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Motivations : Why thermal CFTs?

• Thermal effects in QFT: the effect of the temperature 
on QFTs are relevant in labs;


• Black Holes and AdS/CFT: Thermal CFTs are 
fundamental in AdS/CFT since they are duals to a 
black hole in AdS;


• CFTs on non-trivial manifolds: Thermal effects on a 
QFTs can be studied by compactifying the time 
direction.

[Bitko,et all; 1996]



Thermal CFTs: the setup

A thermal CFT can be thought as a CFT placed 
on the manifold

S1
β × ℝd−1

Many structures of the CFT are preserved: 

But new observable are available:

𝒪1(x) × 𝒪2(0) = ∑
𝒪

f𝒪1𝒪2𝒪 |x |Δ𝒪−Δ𝒪1
−Δ𝒪2

−J xμ1
…xμJ

𝒪μ1…μJ(0)

|x | < β
⟨𝒪(x)⟩β =

b𝒪

βΔ𝒪

(β =
1
T )

Δ𝒪 ,



Thermal CFTs: the setup
A two-point function between scalars at finite temperature is 

⟨ϕ(τ, r) × ϕ(0)⟩β = ∑
𝒪

fϕϕ𝒪 ( r2 + τ2)
Δ𝒪−2Δϕ−J
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Thermal CFTs: the setup
A two-point function between scalars at finite temperature is 

⟨ϕ(τ, r) × ϕ(0)⟩β = ∑
𝒪

a𝒪

βΔ𝒪 ( r2 + τ2)
Δ𝒪−2Δϕ

C(ν)
J ( τ

τ2 + r2 )
a𝒪 = b𝒪 f𝒪ϕϕ

J!
2J(ν)J

From symmetries (e.g. broken Ward identities)
[Iliesiu, Kologlu, et all; 2018] [Marchetto,AM, Pomoni; 2023]

ν =
d − 2

2



Setting the problem…

What can be said about thermal two-point functions and 
one-point functions?

Zero Temperature     Finite Temperature

f𝒪ϕϕ

Δ𝒪 b𝒪



The Plan

• Equations from KMS -> Light operators;


• A thermal Tauberian theorem -> heavy operators;


• A different prospective: the Källén-Lehmann spectral 
representation and form factors;



Light operators and KMS

• Equations from KMS -> Light operators;


• A thermal Tauberian theorem -> heavy operators;


• A different prospective: the Källén-Lehmann spectral 
representation and form factors;



KMS: a set of equations for OPE coefficients

Consider for simplicity r = 0, i.e. zero spatial coordinates:

⟨ϕ(τ)ϕ(0)⟩β = ⟨ϕ(τ + β)ϕ(0)⟩β

⟨ϕ(τ)ϕ(0)⟩β = ⟨ϕ(−τ)ϕ(0)⟩β

Kubo–Martin–Schwinger condition  (KMS): 

Parity: ⟨ϕ ( β
2

+ τ) ϕ(0)⟩
β

= ⟨ϕ ( β
2

− τ) ϕ(0)⟩
β}

[Kubo; 1957]
[Martin,Schwinger; 1959]

[Iliesiu, Kologlu, et all; 2018]

[El-Showk,Papadodimas; 2011]
Crossing-like equation



KMS: a set of equations for OPE coefficients

Γ (2Δϕ + k)
Γ (2Δϕ)

= ∑
Δ≠0

aΔ

2Δ

Γ (Δ − 2Δϕ + 1)
Γ (Δ − 2Δϕ − k + 1)

k ∈ 2ℕ + 1

Infinite set of equations…

Consider for simplicity r = 0, i.e. zero spatial coordinates:



KMS set of equations: some examples
4-dimensional free theory correlator of 2d Ising⟨σ(τ)σ(0)⟩β

Observation: for small k light operators contributes. The bigger is k the more 
operators we have to insert. We can justify this (later).



KMS: prediction for large gapped theories
Observation: for small k light operators contributes.
• Consider large gapped theories with few light operators 

(e.g. 1,2,…)


• Solve a finite number (1,2,…) of KMS equations in terms 
of the OPE coefficients and one-point functions.



KMS: prediction for large gapped theories
Observation: for small k light operators contributes.
• Consider large gapped theories with few light operators 

(e.g. 1,2,…)


• Solve a finite number (1,2,…) of KMS equations in terms 
of the OPE coefficients and one-point functions.

b𝒪L
= 2Δ𝒪L

2Δϕ

Δ𝒪L
− 2Δϕ

1
fϕϕ𝒪L

One light operator:



KMS: prediction for large gapped theories
Observation: for small k light operators contributes.
• Consider large gapped theories with few light operators 

(e.g. 1,2,…)


• Solve a finite number (1,2,…) of KMS equations in terms 
of the OPE coefficients and one-point functions.

b𝒪L
= 2Δ𝒪L

2Δϕ

Δ𝒪L
− 2Δϕ

1
fϕϕ𝒪L

b𝒪1L
=

(Δ1 − 2Δϕ)−1(2Δϕ(1 + 2Δϕ − Δ2)(2 + 2Δϕ − Δ2) − 4Δϕ(1 + Δϕ)(1 + 2Δϕ))
fϕϕ𝒪1L

2Δ1 ((1 + 2Δϕ − Δ2)(2 + 2Δϕ − 2Δ2) − (1 + 2Δϕ − Δ1)(2 + 2Δϕ − Δ1))

b𝒪2L
=

(Δ2 − 2Δϕ)−1(2Δϕ(1 + 2Δϕ − Δ1)(2 + 2Δϕ − Δ1) − 4Δϕ(1 + Δϕ)(1 + 2Δϕ))
fϕϕ𝒪2L

2Δ2 ((1 + 2Δϕ − Δ1)(2 + 2Δϕ − 2Δ1) − (1 + 2Δϕ − Δ2)(2 + 2Δϕ − Δ2))

One light operator: Two light operators:



Heavy operators

• Equations from KMS -> Light operators;


• A thermal Tauberian theorem -> heavy operators;


• A different prospective: the Källén-Lehmann spectral 
representation and form factors;



“Thermal” OPE density: heuristic derivation
Consider r = 0, i.e. zero spatial coordinates: the two-point function is

⟨ϕ(τ)ϕ(0)⟩β = ∫
∞

0
ρ(Δ)

τΔ−2Δϕ

βΔ
τ→β∼ (β − τ)−2Δϕ

Try the following ansatz: ρ(Δ) ∼ AΔ−α

ρ(Δ) ≃
1

Γ(2Δϕ)
Δ2Δϕ−1 ∫

Δ̃

0
ρ(Δ) dΔ ∼

Δ̃2Δϕ

Γ(2Δϕ + 1)

To justify why the density has to grow as a power-law…

ρ(Δ) = ∑
Δ′ 

δ(Δ′ − Δ)aΔWhere



“Thermal” OPE density 
Consider r = 0, i.e. zero spatial coordinates: the two-point function is

⟨ϕ(τ)ϕ(0)⟩β = ∫
∞

0
ρ(Δ)

τΔ−2Δϕ

βΔ
τ→β∼ (β − τ)−2Δϕ

∫
Δ̃

0
ρ(Δ) dΔ ∼

Δ̃2Δϕ

Γ(2Δϕ + 1)

For large Δ̃

aΔ̃ ∼
Δ̃2Δϕ−1

Γ(2Δϕ)
δΔ̃

ρ(Δ) = ∑
Δ′ 

δ(Δ′ − Δ)aΔWhere



“Thermal” OPE density: free theory in 4d/2d Ising
⟨ϵ(τ)ϵ(0)⟩βFree theory in 4d which is equivalent                    in 2d Ising :

⟨ϕ(τ)ϕ(0)⟩β = ( π
β )

2

csc2 ( π
β

τ)



“Thermal” OPE density: 3d O(N) model at large N

ℒ =
1
2

(∂ϕi)2 +
1
2

σϕ2
i −

σ
4λ

Lagrangian description :
Hubbard-Stratanovich field 

The critical point is λ → ∞

⟨ϕi(τ, r)ϕj(0,0)⟩β = δij

∞

∑
m=−∞

∫
d2k

(2π)2

e−i ⃗k⋅ ⃗x−iωmτ

ω2
n + ⃗k2 + m2

th

= δij

∞

∑
m=−∞

e−mth (τ + mβ)2 + r2

(τ + mβ)2 + r2

⟨σ⟩β = m2
th =

4
β2

log2 ( 1 + 5
2 ) [Iliesiu, Kologlu, et all; 2018]

[Sachdev, Ye; 1992]



OPE density: 3d O(N) model at large N

The two-point function for zero spatial coordinates is 

⟨ϕi(τ)ϕj(0)⟩β = δij
emth(τ−β)

β − τ 2F1

1 , β − τ
β

2β − τ
β

e−mthβ +

+
e−mthτ

τ 2F1

1 , τ
β

β + τ
β

e−mthβ



OPE density: the precise derivation

∫
∞

0
dΔ ρ(Δ)(1 − x)Δ x→0∼ x−2Δϕ

Tauberian theorems:  

∫
Δ̃

0
ρ(Δ) dΔ ∼

Δ̃2Δϕ

Γ(2Δϕ + 1)

Under the condition: ρ(Δ) ≥ − C

[Hardy] [Littelhood][Karamata,…]   [Korevaar; 2004] (review)
[Vladimirov, Zavyalov; 1981] [Pappadopulo, Rychkov, Espin, Rattazzi;2012]
[Qiao, Rychkov; 2017] [Mukhametzhanov, Zhiboedov; 2019]



OPE density: the precise derivation
To prove:  ρ(Δ) ≥ − C Work in progress…

But verified in different cases:

• (Generalized) free theories;


• Two dimensional conformal field theories;


• Large N O(N) model in 3d;


• Holographic theories for heavy operators;

(Unitarity plays a role…)

[Rodriguez-Gomez, Russo; 2021]



A Rigorous Tauberian theorem for thermal QFTs

• Equations from KMS -> Light operators;


• A thermal Tauberian theorem -> heavy operators;


• A different prospective: the Källén-Lehmann spectral 
representation and form factors;



Källén-Lehmann spectral density
Consider r = 0, i.e. zero spatial coordinates: the two-point function is

⟨ϕ(τ)ϕ(0)⟩β = ∑
ℰ

eiℰτ ⟨0 |ϕ |ℰ⟩β
2

= ∫
∞

0
ρKL(ℰ)eiτℰ dℰ

Tauberian theorem:

∫
ℰ̃

0
ρ(ℰ)dℰ ∼

( − )Δϕℰ̃2Δϕ

Γ(2Δϕ + 1) ⟨0 |ϕ |ℰ⟩β
2

∼
( − )Δϕℰ2Δϕ−1

Γ(2Δϕ)
δℰ

True in any thermal QFT!!!

ρKL(ℰ) = ∑̃
ℰ

δ(ℰ − ℰ̃) ⟨0 |ϕ |ℰ̃⟩β
2



Combing with Broken Ward identities

2π𝔻 ⟨𝒪1…𝒪n⟩β = β∫ℝd−1

dd−1x ⟨T00(0,x)𝒪1…𝒪n⟩β ℍ =
2π
β

𝔻
[Marchetto,AM, Pomoni; 2023]

Some predictions can be tested analytically:

⟨0 |ϕ(0) |Δ⟩
2

= −
2π
β

n ⟨0 |ϕ(0) |Δ⟩
2 Δ→∞∼ ( − )Δϕ( 2π

β )
2Δϕ−1 Δ2Δϕ−1

Γ(2Δϕ)

Free theory in 4d: Two dimensional primaries’ two-point functions:



Conclusions:
• Infinite set of equation coming from KMS and one-point functions for light 

operators in large gapped theories:


• Prediction for heavy operators OPE coefficients: 


• Prediction for high energy form factors:             

Γ (2Δϕ + k)
Γ (2Δϕ)

= ∑
Δ≠0

aΔ

2Δ

Γ (Δ − 2Δϕ + 1)
Γ (Δ − 2Δϕ − k + 1) k ∈ 2ℕ + 1

aΔ ∼
Δ2Δϕ−1

Γ(2Δϕ)
δΔ

⟨0 |ϕ |ℰ⟩β
2

∼
( − )Δϕℰ2Δϕ−1

Γ(2Δϕ)
δℰ

⋆



Future work:
A. Find solutions and/or methods to solve the infinite 

set of equations for one-point functions (unicity of the 
problem?) for light operators.


B. Compute thermal two-point function and extract data 
about AdS back holes. 

Work in progress:

1. Prove ;


2. Test for high energy form factors in 
thermal QFT (not conformal);

ρ(Δ) ≥ − C ⋆



KMS: including the spin…
Consider for simplicity r = 0, i.e. zero spatial coordinates, but also let us 
now consider also the spin structure of the operators

Γ(2Δϕ + n)
Γ(2Δϕ)

= ∑
𝒪≠1

a𝒪

2Δ𝒪

Γ(Δ𝒪 − 2Δϕ + 1)Γ(J𝒪 + 2ν)
J𝒪!Γ(Δ𝒪 − 2Δϕ − n + 1)Γ(2ν)

4-dimensional free theory


