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1. Motivation

Beta function and running coupling in SU(N) gauge theories

Gauge coupling beta function (massless fermions):

µ
dg2

dµ
= β(g2)

> running gauge coupling g2 at energy scale µ.

> will use ren. length scale λ ∼ 1/µ.

Scale change λ0 → λ = s λ0:

g2(g2
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)
= g2
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(
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0
)
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)
β
(
g2

0
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perturbative definition:

β(nl )(g2) = −2 g2
nl−1∑
n=0

βn

(
g2

(4π)2

)n+1

> βn in general scheme-dependent (exception(s): β0 (, β1)).

> known up to 5-loops (nl = 5) in MS-scheme

[F. Herzog et al. JHEP02(2017)090]

Example: SU(N = 2) with Nf massless flavors (nl = 2)

β0,MS =
11
3

CG −
4
3

TR Nf

β1,MS =
34
3

C2
G −

20
3

CG TR Nf − 4 CR TR Nf

with: CG = N, CR = (N2 − 1)/(2 N), and TR = 1/2.
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1. Motivation

Effect of non-zero fermion mass

SU(N) with Nf degenerate, fundamental fermions of mass m ⇒ additional scale m, resp. ξm ∼ 1/m in system.

Expected asymptotic behavior:

> for λ ≪ ξm fermion mass irrelevant ⇒ βNf ,m>0
(
g2

)
∼ βNf ,m=0

(
g2

)
> for λ ≫ ξm fermions decouple ⇒ βNf ,m>0

(
g2

)
∼ βNf =0,m=0

(
g2

)

General mass-dependent scheme:

dg2

d log(λ)
= −β(g2, λm)

d log(m)

d log(λ)
= γ(g2, λm)

2-loop BF-MOM scheme result:
[Jegerlehner & Tarasov NPB549(1999)]

> pole mass m = m0 (not running)

> β
(2)
BFM,Nf =24(g

2, λm0) =


β
(2)
MS,Nf =24

(g2) if λ ≪ ξm0

β
(2)
MS,Nf =0

(g2) if λ ≫ ξm0

https://doi.org/10.1016/S0550-3213(99)00141-8
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> for λ ≪ ξm fermion mass irrelevant ⇒ βNf ,m>0
(
g2

)
∼ βNf ,m=0

(
g2

)
> for λ ≫ ξm fermions decouple ⇒ βNf ,m>0

(
g2

)
∼ βNf =0,m=0

(
g2

)
General mass-dependent scheme:

dg2

d log(λ)
= −β(g2, λm)

d log(m)

d log(λ)
= γ(g2, λm)

2-loop BF-MOM scheme result:
[Jegerlehner & Tarasov NPB549(1999)]

> pole mass m = m0 (not running)

> β
(2)
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β
(2)
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massive scheme interpolates
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2. Lattice methods

Running coupling on the lattice
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Can this behavior be observed on the lattice?

➔ can use HMC data from previous study: [Rantaharju et al. PRD 104, 114504 (2021)]

> SU(2) lattice gauge theory with Nf = 24 massive Wilson fermions

> lattices of size V = L4 (L = 32a, 40a, 48a) with periodic (gauge), resp. time-antiperiodic (fermions) BC

> lattice action: S = SG(U) + SF (V ) + cSW SSW(V )

➔ U : fundamental, unsmeared gauge link matrices

➔ V : HEX-smeared gauge link matrices (corresponding to U) [Capitani et al. JHEP11(2006)028]

➔ SG, SF : Wilson gauge and Wilson fermion actions

➔ csw Ssw : clover term with Sheikholeslami-Wohlert coefficient cSW = 1

> 3 values of inverse gauge coupling, β ∈ { − 0.25, 0.001, 0.25}

> for each value of β 4-6 different values of fermion hopping parameter κ

> PCAC quark mass: a mq =
(∂∗

4 + ∂4)fA(x4)

4 fP(x4)

∣∣∣∣
x4=L/2

(axial and pseudo-scalar current correlators fA, fP )

> gradient flow running coupling (clover-energy, Lüscher-Weisz action)

https://doi.org/10.1103/PhysRevD.104.114504
https://doi.org/10.1088/1126-6708/2006/11/028
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2. Lattice methods

Running coupling on the lattice

Gradient flow (GF) scheme in the continuum: g2
GF(λ) =

2π2 λ4 ⟨E(λ)⟩
3(N2 − 1)

[Lüscher JHEP08(2010)071]

> GF scale λ =
√

8 t , after flow time t

> ⟨E(λ)⟩ : VEV of flow-evolved gauge action after flow time t , i.e. at flow scale λ

Finite lattice estimator: g2
GF(λL, L) =

2π2 λ4
L ⟨E(λL, L)⟩

3 (N2 − 1)
(
1 + δL/a(λL/L)

) [Fodor et al. JHEP11(2012)007]

> lattice GF scale λL =
√

8 t , after flow time t

> ⟨E(λL, L)⟩ : estimator for flow-evolved clover energy after flow time t , i.e. at flow scale λL

> finite, periodic lattice correction: δN(c) =
(√

πc
N/2−1∑

n=−N/2

e−(N c sin(πn/N))2
)4

−
π2c4

3
− 1

➔ slightly modified: summing over lattice instead of continuum momenta

⇒ improved short dist. behavior [Fritzsch & Ramos JHEP10(2013)008]

We will consider g2
GF(λL, L) as function of λL at fixed L (no step scaling).

https://doi.org/10.1007/JHEP08%282010%29071
https://doi.org/10.1007/JHEP11(2012)007
https://doi.org/10.1007/JHEP10(2013)008
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⇒ improved short dist. behavior N = L/a = 32 [Fritzsch & Ramos JHEP10(2013)008]

We will consider g2
GF(λL, L) as function of λL at fixed L (no step scaling).
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➔ slightly modified: summing over lattice instead of continuum momenta

⇒ improved short dist. behavior N = L/a = 40 [Fritzsch & Ramos JHEP10(2013)008]

We will consider g2
GF(λL, L) as function of λL at fixed L (no step scaling).
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➔ slightly modified: summing over lattice instead of continuum momenta

⇒ improved short dist. behavior N = L/a = 48 [Fritzsch & Ramos JHEP10(2013)008]

We will consider g2
GF(λL, L) as function of λL at fixed L (no step scaling).
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3. Results I

Lattice GF-data

V = (48a)4 lattice:

➔
Observe expected change

of slope as a mq increases

Fit with 2-loop BF-MOM

set: λ0 = a, λ = λL, fit: g2
0 , m0

⇒ rs = λ0m0
a mq

≈ 0.4 − 0.5

(a mq unren. (no pole mass))
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4. Renormalization scheme matching

GF scheme beta function

Continuum GF running coupling: uGF(λ) = g2
GF(λ) =

2π2 λ4 ⟨E(λ)⟩
3 (N2 − 1)

with λ =
√

8 t

use 1-loop MS result for leading mq -contribution to ⟨E(t)⟩ [Harlander & Neumann JHEP06(2016)161]

➔ uGF(λ) = uMS(λ0)

(
1 + k1(λ/λ0)

uMS(λ0)

(4π)2 + l1(λm(λ0))
uMS(λ0)

(4π)2 +O
(
u2
MS(λ0)

))
(*)

> old: k1(λ/λ0) = (2 log(λ/λ0) + γE )β0 + N
(

52
9

− 3 log(3)
)

− Nf

(
4
9
−

4
3
log(2)

)
[Lüscher JHEP08(2010)071]

> new: l1(y) = −
4
3

TR Nf Ω1q
(
− 1/(2y)2)

define GF beta function in terms of λ-derivative of (*): [Harlander PoS(LATTICE2021)489]

➔ βGF = −λ
duGF

dλ
= −

(
λ

dk1(λ/λ0)

dλ
+ λ

dl1(λm(λ0))

dλ

)u2
MS

(λ0)

(4π)2 +O
(
u3
MS

)
(**)

> invert (*): uMS(λ0) = uGF(λ)

(
1 − k1(λ/λ0)

uGF(λ)

(4π)2 − l1(λm(λ0))
uGF(λ)

(4π)2 +O
(
u2
GF(λ)

))

> and use it in (**) ⇒ βGF(uGF, λm) = −
(
λ

dk1(λ/λ0)

dλ
+ λ

dl1(λm(λ0))

dλ︸ ︷︷ ︸
2 β0,GF

)
u2
GF

(4π)2 +O
(
u3
GF

)

https://doi.org/10.1007/JHEP06(2016)161
https://doi.org/10.1007/JHEP08%282010%29071
https://doi.org/10.22323/1.396.0489
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4. Renormalization scheme matching

GF scheme beta function

βGF(uGF, λm) = −2β0,GF(x)
u2
GF

(4π)2 +O
(
u3
GF

)
with β0,GF(x) = β0 +

4
3

TR Nf x
dΩ1q(x)

dx
and x = −1/(2λm)2

> at 1-loop: m = m0 (const.)

> β0,GF,Nf (x) =

β0,MS,Nf =24 if λ ≪ 1/m0

β0,MS,Nf =0 if λ ≫ 1/m0

> decoupling not near 2λm0 ≈ 1 ⇒ mismatch between λ and m0
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4. Renormalization scheme matching

Relating GF and BF-MOM (or BFM) scheme

can match GF and BFM by rescaling λ(GF) = ρs λ(BFM) with some ρs > 0

scheme matching usually done at trivial fixed point u = g2 = 0 (universality)

if decoupling of fermions physical ⇒ should be described equivalently in all schemes

➔ set:

> λ(BFM) = λ , λ(GF) = ρsλ

> λ
(BFM)
0 = λ0 , λ

(GF)
0 = ρsλ0

> uGF(λ
(GF)
0 ) = uBFM(λ

(BFM)
0 ) = u0

> mGF(λ
(GF)) = mBFM(λ(BFM)) = m0 (assuming pole masses)

➔ require: uGF(λ
(GF)) = uBFM(λ(BFM)) for log(λ/λ0) ≈ 0, λ0 = 1/(2 m0).

➔ Expand both sides uR
(
λ(R)

)
= u0 +

∞∑
n=1

c(R)
n

(
u0, x(R)

0

) logn(λ(R)/λ
(R)
0

)
n!

➔ c(GF)
n (u0, x0/ρ

2
s) = c(BFM)

n (u0, x0) ∀n ∈ N

at 1-loop: β0,GF(x0/ρ
2
s) = β0,BFM(x0) ⇒ ρs = 2.535945 . . .
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5. Results II

Lattice GF-data compared to 2-loop BF-MOM (no fit)

Data from V = (48a)4 lattice

Using ρs = 2.5359 . . . from 1-loop BF-MOM/GF-scheme matching

no fitting performed here.

potential effects from 3-loop non-universality?

[Dalla Brida & Ramos Eur.Phys.J.C 79,720(2019)]

compare:

> data + 2-loop massive BF-MOM ↔ 3-loop massless GF

[Harlander & Neumann JHEP06(2016)161]

> data + 2-loop massive BF-MOM ↔ 3-loop massless BF-MOM

Still good agreement.
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6. Summary

Summary

Non-perturbative demonstration of decoupling of massive

fermions at scale λ ∼ 1/m

Good agreement after establishing relation between

massive BF-MOM and massive GF scheme:

λ(GF) = ρs λ(BFM) with ρs = 2.535945 . . . .

Checked for effect from 3-loop non-universality.

qualitative agreement between lattice data and perurbative

results persists at 3-loops.

Thank you for your attention!

[PRL 129, 131601 (2022)], [arXiv:2110.13882 [hep-lat]]
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7. Backup

3-loop non-universal effects

Comparisons of the 3-loop beta function for SU(2) gauge

theory with Nf = 24 massless flavors (left) and Nf = 0

flavors (right) in the MS (solid, black), BF-MOM (long

dashes, red) and GF scheme (short dashes, blue). For

comparison also the corresponding 2-loop beta function is

shown (dot-dashed, black).
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