
PELICAN:
Alexander Bogatskiy

Joint work with: David Miller, Timothy Hoffman, Jan Offermann, Xiaoyang Liu (UChicago)

Research Fellow, Flatiron Institute

deep jets with permutation 

and  Lorentz  equivariance

ML4Jets 2022

















Symmetries in jet data



Symmetries in jet data

•  Euclidean symmetries in jet images (CNN’s)



Symmetries in jet data

•  Euclidean symmetries in jet images (CNN’s)

•  Permutations of particles (particle clouds, Deep Sets, GNN, MPNN)



Symmetries in jet data

•  Euclidean symmetries in jet images (CNN’s)

•  Permutations of particles (particle clouds, Deep Sets, GNN, MPNN)

•  Rotational, boost, Lorentz symmetries
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⊗ : R1 × R2 → R3

ρ1(g) ⊗ ρ2(g) = Cρ1,ρ2 ⨁
ρ

μ(ρ)

⨁
1

ρ(g) C†
ρ1,ρ2

• Linear: a restricted linear mixing operations acting on data stored as a collection 
of irreducible representations   αA + βB

• Nonlinear: a tensor product combined with a Clebsch-Gordan decomposition

• A covariant universal approximation theorem motivates the sufficiency of these 
operations for outputs belonging to arbitrary finite-dimensional representations.



What constraints does full 
Lorentz+Permutation symmetry impose?



Invariants of the Lorentz group

[H. Weyl, The Classical Groups, 1939]



Invariants of the Lorentz group

All Lorentz-invariant symmetric functions of a set of 4-vectors  can be expressed as 
functions of only the dot products 

pμ
i

dij = ημνpμ
i pν

j

I(p1, …, pN) = I ({pi ⋅ pj}i,j)
pi ⋅ pj = p0

i p0
j − ⃗pi ⋅ ⃗pj



Input to the network: matrix of dot products dij = pi ⋅ pj



Permutation equvariant architecture 
with only edge data?



PELICAN



PELICAN Permutation Equivariant, Lorentz 
Invariant/Covariant Aggregator Net
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Equivariant Aggregators

• Basic approach — Deep Sets 

• Common approach — GNN/MPNN: 

• For pure “edge data”, look for the most general permutation-equivariant mapping 

 

                                     

Tij ↦ T′￼ij

F (π ∘ Ti1i2⋯ir) = π ∘ F (Ti1i2⋯is), π ∈ SN .

• The space of such linear mappings between  matrices is 15-dimensionalN × N

v′￼i = f(vi, ∑
j

mij(vi, vj))

ρ (∑
i

ϕ (xi))



Equivariant Aggregators
Let’s illustrate equivariant mappings  as rank 4 binary tensors Tij ↦ T′￼ij (N = 2)

[Maron 2018, Pan&Kondor 2022]
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Equivariant Aggregators
Let’s illustrate equivariant mappings  as rank 4 binary tensors Tij ↦ T′￼ij (N = 2)

T12

T′￼22 = Agg({T22})Identity map

[Maron 2018, Pan&Kondor 2022]
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Equivariant Aggregators
The aggregation function can be any symmetric function of a set of inputs.


We choose weighted means  with learnable .Nα
N

∑
i=1

xi α
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PELICAN equivariant block

Message

Aggregation
Linear mixing of 
the outputs of 15 

aggregators
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pi → dij → Embed → [Eq2→2]L → Eq2→0 → MLP

Classifier



Top-tagging with PELICAN



p =

E
px
py
pz



Top-tagging performance
• State of the art top-tagger with 8x fewer params of the previous best tagger


• Exact invariance massively improves sample efficiency

PELICAN       0.9425(1)     0.9869(1)     2289±204                46k
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Sample efficiency

• Exact invariance improves sample efficiency



Regression with PELICAN



Lorentz equivariance

All Lorentz-equivariant mappings  have the formFμ(p1, …, pN)
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Lorentz equivariance

All Lorentz-equivariant mappings  have the formFμ(p1, …, pN)

F(p1, …, pN) = ∑
i

cipi,

where  are Lorentz-invariant, i.e. only functions of .ci(p1, …, pN) dij

What about permutation invariance?





Lorentz-equivariant

Fμ(p1, …, pN)



Permutation-equivariant

ci ({djk})
Lorentz-equivariant

Fμ(p1, …, pN)



Fμ(p1, …, pN) = ∑
i

cip
μ
i

Permutation-equivariant

ci ({djk})
Lorentz-equivariant

Fμ(p1, …, pN)
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PELICAN 4-momentum Regressor

pi → dij → Embed → [Eq2→2]L → Eq2→1 → MLP → {ci}N
i=1

4-momentum regressor

The loss function is a linear combination of  and |mpredict − mtarget | | ⃗ppredict − ⃗ptarget |

The 4-momentum is reconstructed as ppredict =
N

∑
i=1

cipi

PELICAN weights
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Hadronic W reconstruction inside of a top jet

q

q

Dataset similar to the top-tagging one:

1. Only top jets

2. Only hadronic decays t → bW(qq)

3. Two versions: truth level and DELPHES  
reconstructed from calorimeter towers

4. Non-ML baseline: built-in method of the Johns Hopkins  
top-tagger (37%/31% efficiency on these datasets) 
 
top_candidate.structure_of<TopTaggerBase>().W() 
 
[Kaplan, Rehermann, Schwartz, Tweedie 2008]
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q

q

JH = Johns Hopkins Top Tagger  
[Kaplan, Rehermann, Schwartz, Tweedie 2008] 
 
PELICAN | JH = PELICAN on JH-tagged events
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Hadronic W reconstruction inside of a top jet

q

q

JH = Johns Hopkins Top Tagger  
[Kaplan, Rehermann, Schwartz, Tweedie 2008] 
 
PELICAN | JH = PELICAN on JH-tagged events
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Explaining PELICAN
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PELICAN learns to separate 
out the b-quark cluster
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Single event True W products in orange

0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

θ

ϕ
0

0.2

0.4

0.6

0.8

1.0

Truth level



Single event JH-identified W products in orange
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DELPHES
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Explaining PELICAN

• What is the function of non-binary weights in the DELPHES case?

• Hypothesis: 

• to undo the effect of multiple decay products hitting the same calorimeter cell

• to correct the mass of the reconstruction

• Define . Note that .  

Therefore expect high correlation 

ri = EWtrue
i /Ei EWtrue = ∑

i

riEi

ci ∼ ri
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No! Rather than giving up symmetry,

provide complete inputs.


ez+ = (1,0,0,1), ez− = (1,0,0, − 1)

p1, …, pNez+, ez−,

Now PELICAN knows .
Ei, mi, pT
i , pz

i
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Transfer Learning:  
W mass measurement
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• Polarization tagging (helicity angle distributions)


• Jet combinatorics?

→






