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In the planar limit, N ! 1:

N = 4 SYM in 4D  ! IIB strings on AdS5 ⇥ S5

• Conformal symmetry

• Supersymmetry

• Planar integrability
<latexit sha1_base64="+GGaJhYccoObrhl+sSY3VQTPeOA="></latexit>

• Conformal symmetry partially broken

• Supersymmetry partially or completely broken
<latexit sha1_base64="tFxJC57fxGNMxbR5+XhYtagO0aA="></latexit>

AdS/CFT
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AdS/dCFT
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N = 4 SYM in 4D  ! IIB strings on AdS5 ⇥ S5

with 3D domain wall with probe brane
<latexit sha1_base64="eAKytpLrKnOggntFxgEHWgL/nYg="></latexit>



Motivation

• Insights on the interplay between conformal symmetry,                         
supersymmetry and integrability

• Tests of  AdS/dCFT dictionary for set-ups with
and without supersymmetry (so far all positive)

• Exact results for novel types of observables such as one-point
functions, bulk-to-boundary correlators etc.

• Interesting connections to statistical physics: matrix product
states and quantum quenhes.

• Possible cross-fertilization with the boundary conformal 
bootstrap program. 



Plan of the talk

I. The defect set-up and its parameters (field and string picture)

II. One and two-point functions in the bulk

III. The theory on the defect

IV. Summary & Open problems



N = 4 SYM
<latexit sha1_base64="xLZfvmgEjdZHlffxhBfDG5ARKGY="></latexit>

h�i = 0
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The defect set-up
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(x0, x1, x2)
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x3
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U(N � k)
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U(N) for x3 ! 1
<latexit sha1_base64="ewESqthuAgvdBP5fiLgTBrHWkm8="></latexit>

<latexit sha1_base64="66QlCLbMy6vkIF6cTeAiPtsugs8="></latexit>

h�i / 1

x3



Classical Fields 

Classical e.o.m.:
(x3 is distance to defect)

Solution:
Constable, Myers
& Tafjord ‘99

Assume only x3 -dependence  and x3 >0,

Set-up  ½  BPS  (for appropriate choice b.c. for zero-modes, Gaiotto & Witten ‘08)

Acl
µ = 0,  cl

A = 0
<latexit sha1_base64="NJdnYVkZAx/esoMxPtCOXoRq5Vw="></latexit>
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[ti, tj ] = i ✏ijl tl
<latexit sha1_base64="T7y4t5wQ32Cxd4KSRZYZguNka1c="></latexit>

i.e. ti, i = 1, 2, 3 constitute a k-dimensional
irreducible representation of SU(2)
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Di↵erent cases

<latexit sha1_base64="LUGvwlP6JmxIKlfMuGt2XhwRzHI="></latexit>
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<latexit sha1_base64="Nftp+eYq7KcJRe6ik6cFIeqcWkk="></latexit>

• k > 1: Nahm pole boundary conditions, h�i / 1
x3

• k = 1: Limiting case, h�i = 0, analytical continuation

• k = 0: Completely di↵erent system. Extra fundamental fields on defect.
Not the topic of this talk.



AdS/dCFT --- The string theory side 

Geometry of D5 brane: AdS4 ⇥ S2

Background gauge field: k units of magnetic flux on S2

Karch & Randall ’01,

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

D3 ⇥ ⇥ ⇥ ⇥
D5 ⇥ ⇥ ⇥ ⇥ ⇥ ⇥

<latexit sha1_base64="0c0FPbRBxNDfbYQdMQZSyKdnRKo="></latexit>



Defect  of co-dimension one

• One-point functions

• Two-point functions between op’s with different conf. dims.

• Mixed correlators involving bulk and defect fields

Novel features in dCFTs

hO
bulk
� (x)i =

C

|x3|
�

hO
bulk
� (x)Obulk

�0 (x0)i =
1

|x3|
�|x0

3|
�0 f(⇠), ⇠ =

|xµ � x0
µ|

2

|x3||x0
3|

Cardy ´84
McAvity & Osborn ’95

hO
bulk
� (x)Ôdefect

�0 (~x0)i =
µ��0

x���0

3 |x� (~x0, 0)|2�0



One-point functions in the dCFT

Tree level and one-loop 1-pt functions  of conformal scalar operators  

can be found in closed form using the tools of integrability

Due to vevs scalar operators can have non-zero 1-pt fcts at tree-level

hO
bulk
� (x)i =

C

|x3|
�

Cardy ´84

McAvity & Osborn ’95

lim
x3!1

hO
bulk
� (y + x)Obulk

�0 (z + x)i =
���0

|y � z|2�
<latexit sha1_base64="weQP5KVIp9MjFupvKtRx4UDEVW4="></latexit><latexit sha1_base64="weQP5KVIp9MjFupvKtRx4UDEVW4="></latexit><latexit sha1_base64="weQP5KVIp9MjFupvKtRx4UDEVW4="></latexit><latexit sha1_base64="weQP5KVIp9MjFupvKtRx4UDEVW4="></latexit>

Normalization given by:

hO�(x)i = (Tr(�i1 . . .�i�) + . . .) |�i!�cl
i =

ti
x3

<latexit sha1_base64="pnp4KCpjhSRxtK1MJggL+hEhvTM="></latexit>

An exact formula for any loop order can be found by 

bootstrapping arguments  Komatsu

& Wang ’20

Gombor

& Bajnok ’20

C.K, Müller,

Zarembo ‘20

deLeeuw, C.K.
& Zarembo ‘15,

de Leeuw, C.K &

Linardopoulos, ’18.
Buhl-Mortensen de Leeuw, 

C.K & Zarembo ‘16

de Leeuw, C.K &

Mori, ’17.



C =
Q1(0)Q3(0)Q4(0)Q5(0)Q7(0)

Q2(0)Q2(
i
2 )Q4(

i
2 )Q6(0)Q6(

i
2 )

S detG
<latexit sha1_base64="qei3rt5aL0QPDm8rXM9O3z8ttVQ="></latexit>

PSU(2, 2|4) :
<latexit sha1_base64="gR0l2JDU7QqBsCU9W+KQ79i/aZg="></latexit>

<latexit sha1_base64="yUYXEZEzkqh7SVMDG8zRFBLPTp8="></latexit>

k = 1, Leading order result:
C.K, Müller
Zarembo ‘21



Probe brane system suggests a double scaling limit

One can compare perturbative gauge theory to semi-classical string theory (or sugra).

Nagasaki & 

Yamaguchi ‘12,

cot↵ =
⇡kp
�

cot↵ =
⇡kp
�

� ! 1, k ! 1,
�

k2
finite (N ! 1)

D5-brane

The string theory side

C.K., Semenoff & 

Young ‘12,

x3
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Open string

<latexit sha1_base64="3bdJU6YYIcv3sKGHfE+8K8/1PTY="></latexit>

Supersymmetric localization provides exact answer for chiral primary
Komatsu & 

Wang ‘20

Buhl-Mortensen, de Leeuw

Ipsen, C.K. & Wilhelm ‘16



Two-point functions
New feature: Overlap between operators with different conf. dims.

hO
bulk
� (x)Obulk

�0 (x0)i =
1

|x3|
�|x0

3|
�0 f(⇠), ⇠ =

|xµ � x0
µ|

2

|x3||x0
3|

From general arguments

Example

de Leeuw, Ipsen,
C.K., Vardinghus,
Wilhelm `17
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Widén `17



Two-point functions --- string theory side

Prediction for string theory: 

htrZJ1trZ̄J2i = �

16⇡2

1

N

✓
k

2

◆J1+J2�1 1

xJ1
3 yJ2

3

2⇠ + 1

(⇠ + 1)⇠2

� = g2YMN ! 1 , k ! 1 ,
�

k2
finite ,

Relevant string theory computation: (Notice factor of      ) 1

N



�i = �cli + �̃i =
ti
x3

+ �̃i i = 1, 2, 3

Complicated mass matrix
-Mixing involving both flavour and colour
-Mass terms involving x3 dependence

<latexit sha1_base64="yoNy2Hs7nG31gNA4EXhteYx/ePM="></latexit>

Expand the N = 4 action around �cl

<latexit sha1_base64="izS7rulQFn/pk4lP4lu0mYjFZ4k="></latexit>

Described in terms of AdS4 propagators

<latexit sha1_base64="lvDl1Ri1j0Zeyx45gX/ALlRq42U="></latexit>

The defect acts as a boundary of an AdS4 space
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k N � k

Aµ,�i, =

2

664

x y y y
y z z z
y z z z
y z z z

3

775

k > 1

N � k
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x and y fields become massive, m2 / 1/x2
3

<latexit sha1_base64="GQuX3e929Pf+m0KNC3usGjDOqGs="></latexit>

The perturbative program, k > 1 Buhl-Mortensen, de Leeuw,
Ipsen, C.K., Wilhelm ‘16



C.K, Müller,
Zarembo ‘20

�4,5,6, A0,1,2, c �1,2,3, A3

x, y Dirichlet Neumann
z no BCs no BCs
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The perturbative program, k = 1

<latexit sha1_base64="cw9PlWVADovEQK1x+4oqaCh82FI="></latexit>

Can be understood by analytical continuation of the k > 1 case

<latexit sha1_base64="DuY/v779GFC9aVPnmx6oKWJL5v0="></latexit>

OBS: �cl
= 0
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AdS propagators converge to Dirichlet/Neuman propagators
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Supersymmetry conserved

<latexit sha1_base64="rspMqOYgeW5c/M8MxDmwBNHfV/o="></l atexit>

Propagators for complex scalars, e.g. Z = �1 + i�4

D(x, y) =
1

4⇡2

✓
1

|x� y|2 +


|x̄� y|2

◆
,

<latexit sha1_base64="o138vXhwzGdw/oePraJyoFPzbus="></latexit>

 =

8
><

>:

1 Neumann

�1 Dirichlet

0 no BCs.
<latexit sha1_base64="mBBXmdtp7ov4gOpUaEadGjjL/8s="></latexit>

x̄ = (x0, x1, x2,�x3)
<latexit sha1_base64="JZMHBqtXOzdKI0Qb1M4d7YdMxO8=">AAACA3icdVBNS0JBFJ1nX2ZfVrvaDElgYDJPs3QRSG1aGuQHqDzmjaMOzvtgZl4oD6FNf6VNiyLa9ifa9W+apy+oqAMXDufcy7332D5nUiH0YSQWFpeWV5KrqbX1jc2t9PZOQ3qBILROPO6Jlo0l5cyldcUUpy1fUOzYnDbt0WXkN2+pkMxzb9TEp10HD1zWZwQrLVnpvY6NRTienmfHFsqNLVNXIXc8topHVjqD8mgGiPKFEqqUI1JCZuXUhGZsZUCMmpV+7/Q8EjjUVYRjKdsm8lU3xEIxwuk01Qkk9TEZ4QFta+pih8puOPthCg+10oN9T+hyFZyp3ydC7Eg5cWzd6WA1lL+9SPzLaweqX+6GzPUDRV0yX9QPOFQejAKBPSYoUXyiCSaC6VshGWKBidKxpXQIX5/C/0mjkDeL+cL1SaZ6EceRBPvgAGSBCc5AFVyBGqgDAu7AA3gCz8a98Wi8GK/z1oQRz+yCHzDePgGxf5ZD</latexit>

⌦
X1a(x)Xb1(y)

↵
=

g2YM�ab

2

⇣
D1(x, y)�D�1(x, y)

⌘
=

g2YM�ab

4⇡2|x̄� y|2 ,
<latexit sha1_base64="EalQI3bXUrjmc/XbdKOKBTBKEZc="></latexit>

<latexit sha1_base64="yBnMljVJiMZRJIAcMvGd2Ni6YSs="></latexit>

OBS: Finite at

coinciding points



<latexit sha1_base64="zLRrM1LXiADQ5gSBpC54sBpW95g=">AAACBHicdVDLSgMxFM34tr6qLt0Ei+BqyAyd2u5EXbhUsA9oS8mkd9rQTGZIMkIpXbjxV9y4UMStH+HOvzF9CCp6IHA5596be06YCq4NIR/OwuLS8srq2npuY3Nreye/u1fTSaYYVFkiEtUIqQbBJVQNNwIaqQIahwLq4eB8otdvQWmeyBszTKEd057kEWfUWKqTP7jgUQQKJAPMJe5y2lM0jq3KdCdfIC7xy0HRx8T1A1LxKrYIiFcpFbHnkikKaI6rTv691U1YFoM0TFCtmx5JTXtEld0mYJxrZRpSyga0B01bShqDbo+mJsb4yDJdHCXKPmnwlP0+MaKx1sM4tJ32vL7+rU3Iv7RmZqJye8Rlmhlrc/ZRlAlsEjxJxHpWwIwYTswzxe2tmPWposzY3HI2hC+n+P+i5rteyQ2u/cLp2TyONXSADtEx8tAJOkWX6ApVEUN36AE9oWfn3nl0XpzXWeuCM5/ZRz/gvH0CB2SYYQ==</latexit>

Di↵erence in diagrammatics
<latexit sha1_base64="nGgNPF8GBzvyFrPKEu7uwHsMd3U=">AAAB/HicdVDLSgMxFM34rPU12qWbYBHcOGSGTm13RTfurGAf0JaSSTNtaCYzJBmhDPVX3LhQxK0f4s6/MX0IKnogcDjnXu7JCRLOlEbow1pZXVvf2Mxt5bd3dvf27YPDpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC8eXMb91RqVgsbvUkob0IDwULGcHaSH27cC3oWRIzoWGYCjITVd8uIgd5Fb/kQeR4Pqq6VUN85FbLJeg6aI4iWKLet9+7g5ikERWacKxUx0WJ7mVYakY4nea7qaIJJmM8pB1DBY6o6mXz8FN4YpQBDGNpnkkxV79vZDhSahIFZjLCeqR+ezPxL6+T6rDSy5hIUk0FWRwKUw51DGdNwAGTlGg+MQQTyUxWSEZYYqJNX3lTwtdP4f+k6Tlu2fFvvGLtYllHDhyBY3AKXHAOauAK1EEDEDABD+AJPFv31qP1Yr0uRles5U4B/ID19gk2GZUr</latexit>

One-point functions
<latexit sha1_base64="JfOPMDzWA7g1CiZNHVF68Y75/yE="></latexit>

k > 1 : Tree-level and one-loop order

<latexit sha1_base64="0o+UGJYnQ70a8iyCAAEm/zVQM1A="></latexit>

k = 1 : Leading order (Large-N)



Boundary fields from bulk fields

<latexit sha1_base64="oIqKjkuWGXqmMXn+5HnOtofBESc="></latexit>

k N � k

� =

2

664

�l,m �n,a

�a,n

3

775

k > 1

N � k

<latexit sha1_base64="qVbsrIL04qfKK+lL3jYki+wljRI="></latexit>

l = 0, 1, . . . k � 1,
m = �l, . . . , l

<latexit sha1_base64="70x16rINtpc7SjrOG7q12NY/HjI="></latexit>

n = 1, . . . , k
a = k + 1, . . . , N

<latexit sha1_base64="itb5EgtxXAQDJDahWsa93sbFYzY="></latexit>

Extracting boundary fields: Example

<latexit sha1_base64="cu/SVc1pTkMNaoJrHVXmliVmMOo="></latexit>

h�1
lm(x)�1

lm(y)i ⇠ 2F1(l � 1, l, 2l,�⇠�1)

(1 + ⇠)(⇠l)

1

x3y3
, ⇠ =

|x� y|2

x3y3

<latexit sha1_base64="xTfGtFDqO0nhAoIHx58qIpKsZAQ=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQXMmQqre2u6KbLCvYB7VAyaaaNzSRDkhHK0H9w40IRt/6PO//GTFtBRQ8EDufcS+45QcyZNgh9OCura+sbm7mt/PbO7t5+4eCwrWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNMrjO/c0+VZlLcmmlM/QiPBAsZwcZK7QYVhJ4PCkXkokq5hmoQuWXkVecEoUq1dAE9SzIUwRLNQeG9P5QkiagwhGOtex6KjZ9iZRjhdJbvJ5rGmEzwiPYsFTii2k/n187gqVWGMJTKPmHgXP2+keJI62kU2MkIm7H+7WXiX14vMWHVT5mIE2NjLT4KEw6NhFl0OGSKEsOnlmCimL0VkjFWmBhbUN6W8JUU/k/aJderuOWbUrF+tawjB47BCTgDHrgEddAATdACBNyBB/AEnh3pPDovzutidMVZ7hyBH3DePgF23Y8U</latexit>

Hence,

De Leeuw, Ipsen,
C.K. Wilhelm ‘17



Boundary fields

<latexit sha1_base64="/yUwVBvjwKyyE3RLcnJDk2RQCLM="></latexit>

� �̂ U(N � k)

(�̂1,2,3)`m `+ 1 singlet
(�̂4,5,6)`m `+ 2 singlet
(Âµ̂)`m `+ 2 singlet

( ̂1,2,3,4)`m `+ 3
2 singlet

[�̂1,2,3]n,a
k+1
2 fundamental

[�̂4,5,6]n,a
k+3
2 fundamental

[Âµ̂]n,a
k+3
2 fundamental

[ ̂1,2,3,4]n,a
k+2
2 fundamental

<latexit sha1_base64="9cRy3ErCYRcqI+ZTN2f414/EGmc="></latexit>

NB: µ̂ = 0, 1, 2, A3 has been used to define gauge covariant fields

<latexit sha1_base64="HZTeWOR0LF2rEsyfjRDJ5NS/1ls="></latexit>

Gauge invariant operators can be constructed



Oi(x)Oj(y) =
Mij

|x� y|�i+�j
+
X

k

�ij
k

|x� y|�i+�j��k
C(x� y, @y)Ok(y)OPE:

BOE: Oi(x) =
X

j

µi
j

(2x3)�i��j
Ĉ(x3, ~@)Ôj(~x)

Liendo,Rastelli
Van Rees ’12

Liendo &
Meneghelli. 16,

Bulk-boundary couplings by BOE



fij(⇠) = ⇠�
�i+�j

2

h
Mij +

X

k

�ij
kCk Fbulk(�k,�i ��j , ⇠)| {z }

Bulk conformal block

i

lim
z3!1

hOi(x+ z)Oj(y + z)i =
Mij

|x� y|�i+�j

Data mining

hOi(x)Oj(y)i =
fij(⇠)

(2x3)�i(2y3)�j

fij(⇠) = CiCj +
X

k

µi
kµjk Fbdy(�k, ⇠)| {z }

Boundary
conformal block

hOii =
Ci

(2x3)�i

From OPE

Structure constants of N=4 SYM from one- and two-point functions (1+2=3)

From BOE

Bulk-to-boundary couplings from one- and two-point functions

de Leeuw, Ipsen
C.K., Vardinghus
& Wilhelm 17,



<latexit sha1_base64="ddU7wcECQWT/uvjyC+SZC+BzQyw="></latexit>

Improved N = 4 SYM stress tensor

<latexit sha1_base64="/q1f1iIQAHYXzj1RwVoErkIEYVM="></latexit>

Stress tensor and displacement operator

<latexit sha1_base64="O8Fb2Ic92MwL6tEnbEy+NpRJ8+A="></latexit>

T scalars
µ⌫ =

2

g2YM

Tr

⇢
�2

3
(@µ�i)(@⌫�i) +

1

3
�i(@µ@⌫�i) +

1

6
gµ⌫

✓
(@⇢�i)

2 +
1

2
[�i,�j ]

2

◆�

<latexit sha1_base64="lPha946ztq6sCkupj1DoH8QYVaM=">AAACC3icdVA9SwNBEN3z2/gVtbRZDIKFHHtHoqYTbSwVjQoxhL29iS7u7h27c0II9jb+FRsLRWz9A3b+Gzcxgoo+GHi8N8PMvCRX0iFj78HI6Nj4xOTUdGlmdm5+oby4dOKywgpoiExl9izhDpQ00ECJCs5yC1wnCk6Tq72+f3oN1snMHGM3h5bmF0Z2pODopXZ59airNaCVYoOi5QIUOEe5SanIjAN7DWm7XGEhi7dr1ZiyMK6xelT3pMai+maVRiEboEKGOGiX387TTBQaDArFnWtGLMdWj1uUQsFN6bxwkHNxxS+g6anhGlyrN/jlhq55JaWdzPoySAfq94ke1851deI7NcdL99vri395zQI7262eNHmBYMTnok6hKGa0HwxNpQWBqusJF1b6W6m45D4S9PGVfAhfn9L/yUkcRpth7TCu7OwO45giK2SVrJOIbJEdsk8OSIMIckvuySN5Cu6Ch+A5ePlsHQmGM8vkB4LXD3bhm1o=</latexit>

Symmetric, traceless and conserved
<latexit sha1_base64="M3lUntRTJiukriPd6/Yaymdu+QY="></latexit>

Tµ⌫ = T⌫µ, gµ⌫Tµ⌫ = 0, @µTµ⌫ = 0

<latexit sha1_base64="g+JjCIsCi1NCEAr3E8cla/IMu/k=">AAAB/nicdVDNSgMxGMzWv1r/quLJS7AInpbs0lZ7K+rBo4KthXYp2fRbG5rdLElWKIvgq3jxoIhXn8Obb2NaK6joQGCY+b5kMmEquDaEvDuFufmFxaXicmlldW19o7y51dYyUwxaTAqpOiHVIHgCLcONgE6qgMahgKtwdDLxr25AaS6TSzNOIYjpdcIjzqixUr+8c8p1KiiDGBKDZQqKGqn65QpxiX9Uq/qYuH6NNLyGJTXiNepV7Llkigqa4bxffusNJMsmlzBBte56JDVBTpXhTMBtqZdpSCkb0WvoWprQGHSQT+Pf4n2rDHAklT02xFT9vpHTWOtxHNrJmJqh/u1NxL+8bmaioyDnSZoZSNjnQ1EmsJF40gUecAXMiLEllClus2I2pIoyYxsr2RK+for/J23f9epu7cKvNI9ndRTRLtpDB8hDh6iJztA5aiGGcnSPHtGTc+c8OM/Oy+dowZntbKMfcF4/AAMIljI=</latexit>

Displacement operator
<latexit sha1_base64="8Fh1y6Pq/JmQ1Lk7e99+0Tau38U="></latexit>

@µT
µ?(x) = �D(~x)�(x?)

<latexit sha1_base64="jRTPNUsdwwQQUA5Qnc1b5DnXYaA="></latexit>

D(~x) = lim
x3!0

�T??(~x, x3)



<latexit sha1_base64="D0A6om7a917k53nxf2ENRIHr9V0="></latexit>

Displacement operator two-point function

<latexit sha1_base64="ygLznXZdKD6O9esEXcOVq4bA/BE="></latexit>

Special case of the following result for x3, y3 > 0

<latexit sha1_base64="sJYEpYcRGfEXh8FKYT5AgcTyc3Q=">AAAB9HicdVBNSwMxEM36WetX1aOXYBE8LdnF1vZW9OLBQwVrhXYp2ey0Dc1m1yRbKKW/w4sHRbz6Y7z5b0w/BBV9MPB4b4aZeWEquDaEfDhLyyura+u5jfzm1vbObmFv/1YnmWLQYIlI1F1INQguoWG4EXCXKqBxKKAZDi6mfnMISvNE3phRCkFMe5J3OaPGSsEV0IjLHk5UBKpTKBKX+JXSqY+J65dI1ataUiJetXyKPZfMUEQL1DuF93aUsCwGaZigWrc8kppgTJXhTMAk3840pJQNaA9alkoagw7Gs6Mn+NgqEe4mypY0eKZ+nxjTWOtRHNrOmJq+/u1Nxb+8Vma6lWDMZZoZkGy+qJsJbBI8TQBHXAEzYmQJZYrbWzHrU0WZsTnlbQhfn+L/ya3vemW3dO0Xa+eLOHLoEB2hE+ShM1RDl6iOGoihe/SAntCzM3QenRfndd665CxmDtAPOG+f7yuSPA==</latexit>

Leading order
C.K., Linardopoulos
Volk



Other similar set-ups and results



Future directions

• Transport properties of the defect

• Other conf. data related to displacement operator two-point 
function

• Complete classification of boundary operators

• Bulk-boundary couplings from BOE and 2-pt functions

• Bootstrapping defect three-point functions



Thank you


