= ()\ D + A Y )(47r)2

2Bo,GF

+0(Ugr)
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GF scheme beta function
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> | decoupling not near 2 A mp =~ 1 = mismatch between A and my
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5. Results Il

Lattice GF-data compared to 2-loop BF-MOM (no fit)
m Data from V = (48a)* lattice

m Using ps = 2.5359. .. from 1-loop BF-MOM/GF-scheme matching
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W compare:

> data + 2-loop massive BF-MOM < 3-loop massless GF

[Harlander & Neumann JHEP06(2016)161]

> data + 2-loop massive BF-MOM <> 3-loop massless BF-MOM

m Still good agreement.
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6. Summary

Summary
m Non-perturbative demonstration of decoupling of massive
fermions at scale A ~ 1/m

m Good agreement after establishing relation between
massive BF-MOM and massive GF scheme:
MGF) = ps X\BFM) - yith ps = 2.535045 . . . .

m Checked for effect from 3-loop non-universality.

m qualitative agreement between lattice data and perurbative

results persists at 3-loops.

Thank you for your attention!

[PRL 129, 131601 (2022)], [arXiv:2110.13882 [hep-lat]]
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7. Backup

3-loop non-universal effects

m Comparisons of the 3-loop beta function for SU(2) gauge 7.0} —— 3-loop MS 47
theory with Ny = 24 massless flavors (left) and Ny = 0 e - 2’:‘;22 ZIFE'MOM, S = i
x Tt o7 7 x —4.
flavors (right) in the MS (solid, black), BF-MOM (long < 6.5 j | D .
S -z S -4 -
dashes, red) and GF scheme (short dashes, blue). For = =
3 6.0 < -5.0
comparison also the corresponding 2-loop beta function is L £ NG
[N Q _5qf--- 3-loop GF ‘
shown (dot-dashed, black). 55 — = 2-loop (univ.)
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