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Number Theory and Physics

Connections between geometry and physics is well-known and has many
applications (mirror symmetry, F-theory, gauge theory and knots, etc.)

In these applications the spaces studied are most often defined over R or
C, but there are many other fields we could also study, such as the finite
fields F,. These have been extensively studied in (analytic) number theory.

Even though such spaces might appear at first unphysical, there are good
reasons to study such spaces, and connection of number theoretic results
to physics. For instance:

® Quantisation conditions: H"(X,Z) natural in both physics and
number theory.

e |ocal-global principles: by studying spaces defined over finite fields,
we learn about spaces over R or C.
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Modularity and Physics

In this talk, | will focus on one particular aspect of relation of number
theory and physics, modularity of Calabi-Yau manifolds (wei, serre, wiles, Taylor,

Moore, Candelas, de la Ossa, EImi, van Straten, Rodriguez-Villegas, Klemm, Hulek, Verrill, ...].

This refers to the fact that to a Calabi-Yau manifold X, using arithmetic
geometry, one can uniquely associate a modular form fx(q).
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In this talk, | will focus on one particular aspect of relation of number
theory and physics, modularity of Calabi-Yau manifolds (wei, serre, wiles, Taylor,

Moore, Candelas, de la Ossa, Elmi, van Straten, Rodriguez-Villegas, Klemm, Hulek, Verrill, ...].

This refers to the fact that to a Calabi-Yau manifold X, using arithmetic
geometry, one can uniquely associate a modular form fx(q). These
modular forms turn out to encode physical information.
For instance, one can
® Express the Bekenstein-Hawking entropy of certain black holes in
terms of fX: SBH 0.8 L(fx) [Candelas, de la Ossa, Elmi, PK, McGovern, van Straten]

¢ Find the axiodilaton/F-theory fibre in supersymmetric flux
com paCtiﬁcationS: T = T(fX) [Kachru, Nally, Yang, Candelas, de la Ossa, PK, McGovern]

® Find the cosmological constant in M-theory compactifications:
N x L(fX) [Jockers, Kotlewski, PK]

® Find rational CFTs by studying properties of fx.
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Overview of Modularity




Elliptic curves

Simplest case of Calabi-Yau modularity is that of elliptic curves.
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Simplest case of Calabi-Yau modularity is that of elliptic curves. For
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Elliptic curves

Simplest case of Calabi-Yau modularity is that of elliptic curves. For
example,

V=321,
Count the number solutions over F, >~ Z/pZ. Call this N,(E)

ap=p+1—Ny(E).
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Elliptic curves

Simplest case of Calabi-Yau modularity is that of elliptic curves. For
example,

V=321,
Count the number solutions over F, >~ Z/pZ. Call this N,(E)
ap=p+1—Ny(E).

These can be collected into a polynomial (it can be shown that this has
degree 2 because dim H(&,Z) = 2):

Ro(E, T)=1—apT +pT?.
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Elliptic curves

Simplest case of Calabi-Yau modularity is that of elliptic curves. For
example,

V=321,
Count the number solutions over F, >~ Z/pZ. Call this N,(E)
ap=p+1—Ny(E).

These can be collected into a polynomial (it can be shown that this has
degree 2 because dim H(&,Z) = 2):

Ro(E, T)=1—apT +pT?.

p 2 3 5 7 11 13 17
ap(modp) |0 -2 1 -3 -2 -2 -6
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Elliptic curves

Simplest case of Calabi-Yau modularity is that of elliptic curves. For
example,

V=321,
Count the number solutions over F, >~ Z/pZ. Call this N,(E)
ap=p+1—Ny(E).

These can be collected into a polynomial (it can be shown that this has
degree 2 because dim H(&,Z) = 2):

Ro(E, T)=1—apT +pT?.

p 2 3 5 7 11 13 17
ap(modp) |0 -2 1 -3 -2 -2 -6
There is a modular form of weight 2:

f(CI):q—2q3+q5—3q7+q9—2q11—2q13—2ql5—6q17+-.-
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Other Calabi-Yau Manifolds

Similar phenomenon also occurs for higher-dimensional Calabi-Yau
manifolds with some additional subtleties.
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Other Calabi-Yau Manifolds

Similar phenomenon also occurs for higher-dimensional Calabi-Yau
manifolds with some additional subtleties.

For example, for two-parameter Calabi-Yau manifold X

Ro(X, T) =1+ apT + BppT? +7pp° T + Bpp* T* + pp® T° + p°TC .
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Other Calabi-Yau Manifolds

Similar phenomenon also occurs for higher-dimensional Calabi-Yau
manifolds with some additional subtleties.

For example, for two-parameter Calabi-Yau manifold X
Ro(X, T) =1+ apT + BppT? +7pp° T + Bpop T* + app® T° + p? T°

This has multiple independent coefficients a, 8p,7p, S0 no clear way to
relate this to a (classical) modular form.
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Other Calabi-Yau Manifolds

Similar phenomenon also occurs for higher-dimensional Calabi-Yau
manifolds with some additional subtleties.

For example, for two-parameter Calabi-Yau manifold X
Ro(X, T) =1+ apT + BppT? +7pp° T + Bpp* T* + pp® T° + p°TC .

This has multiple independent coefficients a, 8p,7p, S0 no clear way to
relate this to a (classical) modular form.

However, in very special cases this factorises into

Ro(X,T) = (1 - appT +p° T2 REV(X, T) ,
and coefficients a,, are Fourier coefficients of a classical modular form.
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Other Calabi-Yau Manifolds

Similar phenomenon also occurs for higher-dimensional Calabi-Yau
manifolds with some additional subtleties.

For example, for two-parameter Calabi-Yau manifold X
Ro(X, T) =1+ apT + BppT? +7pp° T + Bpp* T* + pp® T° + p°TC .

This has multiple independent coefficients a, 8p,7p, S0 no clear way to
relate this to a (classical) modular form.

However, in very special cases this factorises into

Ro(X, T) = (1—appT +p°T2) R(X, T)

and coefficients a,, are Fourier coefficients of a classical modular form.

Cohomologically this indicates that there is 2-dim sublattice ' C H3(X, Z)
of Hodge type (1,2) + (2,1).
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Example: Flux Vacua and Modularity




Calabi-Yau Compactifications

We study supersymmetric flux vacua in type |IB supergravity theory

compactified on Calabi-Yau threefolds X. This gives a 4-dimensional
N =1 theory
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Calabi-Yau Compactifications

We study supersymmetric flux vacua in type |IB supergravity theory
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Wd:ef/ Gg/\QN/ (F—TH)AQ,
X X

Kuusela (JGU Mainz)

Physics and Calabi-Yau Modularity

September 27, 2023 5/8



Calabi-Yau Compactifications

We study supersymmetric flux vacua in type |IB supergravity theory
compactified on Calabi-Yau threefolds X. This gives a 4-dimensional
N =1 theory with a scalar prepotential

Wd:ef/ Gg/\QN/ (F—TH)AQ,
X X

where

® 7 is the axiodilaton, a complex scalar,

Kuusela (JGU Mainz) Physics and Calabi-Yau Modularity September 27, 2023 5/8



Calabi-Yau Compactifications

We study supersymmetric flux vacua in type |IB supergravity theory
compactified on Calabi-Yau threefolds X. This gives a 4-dimensional
N =1 theory with a scalar prepotential

Wd:ef/ G3/\Q~/ (F—TH)AQ,
X X

where

® 7 is the axiodilaton, a complex scalar,

® Gy~ F—7H with F,H € H3(X,Z) is a three-form field,
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Flux Vacuum Equations

WN/ (F—TH)AQ.
X
To have a supersymmetric flux vacuum we need

W=0, 0W=0,
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To have a supersymmetric flux vacuum we need
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which are equivalent to
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Flux Vacuum Equations

Ww/ (F—TH)AQ.

X

To have a supersymmetric flux vacuum we need
W=0, oW =0,

which are equivalent to

[Frazo.  [nra=o
X X

In terms of cohomology these imply that
H,F ¢ (H(Zl)(x, C) @ HA(X, C)) N H3(X,Z),

which is a strong condition on the Calabi-Yau manifold X.
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Solutions via Modularity

The flux vectors F and H generate a two-dimensional sublattice of
H3(X,Z) of Hodge type (1,2) + (2,1).

(H,F)y =T Cc H3(X,Z) .
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Earlier, | claimed that in such situations the polynomial R(X, T) factorises
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Ro(X, T) = (1—appT +p°T2) RSV(X, T)

Kuusela (JGU Mainz)

Physics and Calabi-Yau Modularity

September 27, 2023 7/8



Solutions via Modularity

The flux vectors F and H generate a two-dimensional sublattice of
H3(X,Z) of Hodge type (1,2) + (2,1).

(H,F)y =T Cc H3(X,Z) .

Earlier, | claimed that in such situations the polynomial R(X, T) factorises
into

Ro(X, T) = (1—appT +p°T2) RSV(X, T)

We can thus find Calabi-Yau manifolds X for which the flux vacuum
equations can be solved by studying these polynomials!
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Solutions via Modularity

Ro(X, T) = (1—appT +p°T2) R(X, T)

Finding the flux vectors F and H is relatively easy after the manifold X
has been found.
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Ro(X, T) = (1—appT +p°T2) R(X, T)

Finding the flux vectors F and H is relatively easy after the manifold X
has been found.

To fix 7, recall that the coefficients a, above give a modular form fx.
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Solutions via Modularity

Ro(X, T) = (1—appT +p°T2) R(X, T)

Finding the flux vectors F and H is relatively easy after the manifold X
has been found.

To fix 7, recall that the coefficients a, above give a modular form fx.

We also saw that modular forms are related to elliptic curves, so we get an
elliptic curve E(fx).

It turns out that the complex structure modulus 7(€) of this elliptic curve
can be identified with the axiodilaton:

T =1(E(fx)) -
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Solutions via Modularity

Ro(X, T) = (1—appT +p°T2) R(X, T)

Finding the flux vectors F and H is relatively easy after the manifold X
has been found.

To fix 7, recall that the coefficients a, above give a modular form fx.

We also saw that modular forms are related to elliptic curves, so we get an
elliptic curve E(fx).

It turns out that the complex structure modulus 7(€) of this elliptic curve
can be identified with the axiodilaton:

T =1(E(fx)) -

In this way, we can essentially find supersymmetric flux vacua by using

number theory only!
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Future directions

® |s there a microscopic interpretation for modular form coefficients?
® Finding more intricate families of flux vacua/F-theory solutions

® Periods, special functions, amplitudes, L-function values.
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