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Introduction and background



The plan

I Matrix models for quantum chaos and gravity

II An ETH matrix model (e.g. JT + matter)

III Statistics of crossing and averaging CFTs

IV A tensor model for chaotic CFT

2209.02130 & 2209.02131 (PRX ’23) with [Jafferis, Kolchmeyer, Mukhametzhanov] 
and 2308.03829 with [Belin, de Boer, Jafferis & Nayak]



Ia) Matrix Models and Quantum Chaos

Matrix models = random matrix theory (RMT) = matrix integrals
[Wigner, Dyson,…]

Quantum chaotic 
H(amiltonian)
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Exemplified, e.g., by spectral probes:

2-level correlation Spectral from factor

Chaotic Hamiltonians show RMT statistics (Gaussian, in absence of further inputs / information)



Ib) operators: Eigenstate Thermalization (ETH)

Attempts to answer: How do unitary quantum systems thermalize?

<latexit sha1_base64="ZNLzo+Ct+dPONwUofEIYI0C0vsk="></latexit>

hi|O|ji = O(E)�ij + e�S/2f(Ei, Ej)Rij

Smooth function of average energy random matrix 
(Gaussian, for now)

smooth function 
theory dept.

Goal: fit ETH and RMT into a joint framework, the “ETH matrix model”

Remark: (universal) emergence of RMT and operator statistics can 
be understood in terms of a Goldstone EFT: [Wegner; Efetov; Altland, JS]

[Deutsch; Srednicki,…]



II) Random matrices and quantum gravity
2D gravity can be defined from random triangulations of surfaces: 

RMT = discrete triangulation of 2D universes, continuum gravity path 
integral emerges from double-scaling limit

[Kazakov; Gross, Migdal; Moore, Shenker;… SSS]
<latexit sha1_base64="0vk3pNIFItPYYMfj9zbfy/Vpq0s="></latexit>X

top

Z
Dhe

�S[h] $
Z

dµ[H]e�trV (H;�,N)

Fig. 11: A piece of a random triangulation of a surface. Each of the triangular

faces is dual to a three point vertex of a quantum mechanical matrix model.

The integral
∫

Dg over the metric on the surface in (6.1) is difficult to calculate in

general. The most progress in the continuum has been made via the Liouville approach

which we briefly reviewed in chapt. 2. If we discretize the surface, on the other hand, it

turns out that (6.1) is much easier to calculate, even before removing the finite cutoff. We

consider in particular a “random triangulation” of the surface [80], in which the surface is

constructed from triangles, as in fig. 11. The triangles are designated to be equilateral,24

so that there is negative (positive) curvature at vertices i where the number Ni of incident

triangles is more (less) than six, and zero curvature when Ni = 6. The summation over

all such random triangulations is thus the discrete analog to the integral
∫

Dg over all

possible geometries,
∑

genus h

∫

Dg →
∑

random
triangulations

. (6.2)

The discrete counterpart to the infinitesimal volume element
√

g is σi = Ni/3, so that

the total area |S| =
∑

i σi just counts the total number of triangles, each designated to

have unit area. (The factor of 1/3 in the definition of σi is because each triangle has three

24 We point out that this constitutes a basic difference from the Regge calculus, in which the

link lengths are geometric degrees of freedom. Here the geometry is encoded entirely into the

coordination numbers of the vertices. This restriction of degrees of freedom roughly corresponds

to fixing a coordinate gauge, hence we integrate only over the gauge-invariant moduli of the

surfaces.

76

Recent developments suggest unity of points I & II
[SSS; Altland, Bagrets, JS, Nayak; Johnson,….]
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I What is the Wigner ensemble for a (holographic) CFT?

II Can we establish (in controlled examples) a connection to gravity?

A few motivating questions:

III More insight about gravity as an ensemble of quantum theories?



An ETH matrix model

[Jafferis, Kolchmeyer, Mukhametzhanov, JS, PRX ’23]



De-Gaussing ETH
It is usually said that Rij is a Gaussian random matrix, but it cannot be so

• Would lead to trivial OTO 2n-point functions, i.e. fail to capture 
Lyapunov-type chaos 

• More generally, fails to produce crossing-invariant 4-pt function 
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For example, to capture 4pt OTO (Lyapunov exponent), need

<latexit sha1_base64="BAi5G3YJtaoNObEwoH3QPUPyUt8="></latexit>

RijRjkRklRli

���
conn

= e�3S(E)g(4)(E1, E2, E3, E4)

Contributes to OTOC at O(1) due to Hilbert-space sums, determines 
Lyapunov exponent

[JS, Vielma; Foini, Kurchan, Murthy, Srednicki]



Packaging as a (two) matrix model
We have two inputs: 

• Energy-level statistics: leads to random matrix Hij 

• Operator matrix-element statistics: leads to random matrix Rij

<latexit sha1_base64="ja3oItIGQZKpZyNMdl4yTKUKdN8="></latexit>

Z =

Z
dµ[H]dµ[O]e�trV (H,O)

In energy eigenbasis we have
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V = �

X

i

V (Ei)� eS0
X

i,j

1
2FijOijOji + eS0

X

i1,...in

G(n)
i1...in

Oi1i2 · · · Oini1

Determined by matching !(E) Determined by matching hierarchy of g(n)

“Gaussian ETH”



The ETH matrix model
Comments: 

• V(H) determines !(E), !(2)(E, E’),… gives connected energy correlations 

• Fij, G(n)ij…. non-Gaussianities of operator statistics

Like in standard ETH, these are free functions: how to determine them?

Input more knowledge by imposing constraints:  

• EFT of quantum chaos (quantum-chaos universality) 

• Determine non-Gaussianities by imposing additional constraints  
(e.g. modular crossing, s/t crossing,…). First example: JT + matter
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[Jafferis, Kolchmeyer, Mukhametzhanov, JS, PRX ’23]



Approximate CFTs

[de Boer, Belin, Jafferis, Nayak, JS;]



These data define a CFT only if they satisfy consistency conditions  
 
→ so what are the elements of such ensembles? 

Random ensembles for chaotic CFT

Most natural approach, average over CFT data

Let us think about the idea of “ETH matrix models” for (chaotic) CFT:

Do not expect straight-forward Wigner (“Altland-Zirnbauer”)-type RMTs 
BUT: RMT universality can hold ‘spin-by-spin’

[Cotler, Jensen; de Boer, Belin, Nayak, JS; 
Chandra, Collier, Maloney, Hartman]
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{�i , Ji , Cijk}

[very recent: Ubaldi, Perlmutter; 
Haehl, Reeves, Rozali,…]



Definition of approximate CFT

An approximate CFT is the set of data                         , which  
approximately satisfy CFT constraints, in the sense that 
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{�i , Ji , Cijk}

• CFT constraints are only imposed for a subset             of “light 
operators”  

• These constraints are only imposed up to a tolerance parameter 
where  

• This can equivalently be seen as imposing restrictions 
on number of insertions, maximal dimension, minimal cross ratio,… 

• Allows in principle large violations of CFT constraints (!), but in a way 
that is carefully correlated across the spectrum

Quite interestingly, we can deduce from this chain of arguments that requiring the exact CFT
constraints for the restricted set of observables, {Orestr},

Crossing = 0 = Modular Covariance , 8 O 2 {Orestr} (2.6)

is too restrictive and most likely inconsistent. For example, even if the four-point function of
some light operator O were exactly crossing-invariant, its eight-point function would involve (as
an intermediate step through recursive application of the operator product expansion) a sum of
four-point functions with operators OH . But we have already argued above that the four-point
function of OH obeys the CFT constraints only in an averaged sense, and not exactly. Thus, the
sub-threshold observables also satisfy the CFT constraints only up to the ‘statistical error’ that is
inherited from the high-energy observables. Therefore, we need to introduce a tolerance parameter
T which is governed by the error incurred by the CFT constraints in the high energy spectrum. We
take this tolerance to be small. Therefore we impose12

Crossing, Modular Covariance < T , 8 O 2 {Orestr} . (2.7)

It is important to remember that the CFT constraints like crossing or modular equations are func-
tions of kinematic/modular parameters, up to the restrictions imposed by zmin, etc. We demand
that the constraints are satisfied up to the tolerance uniformly through the allowed space of kine-
matics. We define an approximate CFT C̃ as any list of data that corresponds to a choice of

C̃  ! {Orestr,T} . (2.8)

Note that in many instances (excluding the cases of conformal manifolds), imposing the full set
of constraints uniquely fixes a CFT: there is a unique solution to the bootstrap equations. Here,
the reduced set of constraints may not allow us to find a unique solution, but rather fixes the data
up to some allowed subspace of the full parameter space. This is in fact a desired aspect of our
construction that we will use momentarily. We will sometimes refer to this subspace as an island,
in reference to what is obtained in the numerical bootstrap of the 3D Ising model, but the topology
of the subspace may be extremely complicated.

Our notion of approximate CFTs can also be viewed from a Wilsonian perspective, where only
low-energy observables can be accessed by a physical observer and thereby should be the only ones
to be reliably constrained. Here, low-energy is meant in the sense of low scaling dimension, which
does map to low-energy on the sphere. The fact that this is su�cient to constrain some parts of
the high energy spectrum is reminiscent of dispersion relations in S-matrix theory, see [64] for an
overview. Our approach also naturally connects to the concept of coarse-graining: the correlation
functions of the operators in the high energy spectrum must also obey the CFT constraints, but only
in an averaged or coarse-grained sense. This notion of coarse-graining is similar to one that is used
to understand quantum ergodicity and ETH in quantum theories, [19, 65]. This connection can be
implemented e�ciently in a 2d CFT: while we do not impose the crossing invariance of individual
heavy operators within our formulation of approximate CFTs, requiring the approximate modular
invariance of the partition function on genus-two surfaces implies that the crossing equation is
satisfied approximately for the heavy operators when a sum over many heavy external operators is
taken.

Finally, we should mention that the observables of an approximate CFT are partition functions
or correlation functions of at most nmax operators of scaling dimension no greater than �max. In

12It may be possible to consider some subset of restricted observables, and demand them to be exactly crossing
invariant. Because we fear it is not consistent to demand that all restricted observables exactly satisfy crossing,
we will take the more conservative route to introduce a tolerance for the entire Orestr, even if this can perhaps be
improved upon.

– 10 –
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T ⇠ e�S
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The approximate bootstrap constraints open up islands to average over

[de Boer, Belin, Jafferis, Nayak, JS;]



Examples of approximate CFT

Take a true CFT and to shift the dimension of a single operator 

It is worth noting that computations done in Euclidean gravity always seem to satisfy crossing
or modular covariance. This typically follows from summing over topologies or summing over
channels in Witten diagrams. Naturally, since Einstein gravity is only an EFT, we do not trust our
calculations to arbitrary precision, in particular we can at best claim to compute the observables
up to corrections of the order

e
�

1
GN ⇠ e

�N
. (2.11)

This suggests that the tolerance parameter for holographic CFTs should be of the order of our
ignorance in observables, which should be taken to be exponentially small in the central charge

T ⇠ e
�N

. (2.12)

2.4 Example of an Approximate CFT

With the definitions of the previous section in hand, it is important to check whether the type of
object we are defining actually exists, or whether we are asking for too much and the only type of
data that satisfy the rules of an approximate CFT are those of an actual CFT. We will see that it
is actually straightforward to produce approximate CFTs that are not true CFTs. In what follows,
we will generate approximate CFTs by deforming the CFT data of a consistent CFT by a small
amount and requiring a relaxed set of CFT constraints as described above. Therefore, within the
island of approximate CFTs that emerges, there is always a true CFT. It is possible that islands
of approximate CFTs exist such that there are no true CFTs within them. This is an interesting
question for holography, but we do not address it in the present work.14

The most natural guess of what an approximate CFT could be, is to start with a true CFT and
simply change the dimension of one given operator by a small amount. We will take an operator
O0, with �0 � 1, and shift

�0 ! �0 + ✏ . (2.13)

At very first glance, we might think the new data satisfy our definition of an approximate CFT.
This turns out not to be true, as can be seen from the discussion around (2.5): if we change only
the weight of the operator O0 and nothing else, then the correlation functions (in particular the
four-point function) of this operator fail to satisfy the crossing equation. If we take an OPE limit
of the correlation function hO0O0O0O0i, in the channel where the identity dominates we will find

hO0(x1)O0(x2)O0(x3)O0(x4)i ⇠
1

|x12|
2�O+2✏|x34|

2�O+2✏
. (2.14)

In the cross-channel, recall that the pole is reproduced by the sum over the heavy tail of operators
at very large scaling dimension (much greater than �0 itself). But these have not been altered, so
we find

hO0(x1)O0(x2)O0(x3)O0(x4)i ⇠
1

|x12|
2�O |x34|

2�O
. (2.15)

One easily sees that the ratio of the two expressions, which must equal to one in a crossing
invariant theory, is unbounded in the OPE limit. So we obtain an unbounded violation of the
crossing equation. This problem is easily circumvented, simply by requiring that

�max < �0 , (2.16)

14It is particularly interesting in light of the swampland program. If there existed islands of approximate holo-
graphic CFTs that do not contain a true CFT, it would imply that the bulk gravitational EFT is not UV-completable
and is at best dual to an ensemble of approximate holographic CFTs.
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O0

If                             the correlation functions of        violate crossing 
arbitrarily strongly, in other words 
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O0 2 {Orest}
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O0 /2 {Orest}

However, even light correlation functions will violate crossing, due to 
heavy operators in intermediate channels 

In fact, we show that these kinds of violations can be counterbalanced 
by shifting other heavy operators in correlated fashion

Crucially this produces violations of crossing of operators 
uniformly bounded by     in cross-ratio space 
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A tensor model for random CFT



Ensembles for random (2D)CFT

This will be a joint statistical model of the data for 2D CFT:

We will now construct a CFT ensemble for 2D CFT concretely

random matrix 
hi = eig(Lij)

random tensor

We can construct the resulting tensor model by imposing approximate 
bootstrap constraints (→ notion of approximate CFT)
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hi, h̄i, Cijk

 

In order to define the measure can a) consider moments or b) use CFT 
constraints more directly



a) moments: crossing implies non-Gaussianity

Suppose crossing in the ensemble is satisfied on average, then
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(hO1O2O2O1is � hO1O2O2O1it)
2 =
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2

imposing the variance of crossing on average to be ≈ 0

This implies the existence of large non-Gaussianities among OPE 
coefficients
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Virasoro 6j (crossing kernel)

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

Here, we have used (3.14), namely that the mean of the crossing equation is approximately zero.
Therefore, we only need to study connected contractions between OPE coe�cients.

There are essentially two types of two-sided correlators: s�s, t�t or s�t, t�s (namely whether
each individual correlator is expanded in the same channel, or in di↵erent channels). For s � s or
t � t correlators, we find the following connected Wick contractions26

Z
d[O6] d[O60 ] ⇢([O6])⇢([O60 ])C116C226C1160C2260 =

Z
d[O6] ⇢([O6]))|C116|

2 |C226|
2 (3.20)

Z
d[O6] d[O60 ] ⇢([O6])⇢([O60 ])|C126|

2|C1260 |2 =

Z
d[O6] ⇢([O6]))|C126|

2 |C126|
2 . (3.21)

The connected contribution in the s � s and t � t channels give a Liouville four-point function
Chandra:2022bqq
[45],

albeit with un-conventional dependence on cross ratios,

s-s channel|con = G
L
1221(x, x

0)GL
1221(x̄, x̄

0) . (3.22) ss

In the t � t channel, we have

t-t channel|con = G
L
1122(1 � x, 1 � x

0)GL
1122(1 � x̄, 1 � x̄

0) . (3.23) tt

In the s � t and t � s channels, we get no contributions as

C126C1160 = C126C2260 = 0 8 6, 60
. (3.24) stzero

Note that that the s� s and t� t contributions are actually the same, since the Liouville correlator
is crossing invariant, and the di↵erence between the s � s and t � t contributions is a simultaneous
transformation on the cross ratios x and x

0. This means that in total, we find

�G(x, x
0) = 2GL

1221(x, x
0)GL

1221(x̄, x̄
0) . (3.25) nonzerovar4pt

Setting x = x
0, we find the variance of the crossing equation

�G(x, x) = 2GL
1221(x, x)GL

1221(x̄, x̄) . (3.26)

This follows closely what we found for modular crossing at genus-two in (3.7).
We will now modify the model by introducing a non-trivial quartic moment for the OPE

coe�cients. As we will see, this will reduce the variance of the crossing equation and cancel the
non-zero term we found in the right-hand side of (3.25).

3.2 Fixing the variance by introducing non-Gaussianities
sec.

IntroduceNonGaussianMomentWe now consider a modified model, where we on top of the Gaussian contribution to the moments
of OPE coe�cients (3.2), we add a non-trivial quartic moment. The quartic moment is of the
following form

CijkCimlCnjlCnmk

���
c

=

⇢
Ok Oj Oi

Ol Om On

�
=

����Fkl


n j

m i

�
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,

(3.27) eq.4cnonGauss

26In the first line below, we used the fact that Cijk = C⇤
ikj

= (�1)(Ji+Jj+Jk)Cikj , where Ji is the spin of the
operators.
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This fixes the second moment. What about higher moments?



Fixing all moments by statistics of crossing

In fact, by approximately enforcing crossing, we can construct the full 
potential. For example:

integral kernel FPsPt is the Virasoro fusion kernel of Ponsot and Teschner. Together with its anti-
holomorphic equivalent, it gives rise to a 6j symbol of Virasoro, which we define in Equation (4.14).

We have not explicitly shown the analogous transformation of the anti-holomorphic blocks from
one channel to another, but use it below. This allows us to implement the crossing of the conformal
blocks in terms of the CFT data by equating the coe�cient of each s-channel block33 in (4.7). This
results in the expression

X

q

 
Ci1i2qCi3i4q�

(2) (Ps � Pq) � Ci1i4qCi2i3q

����FPqPs


P3 P4

P2 P1

�����
2
!

= 0 , (4.13) eq.crossconst

where the absolute square of the crossing kernel, written here for clarity with all indices, gives rise
to the Virasoro 6j symbol
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P4 P1

�����
2

. (4.14) eq.6jDefition

Note that we have defined the 6j�symbol in both OPE channels and that the 6j�symbol enjoys
tetrahedal symmetry. The fusion kernels, written in the two channels enjoy the orthogonality
relation Z

C

����FPpPs


P3 P4

P2 P1

�����
2 ����FPsPq


P3 P2

P4 P1

�����
2

d
2
Ps = �

(2) (Pp � Pq) , (4.15) eq.

InversionOrtho

which we will make use of shortly.
As explained above, the origin of (4.13) is the expansion of the crossing equation in the basis of

s-channel principal series blocks, and so should be understood in the sense of a distribution that can
be integrated against a function of Ps with the same analyticity properties as the conformal blocks.
For Virasoro representations, the principal series includes the physical (real weight) operators above
the (c � 1)/24 threshold, so for such Pq the delta function is the usual Dirac delta. For below
threshold operators, including the identity, it can be defined using contour manipulations in the
complexified Ps plane.

Furthermore, in the present context of approximate CFTs truncated to a finite number of
primaries, the crossing equation should not (and cannot) be imposed exactly for all values of the
cross ratios. This results in a smearing of the delta function, into a smooth function of Pq whose
width around Ps is much less than 1 but much greater than the microscopic level spacing. The
triple scaled limit of the tensor model is obtained by taking the size of the tensors and the coe�cient
of the potential to infinity while sending the width of the smearing function to 0.

Now to derive the potential for the tensor model, we note that in the truncated space of our
approximate CFT data, we can see the four-point crossing equation (4.13) as a tensor constraint of
the form

M
i1i2
i3i4

(Ps, P̄s) = 0 , (4.16)

which we therefore add to the tensor model potential as the term

V4 =
X

i1···i4

0

Z

R[1

��M i1i2
i3i4

(Ps, P̄s)
��2 |µ(Ps)|

2
d
2
Ps , (4.17)

33This assumes linear independence of the blocks themselves. In order to establish such statements, one should use
the orthogonality of conformal partial waves, which are known under suitable conditions to form a mathematically
complete basis. Statements involving conformal blocks are then obtained by contour deformation arguments. For
results on rigorously establishing such inversion formulae in the case of the global conformal group, see

Simmons-Duffin:2017nub
[81].

– 31 –

integral kernel FPsPt is the Virasoro fusion kernel of Ponsot and Teschner. Together with its anti-
holomorphic equivalent, it gives rise to a 6j symbol of Virasoro, which we define in Equation (4.14).

We have not explicitly shown the analogous transformation of the anti-holomorphic blocks from
one channel to another, but use it below. This allows us to implement the crossing of the conformal
blocks in terms of the CFT data by equating the coe�cient of each s-channel block33 in (4.7). This
results in the expression

X

q

 
Ci1i2qCi3i4q�

(2) (Ps � Pq) � Ci1i4qCi2i3q

����FPqPs


P3 P4

P2 P1

�����
2
!

= 0 , (4.13) eq.crossconst

where the absolute square of the crossing kernel, written here for clarity with all indices, gives rise
to the Virasoro 6j symbol

⇢
Oq O4 O1

Os O2 O3

�
=

8
>>>>>><

>>>>>>:

����⇢0(Ps)�1
C0(P1, P4, Pq)C0(P2, P3, Pq)FPqPs


P3 P4

P2 P1

�����
2

����⇢0(Pq)�1
C0(P1, P2, Ps)C0(P3, P4, Ps)FPsPq


P3 P2

P4 P1

�����
2

. (4.14) eq.6jDefition

Note that we have defined the 6j�symbol in both OPE channels and that the 6j�symbol enjoys
tetrahedal symmetry. The fusion kernels, written in the two channels enjoy the orthogonality
relation Z

C

����FPpPs


P3 P4

P2 P1

�����
2 ����FPsPq


P3 P2

P4 P1

�����
2

d
2
Ps = �

(2) (Pp � Pq) , (4.15) eq.

InversionOrtho

which we will make use of shortly.
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be integrated against a function of Ps with the same analyticity properties as the conformal blocks.
For Virasoro representations, the principal series includes the physical (real weight) operators above
the (c � 1)/24 threshold, so for such Pq the delta function is the usual Dirac delta. For below
threshold operators, including the identity, it can be defined using contour manipulations in the
complexified Ps plane.

Furthermore, in the present context of approximate CFTs truncated to a finite number of
primaries, the crossing equation should not (and cannot) be imposed exactly for all values of the
cross ratios. This results in a smearing of the delta function, into a smooth function of Pq whose
width around Ps is much less than 1 but much greater than the microscopic level spacing. The
triple scaled limit of the tensor model is obtained by taking the size of the tensors and the coe�cient
of the potential to infinity while sending the width of the smearing function to 0.

Now to derive the potential for the tensor model, we note that in the truncated space of our
approximate CFT data, we can see the four-point crossing equation (4.13) as a tensor constraint of
the form
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the orthogonality of conformal partial waves, which are known under suitable conditions to form a mathematically
complete basis. Statements involving conformal blocks are then obtained by contour deformation arguments. For
results on rigorously establishing such inversion formulae in the case of the global conformal group, see
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The 4-point crossing on the sphere thus is the constraint equation

Modular crossing of torus 1-point function gives a similar (simpler) condition

The total potential is then defined as the maximum ignorance ensemble of 
CFT data that imposes (on average) these constraints



A tensor model for random CFT
Builds again a type of “ETH tensor model”, with potential given by the 
square of the crossing equation

<latexit sha1_base64="zyFyNbI6UnAj4OSiwmZPT1AsTHk="></latexit>

Z =

Z
dµ[H]dµ[C] exp (�V (H,C))

with quartic non-linearity implementing the square of crossing

More terms in the potential come from modular crossing to fix 
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Figure 5: The Feynman rules of the tensor model. Each quartic vertex is given by a three-simplex,
weighted by a Virasoro 6j�symbol. The (bare) propagator glues two faces of these simplices and
evaluates to the ‘C0 formula’. As we show below the full re-summed two-point function gives rise to
the same quadratic moment as the Gaussian model of

Chandra:2022bqq
[45]. There is another four-valent vertex in

our tensor model with a di↵erent index-structure, which we do not show here (see Equation (4.19)).
A similar comment holds for the quadratic terms (see Equation (4.37)) fig.

TensorFeynmanrules

where, R [ 1 in the limits of the integration represents that the identity is included for the cor-
responding operator integral and µ(Ps) is a measure chosen to make the above integral into an
orthogonal inner product on the inversion kernel,

µ(Ps) =
1

⇢0(Ps)C0(P1, P2, Ps)C0(P3, P4, Ps)
. (4.18)

Using orthogonality of the fusion kernels we arrive at the quartic potential
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�◆
. (4.19)

Our procedure has thus produced a quartic contribution to the potential of the tensor model.
Note that the sum over intermediate states (p, q) also includes the identity (and potentially other
sub-threshold states, for non-minimal versions of the tensor model). Note also that we have not
included factors of the density of states in the expression for the potential, since the sums already
account for any potential degeneracies. The identity contribution will naturally produce a quadratic
kinetic term for the tensors, as we shall see shortly. The Virasoro 6j symbol possesses tetrahedral
symmetry, and in fact it is natural to associate with with a 3-simplex whose edges are labelled by the
external Virasoro highest-weight representations associated to the indices of the structure constants
in the potential. Together with the propagator, which glues together two faces such 3-simplices (we
derive the exact expression of the propagator below), this gives rise to the graphical Feynman
rules in Figure 4.1. A typical diagram contributing to observables of the model thus constructs a
discrete three-dimensional Euclidean manifold, in a fashion analogous to the ‘simplicial’ approach
to quantum gravity (see e.g.

Hartle:2022ykc,Williams:1991cd
[82, 83]).

Two major di↵erences with previous constructions are that 1) we use representations of Virasoro
to label edges and 2) we also integrate over the conformal dimensions themselves, in the form of

– 32 –

Propagator of the model comes from identity running in the sum
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Figure 5: The Feynman rules of the tensor model. Each quartic vertex is given by a three-simplex,
weighted by a Virasoro 6j�symbol. The (bare) propagator glues two faces of these simplices and
evaluates to the ‘C0 formula’. As we show below the full re-summed two-point function gives rise to
the same quadratic moment as the Gaussian model of

Chandra:2022bqq
[45]. There is another four-valent vertex in

our tensor model with a di↵erent index-structure, which we do not show here (see Equation (4.19)).
A similar comment holds for the quadratic terms (see Equation (4.37)) fig.

TensorFeynmanrules

where, R [ 1 in the limits of the integration represents that the identity is included for the cor-
responding operator integral and µ(Ps) is a measure chosen to make the above integral into an
orthogonal inner product on the inversion kernel,

µ(Ps) =
1

⇢0(Ps)C0(P1, P2, Ps)C0(P3, P4, Ps)
. (4.18)

Using orthogonality of the fusion kernels we arrive at the quartic potential

V4 = 2
X

i1···i4

0
X

p,q

✓
Ci1i2pCi3i4pCi1i2qCi3i4q

|⇢0(p)C0(12p)C0(34p)|2
�
(2) (Pp � Pq) �

Ci1i2pCi3i4pCi1i4qCi2i3q

|C0(12p)C0(34p)C0(23q)C0(14q)|2

⇢
Oq O4 O1

Op O2 O3

�◆
. (4.19)

Our procedure has thus produced a quartic contribution to the potential of the tensor model.
Note that the sum over intermediate states (p, q) also includes the identity (and potentially other
sub-threshold states, for non-minimal versions of the tensor model). Note also that we have not
included factors of the density of states in the expression for the potential, since the sums already
account for any potential degeneracies. The identity contribution will naturally produce a quadratic
kinetic term for the tensors, as we shall see shortly. The Virasoro 6j symbol possesses tetrahedral
symmetry, and in fact it is natural to associate with with a 3-simplex whose edges are labelled by the
external Virasoro highest-weight representations associated to the indices of the structure constants
in the potential. Together with the propagator, which glues together two faces such 3-simplices (we
derive the exact expression of the propagator below), this gives rise to the graphical Feynman
rules in Figure 4.1. A typical diagram contributing to observables of the model thus constructs a
discrete three-dimensional Euclidean manifold, in a fashion analogous to the ‘simplicial’ approach
to quantum gravity (see e.g.

Hartle:2022ykc,Williams:1991cd
[82, 83]).

Two major di↵erences with previous constructions are that 1) we use representations of Virasoro
to label edges and 2) we also integrate over the conformal dimensions themselves, in the form of
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2D random CFT = 3d gravity?

A new role for “simplicial-gravity” in 3D? [Boulatov; M. Gross, Ambjørn,…]

Tensor diagrams are simplicial decompositions weighted by: 

Non-perturbative Schwinger-Dyson equations generate moments of 
approximate CFTs studied earlier



Discussion and outlook



Summary

Chaotic nature of QG-Hilbert space: re-interpret matrix-type models as 
approximate ensembles of generalised Wigner type

Appropriate structure: “ETH matrix models”. Closely related to recent 
developments in statistical physics

Low-energy supergravity as a moment-generating gadget refining/
updating statistical information ⟹ gravity is maximum entropy ensemble

Apply to gravity through double-scaled ETH-matrix models (did not go into 
detail in this talk)

Chaotic or ‘random’ CFT are described by random matrix / tensor models 
with CFT constraints baked in



Outlook

Establish JT+matter matrix model @ all genera through some 
generalisation of topological recursion to 2-matrix models?

Revisit tensor-models of 3D gravity from Wigner perspective?

Statistical physics applications of ETH matrix models?

Statistical models of higher-D CFTs:“The random CFT bootstrap”. Same 
tensor model applies, but geometry interpretation less clear



Thanks for your attention!


