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Topological task, no physics input needed*

* Well, almost: need to know allowed adjacencies in physics model, e.g. renormalizable theories have at most
3- and 4-point vertices.
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Combinatorial task, requires physics input (model)

In this case, in the SM, three of the topologies were not realized though one was realized multiply.

Note further that the e-e-scalar couplings are suppressed by mﬁ /M 3‘, and thus usually neglected.
These are selections one would typically make at this stage, i.e. diagrammatically.
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left vertex propagator right vertex

N/ N/

Database look-up
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Also, compute the fermionic matrix elements, e.g. by squaring
and taking the trace:

[Fy|? =T {(}1 — me)vu (Mo + me) v} Te {(Ka + mo)v* (Ks — me)y"}

= 1s* + st + (mZ +mj —t)*

Algebraic simplification
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@ Draw all possible types of diagrams topological task

@ Figure out which particles can run combinatorical task
on each type of diagram

@ Translate the diagrams into formulas by database look-up
applying the Feynman rules

@ Contract the indices, take the traces, etc. algebraic simplification

®  Write up the results as a computer program | programming

® Run the program to get numerical results waiting
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cancellations.
e Fast evaluation desirable (e.g. for Monte Carlos).

Hybrid Programming Techniques necessary

Symbolic manipulation (a.k.a. Computer Algebra) for the
structural and algebraic operations.

Compiled high-level language (e.g. Fortran) for the numerical
evaluation.
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Amplitudes

e Contract indices ' - e
e Calculate traces language (Fortran) for

e Reduce tensor integrals the numerical evaluation.
¢ Introduce abbreviations

FormCalc Numerical Evaluation:

e Convert Mathematica output to Fortran code
e Supply a driver program
Fortran Code e Implementation of the integrals

T

IM|? > Cross-sections, Decay rates, ...
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Here: FeynArts (1991) + FormCalc (1995)

FormCalc was doing largely the same as FeynCalc (1992) but used FORM for
the time-consuming tasks, hence the name FormCalc.

e Feynman-diagrammatic method,
e Analytic calculation as far as possible (‘any’ model),

e Generation of code for the numerical evaluation of the
squared matrix element.

FeynArts + FormCalc also used as ‘engine’ in SARAH, SloopS.
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MG5_aMC@NLO FormCalc FeynHiggs
GoSam FeynCalc DarkSUSY
OpenLoops Package-X Prospino
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e Example from flavour physics - AM..
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Find all distinct ways of connect-
ing incoming and outgoing lines Topologies
CreateTopologies[¢, n; — n,]

Draw the results
Paint [ins]

Determine all allowed
combinations of fields = Diagrams
InsertFields [top, p; — pol

Apply the Feynman rules
o — Amplitudes ——

CreateFeynAmp [ins]
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Coupling fixed except for ;, ; (can be summed in do-loop).
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FeynAmpDenominator [
1

(-p1 + q1)? - Mass[S[Gen4]]2]

q12 - Mass[S[Gen3]]*"

(p1 - 2q9g1)[Lor1] (-pl + 2q91)[Lor2] ........ kin
ep[V[1], pl, Lorl] ep*[V[1],k1,Lor2] ...........

G [(Mom[1] -Mom[2]) [KI1[311]
G [(Mom[1] - Mom[2]) [KI1[3]]1],

.loop denominators

. coupling structure

polarization vectors

coupling constants
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Mass[S[Gen4]],
6$9 [(Mom[1] - Mom[2]) [KI1[311],
6$9 [ (Mom[1] - Mom[2]) [KI1[311],

RelativeCF } —> =
Insertions[Classes] [{MW, MW, I EL, -I EL, 2}] N
[ |

[ |

[ |

[ |
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Technically: uses its own PostScript prologue. :
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e.g. to the label text using any text editor.
It is less straightforward, however, to alter the [EEGBEE
geometry of the diagram, i.e. to move vertices
and propagators.

The FeynEdit tool lets the user:

e copy-and-paste the BIgX code into the
lower panel of the editor,

e visualize the diagram,
e modify it using the mouse, and finally

e copy-and-paste it back into the text.
H B E N
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c;: FeynmanGraph[__][__] -> Insertion[Particles][pi, p2, ...]

Example: Select the diagrams with only fermion loops.

FermionLoop[t:TopologyList[___]1[__]] := FermionLoop/@ t

FermionLoop[(top:Topologyl[_J[__1) -> ins:Insertions[Generic]l[__]] :=

o

top —> TestLoops[top]/@ ins
TestLoops[top_J[gi_ -> ci_] := (gi -> ci) /; =
MatchQ[Cases[top /. List@@ gi, B
Propagator[Loop[_l][vi_, v2_, field_] -> field], {F..}] -
TestLoops[_][_] := Sequencel[] L
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evaluate fermion traces,

perform the tensor reduction / separate numerators,
add local terms arising from D-(divergent integral),
simplify open fermion chains,

simplify and compute the square of SU(N) structures,
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FormCalc

Mathematica

FeynArts
¢ amplitudes

. Analytical
results

v Driver
Generated Code| programs
SquaredME
RenConst || Utilities
Fortran tbrary
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S2

S2
8 Alfa2 CW2/SW2 AbbSum7 +
Alfa2 CW2/SW2 Abbl +
8 Alfa2 CW2/SW2 AbbSum29 )
I = loop integral = kinematical variables -
.~ = constants I - automatically introduced abbreviations .
|
|
|
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Abb22

Pair3 = Pair[el[3], k[1]]

The full expression corresponding to AbbSum?29 is

Pair([e[1], e[2]] Pair[e[3],k[1]] Pairle[4], k[1]] + .
Pair([e[1], e[2]] Pair[e[3], k[2]] Pairle[4], k[1]] + -
Pair([e[1], e[2]] Pair[e[3],k[1]] Pairlel[4], k[2]] + -
Pair[e[1], e[2]] Pair[el3], k[2]] Pairl[el4], k[2]] -

=
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In general, the abbreviations are thus costly in CPU time.
It is key to a decent performance that the abbreviations are
separated into different Categories:

e Abbreviations that depend on the helicities,
e Abbreviations that depend on angular variables,
e Abbreviations that depend only on /s.

Correct execution of the categories guarantees that almost no
redundant evaluations are made and makes the generated
code essentially as fast as hand-tuned code.
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ax + C — aXkp + axcC
axf(b + ¢) — axf(b + c)

The number of terms in a function is rather limited in FORM.

Idea: replace subexpressions by symbols (new FORM 4
feature) once final.

e Prevents expansion, preserves (pre-)simplified structure.
¢ Introduced symbols are largely inert in further operations.

e Returned (sub)expressions small enough to use fairly
aggressive simplification in Mathematica within

reasonable run-time.
H B B B
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Abbreviations and subexpressions from an earlier FormCalc
session must be registered before use:

RegisterAbbr [abbr]
RegisterSubexpr [subexpr]
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main.F

xsection.F
driver program

run.F process.h
parameters for this run process definition

user-level code included in FormCalc, “parameter card”

SquaredME.F
master subroutine

generated code, “black box”

abbrOs.F

!

abbrOa.F > abbreviations

(invoked only
when necessary)

7 \

> form factors

CPU-time (rough)

compute abbr'"e®
compute abbr 1P

compute M™e®

compute M 1P

5%

1%

1%

}
} 95%
|
}
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e kinematics,
e model initialization,
e convolution with PDFs.

e Re-usable: external program need only call
ProcessIni (to set up the process) and
ParameterScan (to set off the calculation).

o [nteractive: Mathematica interface provides Mathematica
function for cross-section/decay rate.

built-in parallelization for helicity loop,

parameter scans. EE RN
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Textbook procedure: Trace Technique

IM|? = Z c; c; F;'F;

1,=1

where FFj = (v|Ts[u) (ul Tj [v) = Tr(T; [u){u| T; [v){v]).

m H B N
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Essentially nr ~ (# of vectors)! because all
combinations of vectors can appear in the ;.

Solution: Use Weyl-van der Waerden spinor formalism to
compute the F;’s directly.
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|U+>2

Every chiral Dirac chain maps onto a single Weyl chain:

(u\ Pr DT 7 |U>4 — <u—|5M‘7V " '|Ui>27

W[PrYu Y - - [v)g = (us|oudy - Jvg)y -

FORM:-like notation: (u|o,7,0, |v) kie5ks = (u| k182k3 |v) .
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(T k) |v) ~ 7)o VxS, BxS

Could fold elementary operations, but faster with single
inlined function call:

(u| o,5,0, |v) K KSKE = (u| k1kaks |v)
old = SxS(u, VxS (ky, BxS(kg, VxS(ks3, v))))
" mEmEm
new — ChainV3 (u’ kla k27 k’g, U) T. Hahn, Using FeynArts and FormCalc — p.36




ko + ks k1 — 1ko
k1 +1ke ko — k3
1

Large cancellations of the form /-2 + 2 — /1.2 when
m < k are avoided: better precision for mass effects.

oo
aﬂk —
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The benefits of such a function are obvious, as the whole
instrumentarium of Mathematica commands can be applied to
them. Just think of

FindMinimum([sigma[TB, MAO], {{TB, 5}, {MAO, 250}}]
ContourPlot [sigma[TB, MAO], {TB, 5}, {MAO, 250}]
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#define LOOP1 call MmaGetReal (TB)

The variable TB is ‘imported’ from Mathematica now, i.e. the
cross-section function in Mathematica becomes a function of
TB herebuy.

The user has full control over which variables are ‘imported’
from Mathematica and which are set in Fortran.

H B N
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#define PRINT1 SHOW "TB", TB
becomes
#define PRINT1 call MmaPutReal("TB", TB)

for the Mathematica Interface and transmits the value of TB to
Mathematica.
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Install["run"]

Now a Mathematica function of the same name, run, is
available. There are two ways of invoking it:

Compute a differential cross-section at /s = sqrtS:
run[sqrtS, argl, arg2, ...]

Compute a total cross-section for sqrtSfrom < /s < sqrtSto:
run[{sqrtSfrom, sqrtSto}, argl, arg2, ...]
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Data contains:

e the independent variables,
here e.g. {500.} = {\/s},
e the cross-sections,
here e.g. {0.0539684, 0.} = {ofree ;111 qnd
¢ the integration errors,
here e.qg. {2.30801 10°-21, 0.} = {Aclfee AgfiooP,

ot »

H B N
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. (P
C(F,F,S) =GP, +GrPr=G- | "

Pr
AnalyticalCouplingl[sl F[j1, pll, s2 F[j2, p2], s3 S[j3, p3l]
== G[1] [s1 F[j1], s2 F[j2], s3 S[j3]] )
{ NonCommutative[ ChiralityProjector[-1] ],
NonCommutative[ ChiralityProjector[+1] ] } :
O
o
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-  — . . i.emg,z- 5Z
G(fz',Vj,G) — (g ) — ( V2 sin 0, Mw J)
+ 0

C[ -F[2,{i}], F[1,{i}], S[3] I )
== { {-T EL Mass[F[2,{i}]1]1/(Sqrt[2] SW MW) IndexDeltal[i, jl}, -
{0} } -

[ |

[ |
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Counter terms now available.

e ModelMaker utility generates Model Files from the
Lagrangian.

e “3rd-party packages” FeynRules and LanHEP generate
Model Files for FeynArts and others.

e SARAH package derives SUSY Models.
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Add-On Model Files. For example,
InsertFields[..., Model -> {"MSSMQCD", "FV"}]

This loads the Basic Model File MSSMQCD.mod and modifies it
through the Add-On FV.mod (non-minimal flavour violation).

Model files can thus be built up from several parts.
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not automatically propagate into the derivative model
file.

Better: Create a new model file which reads the old one and
modifies the particles and coupling tables.

e M$ClassesDescription = list of particle definitions,
e M$CouplingMatrices = list of couplings.
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To see the effect, make a printout with the WriteTeXFile
utility of FeynArts.

The Hff [h,g] can be defined to include e.g. resummation effects, as in

double precision Hff(2,3) B

data Hff /6%1/

Hff(1,3) = 1 - CA/(SA*TB)*Delta_b =

Hff(2,3) = 1 + SA/(CAxTB)*Delta_b —
H
H
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Indices -> {Index[Neutralino]},

Mixture -> ZNeu[Index[Neutralino],1] F[111] +
ZNeu[Index[Neutralino],2] F[112] +
ZNeu[Index[Neutralino] ,3] F[113] +
ZNeu[Index[Neutralino] ,4] F[114]} }

Since F[111]...F[114] are not listed in M$CouplingMatrices,
they drop out of the model completely.
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)

Mixture -> UHiggs[Index[Higgs],1] S[1] +
UHiggs[Index[Higgs],2] S[2],
InsertOnly -> {External, Internall}} }

This time, S[10] and S[1]1,S[2] appear in the coupling list
(including all mixing couplings) because all three are listed in
M$CouplingMatrices.

Due to the InsertOnly, S[10] is inserted only on tree-level
parts of the diagram, not in loops.

m H B N
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mat [p_Plus] := mat/Q@ p

mat [r_.

DiracChain[s2_Spinor, om_, mu_, sl:Spinor[pi_, mi_, _]1] :=

I/(2 m1) mat[r DiracChain[sigmunulom]]] +
2/m1 r Pair[mu, pl] DiracChain[s2, om, s1i]

mat [r_.

DiracChain[sigmunulom_]], SUNT[Coll, Col2]] :=

r 07[om]/(EL MB/(16 Pi~2))

mat [r_.

DiracChain[sigmunulom_]], SUNT[Glul, Col2, Coll]] :=

r 08[om]/(GS MB/(16 Pi~2))

coeff =

Plus@@ vert //. abbr /. Mat -> mat

c7 = Coefficient[coeff, 07[6]]
c8 = Coefficient[coeff, 08[6]]
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"\tdouble complex C7, C8\n" <>
"#include \"looptools.h\"\n"]

WriteExpr([file, {C7 -> c7, C8 -> c8}]
WriteString[file, "\tend\n"]

Close[file]

More details in hep-ph/0607049.
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e Fierz identities rearrange fermion chains by
switching spinors, e.g.

(11T512) (3| T [4) = Y cxa (1| T [4) (3] Ty [2)

This is necessary to extract certain predefined structures
from the amplitude, most notably Wilson coefficients.
The FermionOrder option of CalcFeynAmp implements
Fierz methods for Dirac chains including the Colour
method which brings the spinors into the same order as
the external colour indices.
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ubstitute loop integral by its divergence, check cancellation.
Simple for UV, more involved for IR due to different phase-spaces.

e Gauge Invariance
Compute in arbitrary gauge, check that gauge parameter cancels.
Non-linear gauges avoid higher-rank tensor integrals.
Background-field method different gauge choice, too.

e Special Limits
Certain limits may be known from theoretical considerations, e.g.
high-energy limit for external weak bosons via Equivalence Theorem.

e Comparison with Independent Calculations
“Gold-plated mode” but a lot of work.
More than one well-tested software package useful.
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argely automated "model to events™ tooichains exist.

e Other tasks requiring evaluation of Feynman diagrams
are not so well automated (and may never be).

e Packages like FeynArts, FormCalc, FeynCalc, Package-X
provide an “exploration toolkit” for unusual models,
unusual renormalizations, package building, ...

e Long-term strategy: maybe best use Unix philosophy
“Do one thing and do it well” - modular components for
individual tasks + stick together by script.
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« Computer algebra is an indispensable tool because many
manipulations must be done symbolically.

o Fast number crunching can only be achieved in a compiled
language.

e Software engineering and further development of the
existing packages is a must:

e As we move on to ever more complex computations (more loops,
more legs), the computer programs must become more
“intelligent,” i.e. must learn all possible tricks to still be able to
handle the expressions.
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e But you don’t have to know, say, which valve has to
open at which time to keep the motor running.

e On the other hand, you can only go where there are
roads. You can’t climb a mountain with your car.
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