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@ Motivation

o Sebup and Algorithm

o SEabE,tE;&j Criteria from Routh-Hurwitz Test

@ Frame-invariant SE&biL&Ev from Ultra-High Boost

o Causality Criteria from SEabEL&U Criteria

o Asymptotic Causality Criteria from Schur SE&bELL&Ev
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Motivalkion

- Hydrodynamics: A low-energy effective theory to
describe the evolubtion of a system in terms of iks
conserved quantities and their derivatives.

Filkering out unphysical theories: Setting bounds on
transport coefficients using physicality arguments Like
@.v\ﬁrcwpv Fasiﬁv&v, sEabELiEv, &ausat&%v eke.

Causali&v: Perturbations do not exit the light cone; no
superluminal per&urba&&omsq

3 SEQbELEEvz Perbturbaktions around equ&iibrmm d@.@:‘:av downhn
wikthh Eime.

- Pathology free: Both stable as well as causal.



Motivalkion

Trad&&av\aiiv, s&abil&&v s analysed ot Low=-k Limit
and &ausai&&v abt High-lk Limit ?Asvmpﬁcﬁc Causalé&v)
(Fox, Kuper, Lipson - 1970)

3 CQMSQL %ké(}fj £> 'Vga e J—;}m : V% é};

_ Low energy effective
&k@.o-rz, but causality analysis at high energy; possibly
outside the region of validity of the theory:

o Can we understand the causality of a theory without
depar&&»\g from the Low-k reqgime, which is the valid

reginme for hydrodynamics as a low-energy effective
theory?



Motivalkion

8 Hunk: Frame-tinvaritank s&o\bdi&j‘

Cravassine RORR-R3: A cii;ssipo& Lve &hearv stable in
one frame is causal iff ik is stable i all
reference frames,

Can we utilise fframewmvarmm% s&abd&%v to
identify the causal parameter space of a theory?

> Note: Since s%abd&%j amalvsi;s LS F?erﬂfc;:»rmed i the

Llow=k reqgion, this method of causalibe amad.?‘sis
stays well. within the region of of the
theory,



-Yl}m’z Ochca (w\,i, 1, \)

o Linearised fluctuations around global equilibrium
\‘((\E'M’):" '\Vg—t" %\\} (}53;)
g'\% = Q?‘\P [l(kﬂww%)}

o Cowhnvenbkions:

s k and Boost: along x - [/ - ”* 0)} u}: = ’X{iﬂf 0, O)

o Velocity fluctuakion: Shear ch. along y, Sound ch. along x

o Cowformat and Umak&rged ( T‘M oo S J . = O ,)



o Stable and Causal theory of hydrodynamics with
corrections beyond first-order in gradient expansion.
(Israel, Stewart, Muller - 1967-1979)

o Viscous contributions are new deqrees of freedom,

= € u . Uy + D

o Viscous deqrees of freedom:

o Dispersion polynomial: conservation of stress tensor




Setu F? . BDNK Theor Y

o First-order stable-causal theory of hydrodynamics.
(Remfica, Disconzi, Noronha, Koviuin - 201%-2019)

o Independent degrees of freedom are given by
derivatives acting on fluid-variables w u, €

d Skress ktewnsor:




Algorithm

> Ustng Linearised fluctuations and conservation of
stress tensor, obtain di;spersmm relation at arb&&rar:j
boosted frame,

o Solve for w in terms of transport coefficients and
boost vatac&%v i leading order in Ik,

> Perform stability analysis and explore the behaviour
of stability criteria ot different boost velocity v.

o The region of parameter space which remains stable
at all velocities will be the causal region of the
parameter space.



S%ab&u&v Criteria: Routh=Hurwitkz Test

o Since ﬂftuaﬁuaﬁioms are c;wf the nfc:»rm exp[&(wx - wb)],
SEabiLEEv s achieved Eff Im(w) < o,

o Using Roubh-Hurwitz Stability Criteria, s&abiti&v of
rooks can be checked from the olynomial
coetficients, without actually extracting the roots.

o Routh array can be constructed from the coefficients
of the polynomial. Relative signs between the terms
of the array indicate the number of stable roots.



Skabil Lby: MIS Shear

o Condition for s&&biti&:j:

Y{ ) % “ ? -

o R.H.S. is monotonic function of v
with maximum abt v 1.

o Bound qebs stricter with
increasing boost, strictest ab full
boaost,

o Bound of every velocily is a
subset of all lower velocities.



o Condition far s%&bi‘i&&v:
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SEo\deﬁv: BDNK Sound

o Conditions for stability: o Allowed parameter space

(asymptotes of hyperbola):

i
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Causality from Stability

o Following the arqument that there is a one-to-one
relationship between the frame-invariantly stable
Em*ame&er space and the causal parameter space of the
heory, we can identify the causal parameter space by
identifying the frame-tnvariantly stable parameter space.

o For all the above cases, the inequalities lead to
progressively tighter bounds with increasing boost.

o Parameter space of higher boost is always enclosed within
that of the lower boosts, so parameter space of highest
boost should be enclosed within that ofp all other boosts.



Causality from Stability

® The parameter space at v — | is the smallest and the
frame-invariant subspaa@. of sEo\bE;i.EEv and hence,

stability ot v — | is necessary and sufficient
condition for stability at k — 0 Limit,

o Cownclusion: The stable parameter space at the highest

boost te. v — 1 is the frame-invariant stable
parameler space and hence, the causal parameter
space.

Shbi’i&%j conditions ak v - 1 = Causat&v conditions



S&abata&v Conditions ak v = 1

o MIS Shear: olo . 4
! 9

o MIS Sound: T i s,
gq 7P = <l

o BDNK Sound:

@ These criteria happen to be identical ko those obtained
from as mptotic causality analysis, but these have been
Qb&aimec? without departing from the small-k regime



Asvaﬁoﬁﬂ C&usal&j and vq

o MIS Shear:
75

o BDNK Sound:

It can be shown that to have v2 < 1, the first stabiliby

inequality must be sotisfied. The second inequality further
contines the parameter space to have only stable modes.



Asva&o&{: Causatiﬁjz Schur ?otjvmmmts

o For general theories, polynomials can be higher-
order in w,k and finding vq by root extraction can be

difficulk,

o Schur Polynomials can be used to find the existence
of subluminal roots without solving the polynomial,

o Schur SE&biL&Ev: ALl the rooks Lie within a unik disce
around the origin in the a':c»m[ptex F?i;ame‘

o Schur stabiliby can be checlked bj O‘F’PLEEMS a
particular Moblus transformation on the original
Faivmommi. and then checking its RH sEo\bLLE&v‘



Asva&o&t Causatiﬁjz Schur ?otjvmmmts

o Checking Schur Séabi;i.&v:

o For MIS Shear and Sound, and for BDNK Shear, Schur sﬁabitiésj
results easily match with the carlier obtained ones. BDNK
Sound channel gives rise to nown-trivialities due to MM&EF‘L@.
mom~k§jcl.r0 modes,



The Curious Case of BDNK Sound Channel
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The Curious Case of BDNK Sound Channel




Conclusion and Fubure Direckions

o Stable parameter space ot v — | is the necessary and sufficient region
for frame-invariant s&ab&ti&v ot the spatially homogeneous Limit.

‘ SEQbEJ.EL%j analysis ab v — 1 Limit identifies the causal parameter space
gilven bfj asymptotic causality criteria, without going out of the
small-k reqime. Hence, more suitable for low-energy effective theory
like hydrodynamics.

Stability criteria ot v — | give us the region of parameter space which
is stable as well as causal in all reference frames.

Schur stability check can be a very efficient tool.
- Nown-zero k amatvsi;s? Nownlinear aausat&j amatvsis?

5> Creneralisation bo obher skable-causal hvdroc&vmamm model s?






Backup Slides



“Bi;spersmm ‘Potvmami;ats at Local Restk Frame

o MIS Shear:
@ MIS Sound:

o BDNK Shear:
@ BDNK Sound:



Asvm[v&)&w C&uso\i&j and vq
o Spe«:mt case of BDNK Sound:




