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Overview

• Spin systems as tensor networks

– Partition functions

– Variational Matrix Product State methods

– Finite entanglement scaling

• Dualities & (Categorical) symmetries

• Topological phases of matter



Partition functions as counting problems:
hard square constants

• 1-dimension: 

– count number of strings of bits such that a 1 is surrounded by 0’s:

• E.g. 00010010100000100

– Transfer matrix approach: evaluate following tensor network

– Number of configurations is: 

Identity matrix: sum over 0,1

Hard square cst.



• 2 dimensions: 



• Problem is equivalent to finding leading eigenvalue of transfer matrix / 
Matrix Product Operator:

• Is essentially equivalent problem to finding ground state of a local 
quantum Hamiltonian, for which DMRG / variational MPS methods 
provide the state of the art: MPS with bond dimension D



Variational uniform matrix product state algorithm

• Make use of left/right canonical forms to 
reduce optimization to a sequence of effective 
eigenvalue problems:

• Essence: enforce that residual of MPO applied 
to MPS is orthogonal to tangent space of MPS 
manifold; this leads to a Lanczos-type version 
of corner transfer matrix (CTM) of Baxter;
optimization gives direct access to the free 
energy and hence of entropy of the stat. 
mech. Model without need of integration such 
as in MC

Haegeman, FV, arXiv:1611.08519

Zauner-Stauber et al. ‘18



arXiv:1611.08519



Ising model as tensor network



Scaling hypothesis for MPS

• When simulating a critical point, a simultaneous scaling in the distance to the 
critical point and in the bond dimension can be  formulated

Rams, Czarnik & Cincio ‘18

Vanhecke, Haegeman, Van Acoleyen, Vanderstraeten &FV ‘19



Vanhecke, Vanderstraeten, FV, PRL ‘22



Heisenberg model / RP2



What about scaling of MPS for field theories?

• Let us look at            to see how the two scales manifest themselves in the 
entanglement degrees of freedom 

– Double scaling regime: entanglement scaling + continuum (lattice parameter) 
should lead to both a c=1 contribution from UV AND a c=1/2 contribution 
from IR

Vanhecke et al.‘19



Vanhecke et al.‘20



Vanhecke et al.‘20



What about systems with a Fermi surface?

• Violation of area law:

http://www.phys.ufl.edu/fermisurface/



PEPS and Fermi surfaces

• We conclude: favourable scaling of bond dimension as a function of precision 
at halve filling => just as in 1D, Fermi surfaces can be captured by using a 
scaling ansatz for tensor networks

– Important caveat: it has to be possible to open a gap using a perturbation

Mortier, Schuch, FV, Haegeman ‘22



A critical lattice model for
a Haagerup conformal field theory

Vanhove et al., PRL ‘22



Part II: Symmetries & Dualities

• Tensor network is nothing but a discrete path integral

• Crucial aspect are the symmetries (local / nonlocal / higher form) and 
associated anomalies, …

• Recent years: a systematic study of all different representations of a given 
tensor network / partition function : bimodule categories

– Unified treatment of TFTs and CFTs

Modular Tensor 
Categories

Topological Field 
Theory

Conformal Field 
Theory

Quantum doubles 
& String nets

Critical & Anyonic
spin systems

Continuum
Lattice

Witten  …

Reshetikhin, Turaev, Viro Moore, Seiberg /
Fuchs, Runkel, Schweigert

Kitaev / Levin, Wen / …
Pasquier / Jimbo et al. /
Aasen, Fendley, Mong

Strange Correlators



Dualities & (Categorical) symmetries

• Critical tensor networks exhibit new symmetries:

– Kramers-Wannier duality becomes a symmetry

• Intertwiner as Matrix product operator:



• Symmetric operators remain local

• Non-symmetric operators become nonlocal (string)

=

=



Kramers-Wannier duality of Ising model 

• KW is obtained by “gauging” the Z2 symmetry and then disentangling 
matter fields:

Lootens et al., PRXQ ‘22



Jordan-Wigner transform as an MPO intertwiner

• Local tensor: 

• Transformed Hamiltonian: 

• JW is a genuine duality! 

Lootens et al., PRXQ ‘22



Critical systems and categorical symmetries

• Can we construct tensor networks which automatically exhibit categorical 
symmetries?

Modular Tensor 
Categories

Topological Field 
Theory

Conformal Field 
Theory

Quantum doubles 
& String nets

Critical & Anyonic
spin systems

Continuum
Lattice

3+0/2+1 D       2+0/1+1 D

Witten  …

Reshetikhin, Turaev, Viro Moore, Seiberg /
Fuchs, Runkel, Schweigert

Kitaev / Levin, Wen / …
Pasquier / Jimbo et al. /
Aasen, Fendley, Mong

Strange Correlators



MPO symmetries

• Central ideas:

– Symmetries are represented by scale-invariant (possibly correlated) 
operators Oα (e.g.                   )

– Those operators form a closed algebra (as representation of that 
symmetry), independent of the system size

– For 1D systems: such symmetries are guaranteed to be Matrix Product 
Operator (MPO) symmetries, but do not necessarily form a group 
(could be a fusion algebra); in 2D: PEPO algebras

– Such MPOs generalize the representation theory of groups

• Development of character theory, irreps, …  [Bridgeman, Lootens, FV ’22]



Fuchs-Runkel-Schweigert machinery for bimodule categories

• Input: Moore-Seiberg data concerning the representations of a chiral algebra in 
the form of a modular tensor category D (simple objects and fusion rules):

– Many different CFTs correspond to the same D; we need an additional piece of 
data in the form of a right module category M to specify CFT:

• This M allows to define a CFT on any closed surface such that it                   
remains invariant under mapping class group 

– M turns out to be a left module of a different category C                                       
which is “equivalent” to D,  and C defines the                                              
topological defect lines in the CFT

• Summary: CFT determined by a D,M,C such that M is a                                                
(C,D) is an invertible bimodule category 



F-symbols

• Fusion categories C and D are endowed with functors: 

– Associativity of fusion rules implies the existence of F-symbols:

• Similar: functors and

• Compatibility of C and D: 



Big Pentagon equation

• Compatibility of those F-symbols leads to a set of 6 coupled equations:

• Given fusion rules, (nontrivial) algorithms can be constructed to solve those 
equations; the fusion rules are consistent iff there is at least 1 nontrivial solution



MPO symmetries : tensor formalism

Lootens, Fuchs, Haegeman, Schweigert, FV ‘20



Six coupled pentagon equations: M(C,D) bimodules

Lootens, Fuchs, Haegeman, Schweigert, FV ‘20



• Central premise: given a MPO symmetry, all local symmetric operators can be 
constructed in terms of the 3F symbols (generalized Clebsh-Gordan
coefficients)

– KEY INSIGHT: The structure factors of those symmetric observables are 
completely determined by the 4F symbols and hence the fusion category D

• Different MPO algebras can have the same 4F symbols: those are obtained by 
choosing different modules M / Morita-equivalent categories C  

• Bonus: we can construct explicit MPO intertwiners between such theories



Intertwiners and non-diagonal partition functions 

• Such intertwiners can be used to construct all modular partition function 
of stat. mech models (e.g. vertex vs RSOS)

• Different modular invariant :



Dualities in quantum spin chains

• General scheme:

– Given a system with a MPO symmetry C and related bimodule M(C,D) 
plus 4F symbol (only depending on D), all dual theories are specified 
by the possible invertible bimodules M’(C’,D) having the same 4F

– The Hamiltonians of the dual theories are specified in terms of the 
respective 3F Clebsch-Gordan coefficients, as are the intertwiners

• Note that the symmetries of the dual theories are specified by C 
and C’ respectively, so can be different!

• Note also that a special case is obtained by MPOs which are just 
tensor products of local symmetries

• PS: the same machinery can be used to construct quantum circuits 
between Morita-equivalent string nets (2+1D TFT), to find all inequivalent 
PEPS representations of string nets, to construct modular invariant 
partition functions of stat mech models, …



Examples





Duality is isometry on superselection sectors

Lootens, Delcamp et al., ‘22











Topological phases of Matter

• Last decades has seen a revolution understanding 
topological phases of matter

– Realization in Quantum Hall systems, observation of                            
Majorana fermions, …

– Topological phases of matter: there is no LOCAL order parameter 
distinguishing topological phases from trivial ones

• Phase is characterized by long range entanglement

• This entanglement can be used to built a fault-tolerant quantum 
computer

• Tensor network approach: topological order is all about symmetries of the 
entanglement degrees of freedom

– Landau paradigm of order parameters is recovered in symmetries of 
LOCAL tensors



1D interacting SPT phases of matter: MPS 

• Classification of phases of matter of 1-D spin chains under adiabatic paths 
preserving a symmetry: manifold breaks into pieces (symmetry protected 
topological order) 

– Different phases are characterized by projective representations of 
physical symmetry group (H2(G,U(1)))

– In case of fermions: graded tensor algebras, and already topological 
phases without imposing symmetries (Majorana / Kitaev spin chain)

Ug

= Vg V-1
g

Cirac, Pérez-García, FV, Wolf ’08 
Pollmann et al. ‘10; 
Chen, Wen  ‘11 
Cirac, Pérez-García, Schuch ‘11



Symmetries in PEPS

• Symmetries and topological order is much richer in 2 dimensions: 
existence of anyons, Wilson loop operators, …

– 2 dimensions is where the most surprising things can happen: 2 is low 
enough to have a lot of entanglement (3 dimensions is already much 
closer to mean field theory), but 2 is large enough to have nontrivial 
statistics (e.g. fractional quantum Hall effect)

– All those exotic materials exhibit a special entanglement structure 
which is locally reflected in symmetries of the microscopic tensors

– Probing entanglement reveals nonlocal order parameters: Landau  
symmetry breaking, but now on the entanglement degrees of freedom



• Those symmetries give rise to Wilson loops that can be pulled through the 
tensor network: tensor network representations of Levin-Wen models 
(lattice versions of topological phases of matter with gappable
boundaries)

• Critical spin systems are obtained as “strange correlators” of those 
(conjecture of P. Fendley: correlators have to satisfy discrete 
holomorphicity condition)



• Elementary excitations (anyons) in the system consist of end points of 
those strings: those necessarily come in pairs (cfr. Fermions: simplest type 
of anyon)

= 

Bultinck et al., ‘17



• Entanglement spectrum and confinement/deconfinement phase transition 
by anyon condensation in a Z2 gauge theory (Shenker/Fradkin == toric
code with string tension)

Haegeman, Zauner, Schuch, FV ‘15



Topological Quantum Computation in the shadow world

Braiding 
tensor is F-
symbol

a

b

c

a’

Controlled-Controlled-U gate

a

b

c

a’

Freedman, Kitaev, Wang, …

We can identify a tensor product structure of logical qubits with the 
entanglement (virtual) degrees of freedom; e.g. Fibonacci string net



Application: Fibonacci Turaev-Viro error correcting code

Measuring anyon charges

Schotte, Zhu, Burgelman, FV PRX ‘22 



Conclusion

• Tensor networks yield natural language for representing topological and 
critical systems



MPO symmetries and Levin-Wen models

• Tensors with MPO symmetries can be used to find tensor network 
representations of Levin-Wen models (lattice versions of topological 
phases of matter with gappable boundaries)
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