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Superconducting Accelerator Magnets = Multi-Scale Problems

Challenges:
Many geometrical details in
cross-section while being very
long: 1:20 ratio!
Quench phenomenon occurs in
mm-range along magnet

Goals of my work:
Improvement of 3D quench simulations for superconducting accelerator magnets
Improvement of spatial resolution while attaining reliable accuracy

2.12.2022 | Graduate School of Computational Engineering | Institute for Accelerator Science and Electromagnetic Fields | Laura D’Angelo, M.Sc. | 2



Numerical Idea

Finite Element Method (FEM):

+ can resolve every geometry
- requires fine mesh for high accuracy

Spectral Element Method (SEM):

+ few elements for high accuracy
- simple domains

↪→ Take the best of both worlds ←↩
↓

Quasi-3D method with hybrid FE-SE basis functions:
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Agenda

Motivation
Numerical Modeling
Application to Quench Simulation
Conclusion

2.12.2022 | Graduate School of Computational Engineering | Institute for Accelerator Science and Electromagnetic Fields | Laura D’Angelo, M.Sc. | 4



First Ingredient: 2D FE Nodal and Edge Functions

Nodal functions

Nj(x, y) =
{

1 on node i = j
0 on node i ̸= j

Continuity in every direction
Appropriate for temperature

T(x, y) ≈
∑
j
uj Nj(x, y)

Edge functions

w⃗t
e(x, y) = Ni∇Nj − Nj∇Ni

w⃗ℓ
j (x, y) = Nj/ℓz e⃗z

Only tangential continuity
Appropriate for magnetic vector potential
A⃗(x, y) ≈

∑
e

⌢at
e w⃗t

e(x, y) +
∑
j

⌢aℓ
j w⃗ℓ

j (x, y)
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Second Ingredient:?

Modified Lobatto Polynomials!

Wishlist

Lagrange Legendre Chebyshev Lobatto Modified Lobatto

Sparse matrices

✗ ✓ ✓ ✓ ✓

Closed form

✓ ✓ ✓ ✓ ✓

C0-continuity

✓ ✗ ✗ ✗ ✓

Easy BC incorporation

✓ ✗ ✗ ✗ ✓

w(z) ≡ 1

✓ ✓ ✗ ✗ ✓

Modified Lobatto: ϕq(z) =


1−z
2 , q = 1 ← Boundary mode

1−z2
4 LOq−2(z), q = 2, . . . ,N ← Interior modes

1+z
2 , q = N + 1 ← Boundary mode
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Quasi-3D Method: Ansatz

Discretization with prism elements:

ẑ = +1

ẑ = 0

ẑ = −1

x̂

ŷ

ẑ

T̂

Î

k-th SE

FEe

j
P̂ = Î × T̂ Temperature:

T(x, y, z) ≈
∑
jq

ũkjq Nj(x, y)ϕk
q(z) ∀k

Magnetic vector potential:

A⃗(x, y, z) ≈
∑
ejqw

[
ãt,keq w⃗t

e(x, y)ϕk
q(z)

ãℓ,kjw w⃗ℓ
j (x, y)ϕk

w(z)

]
∀k
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Quasi-3D Method: Systems of Equations

Thermal system: KQ3D
λ ũ+MQ3D

CV
∂tũ = qQ3D

losses

Magnetic system: KQ3D
ν ã+ KQ3D

ντ ∂tã+MQ3D
σ ∂tã = j̃Q3D

ã =

[
ãt
ãℓ
]
, KQ3D

ν =

[
KSE ⊗MFE,t

ν +MSE ⊗ KFE,t
ν −DSE ⊗ CFE,tℓ

ν(
−DSE ⊗ CFE,tℓ

ν

)T MSE ⊗ KFE,ℓ
ν

]
.

Kronecker tensor product: A =

[
a11 a12 a13
a21 a22 a23

]
, A ⊗ B =

[
a11B a12B a13B
a21B a22B a23B

]
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Convergence Study (h- and p-refinement)
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Application to Quench Simulation

3D GetDP Q3D solver
#FE 1,863,431 330
#SE – 5

Polynomial order – 6
Magnetic #DoF 1,741,669 21,979
Thermal #DoF 80,735 806

Computation time 1 h 5min

↪→ For a transient magneto-thermal nonlinear
simulation of a superconducting wire
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Conclusion

Superconducting accelerator magnets = multi-scale problems
Quasi-3D method: hybrid FE-SE ansatz functions
Modified Lobatto polynomials = ideal for quasi-3D method
Quasi-3D method implemented, verified and applied to quench simulation

What I did not talk about:
Modeling quench phenomena→ quench state model, coupling currents, ...
External circuits→ quasi-3D field-circuit coupling
End winding models→ boundary conditions & field-circuit coupling of end windings
Nonlinear materials→ efficient nonlinear procedure using tensor contraction
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