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Semileptonic decays: dictionary

Focus on weak semi-leptonic decays
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» EXCLUSIVE: B; — Dgly;, with just one hadron in the final state
» INCLUSIVE: B; — X (v, , with multi-particle states
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Introduction and motivations

FIAG2021

» ~ 30 discrepancy (in the plot) between
45 B-D" inclusive/exclusive determination;
B=D inclusive

> lattice QFT represents a fully

B-TV

non-perturbative theoretical approach to
> * QCD;
"TD » no current predictions from lattice QCD
23.5

for the inclusive decays.

This talk: Pilot study B; — X_ Iy,

» improve existing strategies for inclusive
: . 1 decays on the lattice;
36 38 40 42 a4

|Vcb| x 103

» compare two different methods for the
analysis.
[Aoki et al. (2021)']
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Differential decay rate

S > S
Bs{ }Xc
b ¢

W It

|
Y

4!

dr G%|Ve|?
Decay rate: = LD, | W,
o dg2dgod B, e el
Leptonic tensor Hadronic tensor

Wi = (2m)*6W(p —q )
X.

3 (Be ()] 71X, (r)) (Xelr)| ¥ B ().

contains all the non-perturbative QCD
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Hadronic tensor

The Hadronic tensor can be decomposed into 5 Lorentz invariant structure functions

Wi(q2aU'Q):Wi(q25W), w:Ech

= —g" Em%# aby, qB+q q- (U“ql'—l—vl’q“).

d|sappear after l i
integration over Fj

contribute to relevant only for 7

total decay rate (massless limit) ie.my # 0
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Total decay rate

G2 |V |? Dhax _
I= F—/ dg® /g2 X
0

243 ’
kinematics
— Wmax Wmax
- dw[ by | % [0 dwXx®
Wxnm l 0 Wmm
portal to compute the I'/|Ve|? from lattice?

X© = g*Woo + Z((J? — ¢ )W + Zquijqj )
i i

XU = —go > " (Wo; + W),

X® =gf > Wi
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Inclusive decays on the lattice
[Hansen et al. (2017)2, Hashimoto (2017)3, Gambino and Hashimoto (2020)%]

We need the non-perturbative calculation of the hadronic tensor

W (q,w) ~ > (Bl J*T|X.) (Xe| J”|By) .

Xe
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Inclusive decays on the lattice
[Hansen et al. (2017)2, Hashimoto (2017)3, Gambino and Hashimoto (2020)%]

We need the non-perturbative calculation of the hadronic tensor

WH (q,w) ~ Z (Bs| JHT | Xe) (Xc| JV|Bs)
Xe

On the lattice, this is achieved with a 4pt correlation function:

Jy(tl) J,]:(t2) > tsrc: t2: tsnk fixed
b == b > tyc <t < o
> t=1—1
tsre tenk > t_SmaII — . .
signal-to-noise ratio
S deteriorate with t

Cﬁll“/t (tSnk ta, t1 tsrc) - P
CHY(t) ~ P ) b2, U1 o Bs J“T 70 e—tHJu ’0 Bs .
( ) Oth (tsnky t2)02pt (t1, tsrc) < | (q ) (q )| >
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Lattice data (Euclidean)

i i i — t/a
0o 1 2 T

lattice data
(correlation function)

1

spectral function:

>2; (01O 15) (5] OT|0) (w — E)

finite/discrete number of
time-slices t = —i7

p(w) trivial C(t)

ill-posed problem
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Lattice data (Euclidean)

| | | | finite/discrete number of
| | | w t/a . . :
time-slices t = —i7

0 1 2 T

lattice data
(correlation function)

: /000 dwef‘”t plw) (L—Ial> C(t)
i

ill-posed problem

spectral function:
>, (01015) (§| OT]0) 6(w — Ej)

Extracting the hadronic tensor is an ill-posed problem (inverse problem)

lattice data - dw q
for inclusive it e

S, B\JHX ) (Xcl Iy |Bs) $(w — Ex,)
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Example of inverse problem

Corrclation function

[=ficgdaE C(t) :/ dw p(w)e™"  |Experimental data
0

1 @

e

—

%)

ill-posed problem

ALEPH
30

¢
25 i Pv

+
20 ,

+
150 4.
10f . e

: '-.. by s {
osf &Y et
0065 1 15 2 25 3
s [GeV?|

[Not feasible to reproduce the whole spectrum]

Figure: Slide from Shoji Hashimoto.

Inclusive semi-leptonic B(S) mesons decay at the physical b quark mass

Alessandro Barone

8/31



Decay rate from lattice data

kinematics factors

X=/[  dew"|ku(qw)

Wmin

oo
= , dw WH k(g w) 0 (Winax — w) ‘% kernel operator
0 S wo S Wmin

wo

- / dw WHVK,U,I/(qﬂw)
wo

Here we are NOT extracting the hadronic tensor W, !
We are addressing directly the integral X using techniques common to a typical inverse
problem.
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Decay rate from lattice data

kinematics factors

Wimax
X = dw W k0 (g, w)
Wmin
oo
= , dw W‘“" ko (@, w) 0 (Winax — w) ‘% kernel operator
0 S wo § Wmin wo
oo
= / dwWH*'K,,(q,w)
wo

Can we trade

/ dwWH K, (qw) <+ ? —  |CP*(t) :/ dw WHY e~

0 0

lattice data
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Decay rate from lattice data

kinematics factors

X=/[  dew"|ku(qw)

Wmin

oo
= , dw WH k(g w) 0 (Winax — w) ‘% kernel operator
0 S wo § Wmin

wo

:/ dwWH*'K,,(q,w)
wo

We can expand in K, in power of e™%

- —wN
K,uu = Cuv,0 +C;Lu,16 “ + "'+c,u,1/,Ne ¥ )
_ oo oo oo
= X ~cupo / dw WH 4-c,p, 1 / dwWHe™ + .-+ N / dw W e—whN
wo wo wo
—_—
Crr(0) Crr(1) Crv(N)
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Polynomial approximation strategies N
K(w): [,oo) <R, K@) =Y piw) .
J 1

wo € [0, Wmin) family of polynomials in ¢
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Polynomial approximation strategies
K(w): [wyl00) = R, K(w ch
1

wo € [0, Wmin) fam|ly of polynomlals ine

Chebyshev approach (1)

Standard Chebyshev polynomials Ty (w) : [—1,1] = [-1,1] = | Tp(w)|=Tp( h(w))

Shifted Chebyshev polynomials T} (w) : [wo, 00] — [—1,1 1
g A k( ) [ 0 ] [ ] generic shifted Chebyshev

= k ~(k) _—
Ti(w) = Z/ 0(15> jw

. _ —w h(wo) =-1 map between
0 P SO =52 ’ hlw)=de = + B " {h(OO) =3I domains
_ N -
0 ~ - =\ = -
=5 g: & T (w & = (K, Ty) = = dw K (w)Tj (w)(w) .
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Polynomial approximation strategies N
K(w): [,oo) <R, K@) =Y piw) .
J 1

wo € [0, Wmin) family of polynomials in ¢

Backus-Gilbert approach (2)

We minimize the functional (Ls-norm)
2

- N
A= [ dw K@) -3 gee|
w =1

0

0A
=0

9j @*
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Kernel: polynomial approximation

Ko (g, wito) = o2to Ko () [ B (Gimax — @) smooth step-function (sigmoid):

cut the unphysical states above wmax

(i > Pyl 2 -
Kernel aZK((")))(q, w) g* =0.26 GeV? Kernel aZK((,';)(q. w) g° =4.77 GeV?
1.2 y
- CHEB N=9 wy =0 s . - CHEBN=9 =0
0 - CHEB N=9 w = 0.9%in / i - CHEB N=9 &y = 09w,
- BGN=9uwy=0 \ BG N=9 wy = 0
08l BG N=9 wy = 09,10 6 400 | IERPRRS BG N=0 wy = 09,110
(1
s
06 _ Y
T 04 &
0.2 2
0.0
(
—021 &
00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40
aw aw
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Kernel: polynomial approximation

KW((L W tO) = €2wm

smooth step-function (sigmoid):
= k;w(‘]aw) 0o (Wmax — w) ’ e :

cut the unphysical states above wmax

Kernel azK(g)(q, w) g% =4.77 GeV?

~==- CHEB N=9 =0
-==- CHEB N=9 w) = 0.9y,
----- BG N=9 wy =0

BG N=9 wy = 0.9wnin

(0)

S4

NB
b
\
HEY

2 s
!
b3
§

0 .
X,
e

00 05 1.0 15

EE

2.5 3.0 3.5

Inclusive semi-leptonic B(s) mesons decay at the physical b quark mass

Alessandro Barone 11/31



Kernel: polynomial approximation

Ko (g, wito) = o2to Ko () [ B (Gimax — @) smooth step-function (sigmoid):

cut the unphysical states above wmax

(i > Pyl 2 -
Kernel aZK((")))(q, w) g* =0.26 GeV? Kernel aZK((,';)(q. w) g° =4.77 GeV?
1.2 y
- CHEB N=9 wy =0 s . - CHEBN=9 =0
0 - CHEB N=9 w = 0.9%in / i - CHEB N=9 &y = 09w,
- BGN=9uwy=0 \ BG N=9 wy = 0
08l BG N=9 wy = 09,10 6 400 | IERPRRS BG N=0 wy = 09,110
(1
s
06 _ Y
T 04 &
0.2 2
0.0
(
—021 &
00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40
aw aw
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Analysis strategy

X:/ WK (g, ) ~ ch w ()
wo

Problems

» noise from the data adds up and error on X explodes;
» time-slice t = 0 must be avoided.

GammaT-GammaT g® =0.80 GeV?

1072 *

0%

107

Cu(t)

107°

10°° *

1077 *

0 2 4 6 8 10 12 14
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Analysis strategy (2)

. 2t w
contains et2to

)
X :/ dw WH* R’;w(qu;t()) "721””
w

0

=

> j <+ t: degree corresponds to a certain time-slice, so IV is limited by the available data

and the noise of the signal;

> we take 2ty = 1, i.e. as small as possible.

To control the noise we have 2 options:
» act on the data C*¥ (Chebyshev approach);

» act on the coefficients ¢, ; (Backus-Gilbert).
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Analysis strategy: Chebyshev

[Bailas et al. (2020)5]

We can expand the kernel K, (w, g;to) with Chebyshev polynomials as

- > . > .

X~ 12 / dw W Ty(w)e ™" + -+ + Gy / dw WH Ty (w)e 10,
wo wo

where

oo k
/ dw WH T, (w)e 29t = / dw WH” Z fik) g=iw | = 2w Z{(’f)cw/ (4 + 2to) .
w wo

© j=0 j=0

Chebyshev polynomials are bounded, so we normalize

/‘X’ ~ . fjj dw W“”Tj (w)e 2wto
w

dw W Ty (w)e™ 2% — —-1< <1.
‘ / dw WH Ty (w)e 2% s o (2t0)

0
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Analysis strategy: Chebyshev (2)

[Bailas et al. (2020)°, Gambino and Hashimoto (2020)*]

The new relation is r Cuw ()
Ny —2wto k .
o o dw W Ty (w ), 2wt Z 1| Couw (5 + 2to) (] <1
= f dw Wer Ty (w ) Cuv(2t0) | e

Chebyshev matrix elements

and value of X can be obtained as

X

X ~ Cl“’(2t0) m

— = X@H,,, depends on C.,

We can then calculate it through the Chebyshev matrix elements as

~ N
_ Cpv,0 _ =
X ~ MQ + Z Cuv,j <TJ'£W

We need to determine these from the data
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Chebyshev fit

The relations between data and Chebyshev matrix elements are

— - O ~
Cuv (0) ) 0 e 0 (To) v
uu<1> dé) &g ) 0 e 0 <71>uu
- : : : s 0 B :
Cuw(N) gléN) ngN) e &%V) (TN

This is not taking into account the bounds on the Chebyshev matrix elements (T%) ...

= We address it through a Bayesian fit with constraints.
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Chebyshev fit (2)

We address the extraction of the Chebyshev through a fit with the following steps
» start from a frequentist fit;
» enforce the bounds;
» stabilise the fit augmenting the x? with some priors.

The frequentist x* (Maximum Likelihood) looks like

N v J
x2=z<@(i) > aliT, >>Cov (é(a‘)—Zdéﬁ')@)
i1 | a=1

So far this is equivalent to the linear system. We can enforce the bounds substituting
T, = (7o) with f: (=00, +00) — [—1,1]

N J
= ( Z >Covj (C(j) = Zéfi)f(m)>

i,j=1
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Chebyshev fit (3)

We need to stabilize the fit! We use Maximum a Posteriori (MAP) + bounds

e (C(i) L W) Coviy' (C(j) - ad“f(%)) + Xrior
i,j=1 a=1 a1
X2 o i sampled from A(0,1) V bootstrap bin
prior

a=1 *> =1 (weak prior)

» 7, are assume to be gaussian distributed
» T, = f(74) and the function f(7,) = erf(%)
> Xgrior has the role to stabilize the fit and correspond to a flat distribution for T},
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Chebyshev fit: example

True chebyshev distribution — data — data + noise — analysis

T1 T2 T3
i s
a e = e - e
soot oot S ooot
7 - 6w lin - lin
6 5 °
s
s 4
. s
B
B s
2
2 2
1 B 1
%% o7s 00 025 000 025 050 075 o0 oo 075 050 025 00 025 030 /5 100 oo 075 050 025 000 025 00 075 100
T4 s 5 6
8 T true - true ! - true
ot boot boot
i = n = in s = in
4
¢ 5
s 3
s
B
. 5
3
2
2
1
N 1
S0 075 050 025 000 025 050 075 100 100 -075 050 -025 080 025 05 075 100 oo 075 050 025 000 025 050 035 L
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Chebyshev with uniform distribution

The
»

>

idea is:

we take a priori all the (N=9) Chebyshev to be uniform (result is expected to be correct,
but noisy);

we introduce the actual Chebyshev determined from the fit step by step (starting from the
lowest degrees) to see how the situation changes.

X (g?) with uniform Chebyshev, N=9, wy =0

3 EoNel

o IoN=2

30 H I oN=s

%H % ¥ N=4

—25 ¥ N=5

= : P ¥ N=6

S boNet

o ¥ N=8
™ 15

10

L
| TR
=
|
==
E
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Analysis strategy: Backus-Gilbert

[Backus and Gilbert (1968)°, Hansen et al. (2019)7

, Bulava et al. (2021)8]

Aside from the functional A[g], which approximates the target function (kernel), we include

some information on the data

o0
Alg] :/ dw | K (q,w;to) Zgjm% exponential basis
wo

gl=0% = Z 9iCov [Cuu(4),C,

1,j=1

We minimise

(J) 95 Cw(i) =
Walg) = (1 A)jﬁ + ABlg] |-

( + 2t0)

C’W(Qto)

The parameter A control the interplay between the 2 functionals, i.e. the balance between

statistical and systematic errors.
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Analysis strategy: Backus-Gilbert generalised
[Alexandrou et al. (2022)°]

We can generalise to allow the use of an arbitrary basis of polynomials Py (w) in e~

k
w) = Zﬁ;k)e_j‘“ , W E [wo,0)
i=0

such that the functionals read
h smooth weight function

oo

Alg] :/ dw| Qw) | | Kuw (g, w;to) Zg] Pj(w) arbitrary basis

0

N
= > gCov || CE(K) |, Ch (0] 9

k,l=1 l
Ch (k) = X5 3V Cn ()

4 j=0P;
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Analysis strategy: Backus-Gilbert generalised (2)

Why generalising? The solution of the Backus-Gilbert problem with A = 0 is given by
A g=K & g=A1K

with

In general the the matrix A is ill-conditioned and its inverse requires arbitrary precision. If we
choose the €2 and P; = T; from the Chebyshev we can take advantage of their orthogonality
property such that A is diagonal! The solution for A #£ 0 is

=W, ' K, W,=(1-\A+)A[0|B
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Analysis strategy: Backus-Gilbert - a different perspective

With the previous idea we can put things in a equivalent but different perspective. We can
write the coefficients as

gi=|Ci|+te case A\=0
and require that the correction ¢; approximate the null function through the minimisation of
Wile]

Wale] = (1 — \)AJe] + ABJe]

2
o N
Ald = [ i) | S 6P|
wo =0
N
Ble] = Z [2@05@ + eiaf;ej} , 05 = Cov [ny(i),éfu(j)]
i,j=1

NB: this is equivalent to the previous case! It's just a different perspective which may give
more insight in particular with the comparison with the Chebyshev case.
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Analysis strategy: Backus-Gilbert constraints
[Bulava et al. (2021)8]

On top of that, we also include a constraint on the area:

0 0

o0 ~ N ~ oo ~
/ dw Qw) Y g; Pj(w) :/ dw QW) K (g, w) .
W jZO w

The value of A can be in principle tuned arbitrarily. In practice, we choose the value of optimal
balance \* between statistical and systematic errors with

W(A) = Walg'], dvgiA) R 0
.
= Aﬁo]] = Blg"']
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Inclusive decays on the lattice: setup

Simulations carried out on the DiIRAC Extreme Scaling service at the University of Edinburgh
using the Grid [Boyle et al.'%] and Hadrons [Portelli et al.''] software packages

Pilot study with RBC/UKQCD ensembles
[Allton et al. (2008)!?]:

[ > lattice 24° x 64;
- » lattice spacing a~! = 1.79 GeV;
‘ » M. ~ 330 MeV;
»—I Trgya > 120 gauge configurations, 8 sources;
¢ ‘ > 8+2 momenta (Twisted BC).

Simulation:
» RHQ action for b quark [El-Khadra et al. (1997)'3, Christ et al. (2007)'*, Lin and Christ (2007)°]:

» based on clover action with anisotropic terms;
» 3 parameters non-perturbatively tuned to remove higher order discretization errors;
» b quark simulated at its physical mass;

» DWEF action for s, ¢ quarks with near-to-physical mass.
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Results and comparison

X, q=5.860 GeV?

T

15

by

et et P P

by

CHEB N=9 w) = 0

CHEB N=9 wy = 0.9pin
BGexp N=9 wy =0
BGexp N=9 wy = 09w
BGeheb N=9 wy = 0
BGeheb N=9 wy = 0.9wyin

Hr};hq

ks

Key points:

VA2 X, q2,=5.860 GeV?

=0

= 0-9wmin
BGeheb N=9 wy = 0
BGeheb N=9 wy = 09wyin

2

3 1
o (GeV?)

» Chebyshev and Backus-Gilbert approaches are fully compatible;

» pilot study:

> values are in the right ballpark (compared to B decay rate, based on SU(3) flavour
symmetry);

» low statistics, roughly 5 — 10% error.
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First interpretation of the two methods
Recalling X (¢?) = C”V(QtO)X@W we can interpret the two methods as

6XQHEB _ Z]kvz() cw}kéc,w(k) )

Xp, = Xuaive y 5% e
Cu Cuv Cp 5Xg5y = Zszo 0G .k Cpuv (F)

i.e. a "naive” piece, where we just blindely apply the polynomial approximation, and a
correction term, which is essentially a noisy zero that takes care of the variance reduction.

0X, 1 =5.860 GeV? 6X, 2, =5.860 GeV?
. I CHEBN=0w =0 oo I CHEB N=9 wy = 09w
M1 BGep N=0w=0 00001 pGe wo =09
I BGhN=0wy=0 I BGch N=0 wy = 0.

0A (uevT)

OX (Gev?)

=

20
20000

10 h

I } 5 = ® ﬁ ﬁ

—10 H H —20000

= —40000

0 1 2 3 4 5 0
q? (GeV?)
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Ground state limit

As a useful cross-check of the inclusive analysis, we can consider the limit where only the
ground state dominates, i.e.

1
W §(w— Ep.)——— (By| JI|I DYDY T, | By
o = W DS)4MBSEDS< | JA D) (DM, | Bs)
If we decompose - B -
X =Xxl4x+

and restrict to the vector currents (VV) the matrix element can be decomposed as

(Ds| Vi |Bs) = f+(a*)(pB. + pD.)p + f-(4°) (DB, — PD. )0

and we can show that

_ ]y113§
X‘”/v — EiD‘q2|f+(q2)‘2

s
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Exclusive decay limit

The matrix element and form factors can be extracted from 3pt-correlation functions. From
that we can generate mock data for the 4pt functions (where only the ground state contributes)

o —

—_ "|Ds)(D ~Ept
w = 4Mp. Ep. <BS|V;¢| s){(Ds|V, |Bs) e

and run the analysis!

Ground state limit

12

1.0

0.8

I
Xy
f=——s—"

0.6

0.4 1 fit exclusive
| 1 fake inclusive
{ 4 inclusive

0.3 0.4 0.5 0.6 0.7 0.8
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Summary and outlook

Summary:
» promising prospects for inclusive decays on the lattice;

» solid approach for the analysis: Chebyshev and Backus-Gilbert approaches compatible
within error.

= first publication on the way.
Coming next:

» continue to work towards understanding the systematics involved in solving the inverse
problem;

» dedicated simulations to address the systematics for polynomial approximation, finite
volume effects, continuum limit,...;

» understand better the ground state limit (compare with form factors);
» find better observables to compare with experiments (LHCb, Belle I1).
= prepare for a full study B,/B (and in parallel also D,/D).
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Summary and outlook

Summary:
» promising prospects for inclusive decays on the lattice;
» solid approach for the analysis: Chebyshev and Backus-Gilbert approaches compatible
within error.
= first publication on the way.
Coming next:
» continue to work towards understanding the systematics involved in solving the inverse
problem;
» dedicated simulations to address the systematics for polynomial approximation, finite
volume effects, continuum limit,...;
» understand better the ground state limit (compare with form factors);
» find better observables to compare with experiments (LHCb, Belle I1).

= prepare for a full study B,/B (and in parallel also D,/D).

THANK YOU!
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Chebyshev polynomial approximation: more
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Kernels
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Kernels Backus-Gilbert
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Chebyshev data reconstruction - distribution
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Chebyshev data
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X contributions

Contribution to X with wy =0 wyin Contribution to X with wy =0.9 wyin
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Systematics from Chebyshev
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Scan over A\ (Backus-Gilbert)
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