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Two motivations
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| Motivation: Complexity

An interesting quantity from quantum information science

Circuit Complexity of a unitary transformation U is the size (i.e. number of
gates) of the smallest circuit that implements U

[Aaronson, QIS lecture notes (2021)]

Initial state |¥;) — CircuityU — Target state |¥,)
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Motivation: Complexity in Holography

A new entry in the holographic dictionary that reaches deep into the bulk

Circuit Complexity of a unitary transformation U is the size (i.e. number of
gates) of the smallest circuit that implements U

[Aaronson, QIS lecture notes (2021)] Bulk dual?
CV: Complexity CA: Complexity CAny: Complexity
equals volume equals action equals anything
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Conjectured Complexity duals probe BH interior regions

[Susskind, Stanford (2014)], [Susskind et. al. (2016)], [Belin, Myers et al. (2022)], [Belin, Myers et al. (2023)]
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| A circuit for conformal transformations

Field theory calculations for an explicit circuit

Nielsen Complexity of conformal transformations f in CFT,

Initial state |¥;) = |h) —— Circuit U —— Target state |LPf) = Ug|h)

[Nielsen (2005)], [Nielsen et. al. (2006)], [Dowling, Nielsen (2008)], [Magan (2018)], [Caputa, Magan (2019)],
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| A circuit for conformal transformations

Field theory calculations for an explicit circuit

Nielsen Complexity of conformal transformations f in CFT,

Initial state |¥;) = |h) —— Circuit U — Target state |W;) = Us|h)
/
U(t) generated by Schrddinger-like time evolution with generating Hamiltonian
21
H(t) = do f(t,0) * T(0) +— generator

BN

Continuous circuit states: |WY(t)) = U(7)|h)

velocity

U(t) = P exp (—i JTH(T’)dT’>

l

[Nielsen (2005)], [Nielsen et. al. (2006)], [Dowling, Nielsen (2008)], [Magan (2018)], [Caputa, Magan (2019)],
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| A circuit for conformal transformations

Field theory calculations for an explicit circuit

Nielsen Complexity of conformal transformations f in CFT,

Initial state |¥;) = |h) —— Circuit U —— Target state |LIJf) = Ug|h)
/

U(t) generated by generating Hamiltonian H(t) = fozn do f(t,0) * T(0)

Continuous circuit states: [¥(z)) = P exp (—i fTT_ H(r’)dr’) |h)

Cost function: Frg = (Y () |H (0)?|¥ (1)) — (Y (@) |H (7)|¥(7))|?
Complexity: known to third order perturbatively, does not agree with CV

1f
C(t) = minj dt Frs(H(7), |¥(7)))

H(T)
T

[Nielsen (2005)], [Nielsen et. al. (2006)], [Dowling, Nielsen (2008)], [Magan (2018)], [Caputa, Magan (2019)],
[Flory, Heller (2020)], [Flory, Heller (2020)], [Erdmenger, Flory, Gerbershagen, Heller, Weigel (2022)] 8/23
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| A circuit for conformal transformations

Well controlled quantum circuits yield a rich ground to find holographic duals

1WAV

Boundary/Field theory side Bulk/Gravity side: i

Circuit on boundary & Bulk geometry =

\ /J
\w2

\J

Conformal transformations in CFT,:
[Erdmenger, Flory, Gerbershagen, Heller, Weigel (2022),
[Erdmenger, Gerbershagen, Heller, Weigel (2022)]
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| Motivation: Circuit limitations

Nielsen Complexity is like travelling

EW‘ Target state:
. - z : “|¥) = |[Hamburg)
Circuit U takes initial state |¥;) to \\7\_ __ S
target state |¥;) through evolution s A g@“ s 7
with generating Hamiltonian H(t) - ) h car

Choose cost function F(H (1), |¥(1)))

Optimal circuit (Complexity C):

Initial state:

W S W;) = |[WU)

4 P S Optimal route:
. | K /j - .

R0 4y A NG Lminimal cost
~over route

if
C = % j dt F(H(7), |¥(1)))
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| Motivation: Circuit limitations

Continuing the analogy

Suppose: Target state:
Travel from Wurzburg to |W¥,) = |Austin, TX)
Austin,TX to a conference
by car !?
<

DESY Theory Workshop
28/09/2023 - Tim Schuhmann

Initial state:

- Not well posed!

Need to change means of
transportation
=

Need to change circuit
Hamiltonian H(7)

|¥;) = |[WU)
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| Motivation: Expanding existing circuits
In a nutshell: The second motivation for this research project

Previously described conformal circuits are constrained:

All target states lie in the same conformal family as the reference state.
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| Motivation: Expanding existing circuits
In a nutshell: The second motivation for this research project

Previously described conformal circuits are constrained:

All target states lie in the same conformal family as the reference state.

Goal: Access new bulk geometries (e.g. transition from vacuum to BH) via
inclusion of a primary operator ¢(t, o) in H(t)

2TC

d
e () = HO) + | 571(6,0) * 6(6,0)

0

Indicated in
[Black Hole Collapse in the 1/c Expansion (Anous, Hartman, Rovai, Sonner, 2016)]
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The main part
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| A circuit with primaries: Setup

Divide and conquer: Starting with a simple setup

Goal: Access new bulk geometries via inclusion of a primary operator ¢ (t, o)

21 d
How(® = Ho +] | 50+ $(6,0)
0

This is a hard task in general. Simplifying assumptions:

- Ht)=Hy=1y+ 1, — CZL:_ trivial time evolution

- J(t,0) =] K1 = constant small source that can be treated perturbatively
- hy =hy =1 = marginal primary

— CFT, on cylinder is nonthermal: T = 0

- ¢T(t,0) = ¢(t,0) = hermitean primaries to ensure unitarity
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| A circuit with primaries: Setup

Divide and conquer: Starting with a simple setup

Goal: Access new bulk geometries via inclusion of a primary operator ¢ (t, o)

Zﬂd
How(® = Ho +] | 50+ $(6,0)
0 J

I
Hint(t)
This is a hard task in general. Simplifying assumptions:

- Ht)=Hy=1y+ 1, — CZL:_ trivial time evolution

- J(t,0) =] K1 = constant small source that can be treated perturbatively
- hy =hy =1 = marginal primary

— CFT, on cylinder is nonthermal: T = 0

- ¢T(t,0) = ¢(t,0) = hermitean primaries to ensure unitarity

Trivial time evolution + small perturbation: Employ Interaction picture
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| A circuit with primaries: Protocol

Finally: The circuit protocol

Region Il (t > n/2)
Trivial time evolution

Region Il (—m/2 <t <n/2)
Primary switched on, full time evol.

Region | (t < —n/2)
Trivial time evolution, start from |0)

n/2

—1n/2

17/23



lul‘\us-MaximTli.ans-
UNIVERSITAT DESY Theory Workshop
WURZBURG 28/09/2023 - Tim Schuhmann

| A circuit with primaries: States

The states at all times are known

States: via [¥(£)) = U(£)|W;) with U(t) = T exp(—i [, Hine(t') dt)

Region Il (t > n/2): \_//

Region Il (—m/2 <t < n/2): T

gl ( 77/ , 77/) H0+fd0'<]¢)
W(&)) =T exp(—i f—n/Z Hine (') dt’) |0) p/w
Region | (t < —n/2): H,

W), = %) = |0) N
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| Energy after the quench

What does this circuit do?

Important indicator - Calculate energy expectation value after the quench

E(t) = (Lp(t) |Hnew (t) |Lp(t)>

In Region lII: Hyoo () =Hy =1y + 1y — (c +¢)/24
. 2 / /
Wi = T exp(—i f_n,;/z Hine(t) dt’) |0)

Method: Expand states to order /2 with Dyson series
Calculations in Euclidean framework, then Wick rotate back

Employ (1,+1,)]|0) = 0 and commutator [(I,+1y), ¢]

Regularization: Introduce cutoff € « 1 such that |t; — 75| > € Ssimilarto
Renormalization: Take the cutoff independent piece as result 22 Te!a (2017
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| Energy after the quench
What does this circuit do: Energy scaling suggests BH collapse as bulk dual
Important indicator - Calculate energy expectation value after the quench

E(t) = (Lp(t) |Hnew (t) |Lp(t)>

We find in the limit n < J « 1 in Region llI:

]2
Eiiren. X —
n

- Reproduces expected universal scaling of energy after a fast CFT quench
[Buchel, Myers, Niekerk (2013)], [Berenstein, Miller (2014)], [Das, Galante, Myers (2017)]

- Energy scaling suggests Vaidya black hole collapse as bulk dual
[Black Hole Collapse in the 1/c Expansion (Anous, Hartman, Rovai, Sonner, 2016)]
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| Analysis of the circuit complexity

Cost and circuit complexity are derived analytically

Evaluation of cost:

Frs() = (W()|H () new [P ®)) — K¥E)H () pew P ()]

Method, Regularization, Renormalization analogous + to obtain analytic result
restrict to euclidean time reversal symmetric primaries ¢(t,0) = ¢(—1,0)

Evaluation of complexity:

t
C(t) = gl(ltr)l fdt Fre(t)

By construction: No free dynamical parameters in H(t) = Minimization trivial
Circuit: Only one specific transformation BUT fully analytically solvable
Integral divergent att = —n/2 - Cut out interval of length § « 1 aftert = —n/2 2u2s
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| Analysis of the circuit complexity

Cost and circuit complexity are derived analytically Fast inital growth
C(t)
Complexity analysis: General — =
200000 |
C(t) OOM: :
2 150000 |
——sse0aa ] _J _
X ﬁ 100000 |
::.:.:.:.:.: 0000 _
— —:l.'l_=:|¢ —I:I.'If:l:: ' —ICI.'IEC: -:u.lazs | —I:I.ILEEI +1
C(1)
133333-— L
I 250000 |
50000 L 250000 [
250000
1 1.0 0 :u.l-.= 1.0 1I'.= t 250000 —
1 J
' n=1J/=1, 0<% 0488 0500 0502 0504 t

Quench region = 0001 inear growth after quench 22
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| Summary and Outlook

There are more things to do

Summary

DESY Theory Workshop

28/09/2023 - Tim Schuhmann

» Defined circuit model of trivial time evolution perturbed by marginal primary

« Energy scaling after the quench suggests black hole collapse as bulk dual

« Complexity is derived analytically, grows fast initially and linearly after quench

Outlook

« Combine this framework with conformal transformations analyzed previously

 Allow for more general source functions j such that J(t,0) =] *j(t,o) W/ ] K 1
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Backup slides
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| Holographic duals to conformal circuits

There are explicit gravity duals to simple quantum circuits

Main idea: Identify physical boundary time t with circuit parameter t

Boundary metric to circuit connection via H(t) = fozn do /det(g(O) T¢

The full bulk metric can be obtained using the Fefferman-Graham expansion
7"2

o dr® (1 0 @ 2 @) i
ds® =——+ r—zgij + 9" t1°9;; dx‘dx

from boundary data ((Ti j) determined in background produced by conf. trafos)

1 6 1 -1
g =—5ROg) ——(1;) g =7(9®(®) 9(2))U_
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| Analysis of the circuit complexity

Cost and circuit complexity are derived analytically

Evaluation of complexity:
t

C(t) = min Jdt’FFS(t’)

H(t)

— 00
Result divergent at t = —n/2 - Cut out interval of length § « 1 aftert = —n/2

: " _n

C(t) = - ]4 (0502(5) csc (" t))for—g+5<t<g

é(cscz(@ —csc?(n)) + g (cot(n) csc?(n))(t —n/2) for t = g
linear growth
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| Analysis of the circuit complexity

Cost and circuit complexity are derived analytically

Complexity analysis: Dependence on n

cga(:[:-t) = C()
) n=005] =1,
asa00 [ 5 - 00577
S0 -00: 002 o0z 00s o008 t ThEemE omm  hmm o
C(t) C(t)
Conclusion n=mn/2,] =1,
40,3613 9 T] < 71./2 6 - 00577
; : t S o o e o e b
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| Analysis of the circuit complexity

Cost and circuit complexity are derived analytically

Complexity analysis: Dependence on §

C(t) C(t)
n — 1’] — 1’ 150000 f 1500 77 = 1,] = 1,
6 =0.001 100000 f 100} 6 =0.01
1 10 0 0 10 s 1 10 0 a 10 st

n=1J] =1,
6 = 0.1

f n=1J=1,
g §=03
.If t - I.f - I. ~ I.E ; .IE .I .If t
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