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Where do we stand? 

• QCD firmly established as theory of strong interactions
• Remarkably simple Lagrange density 

• Enormously rich phenomenology
• Many successful qualitative explanations and predictions
• Quantitative understanding not always feasible
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Where do we stand?  

• QCD at high energies: weak coupling and asymptotic freedom
• Perturbative QCD as quantitative framework
• Dynamics of quarks and gluons
• Jet observables were early test of QCD
• Factorization separates weak from strong coupling effects 

• Quantitative predictions
• Multi-loop calculations for inclusive quantities
• Higher orders (NLO, NNLO, …), resummation and parton shower simulation
• Strong coupling dynamics parametrized in parton distributions, hadronization
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Where do we stand? 
• Precision tests of the Standard 

Model
• Measurements of masses and 

couplings

• Interplay of calculations and 
measurements
• Accuracy on cross sections ≳5%
• Limited by PDFs, QCD corrections

• Perturbative QCD as analysis tool
• Jet substructure techniques
• Data-driven background 

predictions
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Where do we stand? 

• QCD at strong coupling: diverse research program
• Hadron physics, low-energy dynamics, heavy ions
• Precision spectroscopy of light hadrons ⟷ lattice QCD at high precision
• Determination of hadron properties

• Proton radius
• Form factors
• Nucleon structure

• Demands and drives new quantitative approaches
• Understanding non-perturbative dynamics of QCD

2302.13818
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Figure 1. The proton charge radius determined from ep elastic scattering, hydrogen spectroscopic
experiments, as well as world-data compilation from CODATA since 2010. The muonic spectroscopic
measurements [19,20] are shown in orange dots, ordinary hydrogen spectroscopic results [12–16] are
shown in purple dots, electron scattering measurements [2–4,6] are shown in green squares, and blue
diamonds show the CODATA compilations [18,57].

2. Radius Extraction from Unpolarized Lepton-Proton Scattering Experiments

2.1. Empirical Fits of Electromagnetic Form Factors

The commonly used experimental method for measuring G
p

E
at low-Q2 is the unpolarized

lepton-proton scattering. Assuming that the lepton mass can be neglected, the elastic scat-
tering cross section at Born level (single photon-exchange diagram) can be expressed by the
Rosenbluth formula:

ds

dW
=

✓
ds

dW

◆

Mott

1
1 + t

h
(G

p

E
(Q2))2 +

t

e
(G

p

M
(Q2))2

i
, (3)

where t = Q
2/(4M

2) and e = [1 + 2(1 + t) tan2(q/2)]�1, M is the mass of a proton, and q is
the scattering angle of the lepton in the target rest frame. The Mott cross-section describes the
scattering off a structure-less and spin-less proton:
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where a is the fine-structure constant, and E and E
0 are the energies of the incoming and

outgoing lepton, respectively. In the case where the lepton mass m is not negligible, such as
muon scattering, modifications to e and Mott cross section [58–60] are needed:

e =


1 � 2(1 + t)

2m
2 � Q

2

4EE0 � Q2

��1

, (5)

✓
ds

dW

◆

Mott
=

a2

4E2
1 � Q

2/(4EE
0)

Q4/(4EE0)2
E|`0|
E0|`|

M(E
02 � m

2)
MEE0 + m2(E0 � E � M)

, (6)

where |`| and |`0| are magnitudes of the three-momenta of the incident and scattered leptons,
respectively.

To obtain the Born-level cross sections from a lepton scattering measurement, an unfolding
process known as the “radiative correction” is required. This process typically consists of an



Where do we stand? 

• Crucial interplay between QCD at strong and at weak coupling
• Non-perturbative effects on precision collider observables
• Parton distributions
• Intrinsic transverse momentum
• Soft underlying event and hadronization

• Hadronic input to SM tests and BSM searches
• Form factors in flavor physics
• Hadronic cross sections in neutrino and astroparticle physics
• Hadronic effects in QED precision observables: α(MZ), (g-2)μ 0811.4622
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Where do we stand? 

• Feed-in and feed-back between strong and weak coupling QCD
• Example: hadronization effects and power corrections
• QCD at colliders predicts partons, experiments observe hadrons
• hadronization effects typically power-suppressed
• quantitative description required for precision physics
• re-assessment of power corrections to event shapes in e+e-

• dispersive model for full kinematics
• major effect on interpretation of LEP data:                                                                                  

αs(MZ): 0.1128(11) → 0.1174(12)

• Precision versus accuracy !
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The challenges ahead

• Precision physics at HL-LHC and future high-
energy colliders 
• Aiming for ultimate precision in Standard 

Model tests and searches
• Direct and indirect probes of physics at much 

higher energy scales
• Sub-per-mille level precision on Mw, Mtop, αs

• Requires major leaps in QCD+EW theory and 
experiment

• QCD theory into novel data analysis techniquesExpected relative uncertainty
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Fig. 28: (left) Summary plot showing the total expected ±1� uncertainties in S2 (with YR18 systematic
uncertainties) on the per-production-mode cross sections normalised to the SM predictions for ATLAS
(blue) and CMS (red). The filled coloured box corresponds to the statistical and experimental systematic
uncertainties, while the hatched grey area represent the additional contribution to the total uncertainty due
to theoretical systematic uncertainties. (right) Summary plot showing the total expected ±1� uncertain-
ties in S2 (with YR18 systematic uncertainties) on the per-production-mode cross sections normalised to
the SM predictions for the combination of ATLAS and CMS extrapolations. For each measurement, the
total uncertainty is indicated by a grey box while the statistical, experimental and theory uncertainties are
indicated by a blue, green and red line respectively. In addition, the numerical values are also reported.

bined ATLAS-CMS extrapolation range from 2 � 4%, with the exception of that on Bµµ at 8% and
on BZ� at 19%. The numerical values in both S1 and S2 for ATLAS and CMS are given in Table 37
where the the breakdown of the uncertainty into four components is provided. In projections of both
experiments, the S1 uncertainties are up to a factor of 1.5 larger than those in S2, reflecting the larger
systematic component. The systematic uncertainties generally dominate in both S1 and S2. In S2 the
signal theory uncertainty is the largest, or joint-largest, component for all parameters except BRµµ and
BZ� , which remain limited by statistics due to the small branching fractions.

The correlations range up to 40%, and are largest between modes where the sensitivity is domi-
nated by gluon-fusion production. This reflects the impact of the theory uncertainties affecting the SM
prediction of the gluon-fusion production rate.

2.7 Kappa interpretation of the combined Higgs boson measurement projections23

2.7.1 Interpretations and results for HL-LHC
In this section combination results are given for a parametrisation based on the coupling modifier, or
-framework [42]. A set of coupling modifiers, ~, is introduced to parametrise potential deviations from
the SM predictions of the Higgs boson couplings to SM bosons and fermions. For a given production
process or decay mode j, a coupling modifier j is defined such that,

2
j = �j/�SM

j or 2
j = �

j/�
j
SM. (6)

23 Contacts: R. Di Nardo, A. Gilbert, H. Yang, N. Berger, D. Du, M. Dührssen, A. Gilbert, R. Gugel, L. Ma B. Murray, P.
Milenovic
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The challenges ahead

• Precision calculations in perturbative QCD
• major technical challenges in computation of loop 

amplitudes
• analytical versus numerical approaches
• often triggering developments in mathematics and 

computer algebra 

• Application in precision phenomenology
• theory prediction closely mimics experimental analysis
• require fast and reliable numerical implementations 

Thomas Gehrmann ICFA Seminar 2023 DESY

2

Finally, we provide a C++ library for fast numerical
evaluation of the NNLO hard function that is ready
for use in cross-section computations. Together with
the upcoming results for the quark channels that we
will make available in the followup publication [10],
these results will provide crucial input for NNLO
cross-section computations.

Note added: while this work was in preparation,
we became aware of ref. [40], which reports partially
overlapping results. We thank the authors for the
numerical comparison of our results and for coordi-
nating the publications.

II. NOTATION AND CONVENTIONS

We consider the O
�
↵2
s

�
corrections to the scat-

tering of five-gluons. This requires the computation
of two-loop five-gluon scattering amplitudes, which
we obtain omitting the contributions from the mas-
sive top quark. Furthermore, we treat all quarks as
massless states. The contributing partonic process
is

g(�p�h1
1 ) + g(�p�h2

2 ) !
g(ph3

3 ) + g(ph4
4 ) + g(ph5

5 ) .
(1)

Here pi and hi denote the momentum and the he-
licity of the ith particle, respectively. Unless stated
otherwise, throughout this paper, momenta and he-
licity labels are understood in the all-outgoing con-
vention. Representative Feynman diagrams for the
two-loop contributions are shown in fig. 1.

Figure 1: Representative Feynman diagrams for
two-loop five-gluon amplitudes. Solid lines
represent closed massless quark loops.

A. Kinematics

The process involves five massless particles.
The underlying scattering kinematic can there-
fore be specified by five Mandelstam invariants
{s12, s23, s34, s45, s15}, as well as the parity-odd con-
traction of four momenta tr5 = tr(�5/p1/p2/p3/p4).

To represent the dependence of scattering am-
plitudes on the particles’ helicities we use two-
component spinors, �↵

i and �̃↵̇
i , with i 2 {1, . . . , 5}.

We define the invariant contractions of spinors as

hiji = �↵
i �j,↵ and [ij] = �̃i,↵̇�̃

↵̇
j , (2)

which are related to the Mandelstam invariants
through sij = hiji[ji] (see e.g. [41] for matching
conventions). We will also use longer spinor con-
tractions, in particular

hi|j ± k|i] = hiji[ji]± hiki[ki] . (3)

Finally, we can express tr5 as a polynomial in spinor
brackets as1

tr5 = [12]h23i[34]h41i � h12i[23]h34i[41] . (4)

A little-group transformation of the ith leg with
helicity hi reads (�i, �̃i) ! (zi�i, �̃i/zi). Under this
transformation, the helicity amplitudes transform as
A ! z�2hi

i A. We refer to the exponent of the zi as
the little-group weight.

B. Color space

The external gluons are in the adjoint representa-
tion of SU(Nc) and carry indices ~a = {a1, . . . , a5}
which run over N2

c � 1 values. We explicitly rep-
resent the five-gluon amplitudes in the color space
through the trace basis as [42]

A~a =
X

�2S5/Z5

�
⇣
tr(1, 2, 3, 4, 5) A1(1, 2, 3, 4, 5)

⌘
+

X

�2 S5
Z2⇥S3

�
⇣
tr(1, 2) tr(3, 4, 5) A2(1, 2; 3, 4, 5)

⌘
, (5)

where tr(i1, . . . , in) = tr(T ai1 · · ·T ain ), and T ai are
the hermitian and traceless generators of fundamen-
tal representation of SU(Nc). The permutation
� = {i1, . . . , i5} acts on all external-particle labels as

1 We note that tr5 in ref. [5] di↵ers by a minus sign compared
to this definition.

3

(a) N3 (b) N2Nf

(c) NN2
f

FIG. 1: Representative three-loop planar diagrams
which contribute to the three leading color layers.

of three in N and Nf and they correspond to ⌦j with
j = 1, 5, 8, 10. Importantly, the leading color factors only
receive contribution from planar diagrams, see Figure 1
for example diagrams. The contributions proportional to
N2

fNf,V vanish by Furry’s theorem. Eq. (12) is also valid
for any helicity amplitude coe�cient – bare, renormalized
or IR subtracted.

In the following, we fix the renormalization scale in
⌦ as µ2 = q2. The full scale dependence can then be
recovered through

⌦(3)(µ) =

✓
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with L(µ) = log
�
µ2/q2

�
.

The helicity amplitudes for the decay of a Standard
Model vector boson V can finally be related to the he-
licity amplitudes obtained above by dressing with the
appropriate electroweak couplings

M
V
�q2�3�l5

=�
i
p
4⇡↵s(4⇡↵)LV

l5l6
LV
q1q2

D(p256,m
2
V )

⇥ Ta
ij M�q2�3�l5

, (14)

where p56 = p5 + p6, the vector boson propagator reads

D
�
q2,m2

V

�
= q2 �m2

V + i�V mV (15)

and the couplings for the bosons V = Z,W±, �⇤ are

L�
f1f2

= �ef1�f1f2 , (16)

LZ
f1f2 =

If13 � sin2 ✓wef1
sin ✓w cos ✓w

�f1f2 , (17)

LW
f1f2 =

✏f1,f2
p
2 sin ✓w

. (18)

In the formulas above, ↵ is the electroweak coupling con-
stant, ✓w is the Weinberg angle, I3 = ±1/2 is the third
component of the weak isospin and the charges ei are
measured in terms of the fundamental electric charge
e > 0. Moreover, ✏f1,f2 = 1 if f1 6= f2 but belonging
to the same isospin doublet, and zero otherwise.
In order to compute the (unrenormalized) corrections

to the helicity amplitude coe�cient, we use the same
unified workflow as for the tree-level, one- and two-loop
amplitudes for V qq̄g [14], whose agreement with older
results in the literature up to the finite part in ✏ pro-
vides an additional check on our method. In summary,
the relevant three-loop diagrams are generated using
QGRAF [32] and every manipulation including inser-
tion of Feynman rules, evaluation of Dirac and Lorentz
algebra and application of the projectors are performed
in FORM [33]. Once the helicity projectors have been
applied, all Feynman diagrams are expressed in terms of
scalar integrals, which can be written in terms of a single
planar auxilliary topology of the form

In1,...,n15 = e3�E✏

Z 3Y

i=1

ddki
i⇡d/2

1

Dn1
1 ...Dn15

15

(19)

with �E = 0.5772 . . . the Euler constant and propagators

D1 = k1 D6 = k3 � p1 D11 = k2 � p123
D2 = k2 D7 = k1 � p12 D12 = k3 � p123
D3 = k3 D8 = k2 � p12 D13 = k1 � k2
D4 = k1 � p1 D9 = k3 � p12 D14 = k1 � k3
D5 = k2 � p1 D10 = k1 � p123 D15 = k2 � k3

with pij(k) = pi + pj(+pk). The integrals can be re-
duced to a set of master integrals using integration-by-
parts (IBP) identities [34, 35]. For the actual reduction,
we use the implementation of the Laporta algorithm [36]
in the automated code Kira2 [37, 38] and express all
integrals directly in terms of the canonical basis for the
three-loop planar topology defined in [25]. Here it was
shown that, in line with the one- and two-loop results, the
three-loop planar integrals can be evaluated to arbitrary
orders in the dimensional regularization parameter ✏ in
terms of multiple polylogarithms (MPLs) [15, 19, 39, 40]
with alphabet {y, z, 1� y, 1� z, y + z, 1� y � z}.

The amplitude before reduction can be expressed in
terms of 95625 scalar integrals, which in turn are reduced
to 291 canonical basis elements and their crossings. The
size and complexity of intermediate expressions makes

Oq

Oq

Figure 1. Representative Feynman diagrams for N2
f contributions to the OME hq|OB

q |qi at four
loops. The first diagram contributes to the non-singlet anomalous dimension, while the second
diagram contributes to the pure-singlet anomalous dimension in the quark channel.

linear propagators, and Apart [42] is used for this task. At later stages of the calculation,

we also use MultivariateApart [43] to decompose rational functions of kinematic invari-

ants and parameters into multivariate partial fractions (see also [44–46] for alternative

decompositions).

To reduce the amplitude and to calculate the master integrals in the di↵erential equa-

tion approach [47], we perform IBP reductions of the four-loop integrals using finite field

sampling and rational reconstruction [48–50]. An optimized input system of equations is

prepared by employing the method of [51] to control the generation of squared propagators.

We note that the unreduced amplitude contains not only irreducible numerators but also

higher powers of the propagators, in particular for the linear ones. For the computation

of the reductions, we group integrals into so-called sectors, which label di↵erent sets of

denominators. For each sector, we generate IBP identities by constructing suitable dif-

ferential operators and subsequently applying them to so-called seed integrals which have

positive powers of the denominators of the sector. We eliminate redundant equations from

the system for each sector, where for performance reasons we ignore relations which involve

only integrals in sub-sectors, that is, with fewer di↵erent denominators. It is well known

that ignoring subsector information in this way can lead to incomplete reductions, since

one misses specific relations, which are sometimes referred to as “hidden” or “anomalous”.

In the present case, we recover such relations from di↵erential equations and dimensional

analysis, as will be explained below. The private code Finred is used to perform the

filtering as well as the final reduction including also all subsector integrals.

We compute the di↵erential equations for the master integrals chosen through a generic

integral ordering (see e.g. [39]) by a straight-forward IBP reduction of their derivatives.

Here, we compute the derivatives both with respect to t and p2. In dimensional regular-

ization, one can derive a relation between the partial derivatives from the behavior of the

integral under a rescaling of all dimensionful parameters (see e.g. [52]). We observe that

some of them are not manifestly fulfilled, which we interpret as a consequence of incom-

plete reductions due to missing “hidden” relations. By enforcing these scaling relations,

we obtain a number of additional identities, which relate integrals from di↵erent sectors

with the same number of di↵erent propagators (and subsector integrals). These additional

relations simplify the di↵erential equations in t for the remaining master integrals and we

– 7 –
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The challenges ahead

• Nucleon structure: parton distributions 
• Precision on large-x, highest-Q2, flavour decomposition 
• Reliable quantification of uncertainties (theory and experiment)
• Ultimate precision on theory framework

• Establish three-dimensional nucleon structure 
• Spin-dependent parton distributions
• Transverse-momentum structure
• Semi-inclusive observables
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The challenges ahead

• Understand and predict hadronic cross sections 
• Soft production mechanisms in vacuum and QCD medium
• Interplay with heavy-ion physics
• Quantitative input for high-energy cosmic radiation, neutrino physics

• QCD predictions at strong coupling 
• Lattice QCD: improvements and novel applications
• New methods and approaches
• Towards first-principles understanding of                                                              

parton-hadron transition, confinement
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The challenges ahead

• Targeted precision studies at low energies 
• Searches for new physics:                                                                                            

QCD θ-term (strong CP-problem), charge radii
• Antimatter spectroscopy
• Exotic bound states: hadronic atoms, multi-quark states
• QED-QCD interplay: hadronic vacuum polarization,                                                            

light-by-light scattering

• Better exploit synergies between QCD at weak and strong coupling
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QCD at future facilities

• Highest-precision QCD program at FCC-ee/CEPC
• Precision measurements, hadronization, light and 

heavy flavour spectroscopy

• High-energy frontier: HL-LHC and FCC-hh
• Precision QCD predictions crucial to all aspects of 

physics exploitation
• Open up new kinematical regimes for QCD studies
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QCD at future facilities

• Lepton-hadron collisions from low to high energies         
• Elastic, inelastic and deeply inelastic scattering on fixed 

targets at CERN (AMBER):  nucleon interactions and structure
• EIC project at BNL: 3D nucleon structure

• High-energy frontier proposals LHeC, FCC-eh: ultimate 
precision on PDF and QCD studies

• Specific precision experiments 
• MuOnE, PSI muon and neutron programs
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Figure 1.1: Coverage of the kinematic plane in deep inelastic lepton-proton scattering by some initial
fixed target experiments, with electrons (SLAC) and muons (NMS, BCDMS), and by the ep colliders:
the EIC (green), HERA (yellow), the LHeC (blue) and the FCC-eh (brown). The low Q

2 region for the
colliders is here limited to about 0.2 GeV2, which is covered by the central detectors, roughly and perhaps
using low electron beam data. Electron taggers may extend this to even lower Q

2. The high Q
2 limit at

fixed x is given by the line of inelasticity y = 1. Approximate limitations of acceptance at medium x, low
Q

2 are illustrated using polar angle limits of ⌘ = � ln tan ✓/2 of 4, 5, 6 for the EIC, LHeC, and FCC-eh,
respectively. These lines are given by x = exp ⌘ ·

p
Q2/(2Ep), and can be moved to larger x when Ep is

lowered below the nominal values.

.

at HERA but will thus become a central theme of precision and discovery physics with
the LHeC. In particular, the top momentum fraction, top couplings to the photon, the W

boson and possible flavour changing neutral currents (FCNC) interactions can be studied
in a uniquely clean environment (Chapter 5).

• The LHeC extends the kinematic range in lepton-nucleus scattering by nearly four orders
of magnitude. It thus will transform nuclear particle physics completely, by resolving the
hitherto hidden parton dynamics and substructure in nuclei and clarifying the QCD base
for the collective dynamics observed in QGP phenomena (Chapter 6).

• The clean DIS final state in neutral and charged current scattering and the high integrated
luminosity enable a high precision Higgs physics programme with the LHeC. The Higgs
production cross section is comparable to the one of Higgs-strahlung at e

+
e
�. This opens

unexpected extra potential to independently test the Higgs sector of the SM, with high

19
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Perspectives for QCD research

• Optimal scientific exploitation of present and future measurements
• QCD effects are ubiquitous in all areas of particle and astroparticle physics
• Strive for highest accuracy and robustness in description and understanding

• Understanding of the strong interaction
• Map out nucleon structure
• Aim for first-principles predictions at strong coupling

• Large scientific diversity as a major strength
• Fruitful interplay between research at strong and weak coupling
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