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1. Motivation



What are conformal blocks?

• conformal block decomposition of CFT correlation functions

⟨O1(z1)O2(z2)O3(z3)O4(z4)⟩ =
∑

h

C12hC34hG
(4)
h (z1, . . . , z4)

=
∑

h

C1234h

z2

z1

z3

z4

h

splits model-dependent (conformal) data {h, Cijk} from universal
building blocks G(4)

h

• “universal” within a fixed setting: blocks depend on e. g.
▶ dimension d of base space
▶ d = 2: global vs. Virasoro blocks
▶ topology of base space (sphere, torus, . . . )
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Why should we care about (higher-point) blocks?

• conformal bootstrap program: consistency constrains on conformal data

∑
h

Ch
h1h2h3h4 ·

z2

z1

z3

z4

h =
∑

h′

Ch′
h1h3h2h4 ·

z2 z3

z1 z4

h′

▶ higher-point schemes?
• AdS/CFT-correspondence Maldacena, 1998

▶ Global conformal blocks are dual to bulk geodesic Witten diagrams
Witten, 1998; Hijano et al., 2016
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2. Oscillator Representation Method for
Global Blocks on the Sphere



How to compute conformal blocks?

• directly solve Ward identities + Casimir equations (Dolan and Osborn,
2001, 2004)
▶ difficulty quickly increases with degree of blocks

• recurrence relation method (Zamolodchikov, 1984)
▶ works fine order by order
▶ challenging for finding closed form expressions
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How to compute conformal blocks?

• shadow operator method (Ferrara and Parisi, 1972, Ferrara et al., 1972)
▶ insert (shadow)projector into correlator

Ψh(z1, . . . , z4) = ⟨O1(z1)O2(z2)P̃hO3(z3)O4(z4)⟩

▶ gives linear combination of conformal block and shadow block
▶ conformal block obtained in an extra step

• oscillator representation method (Beşken, Datta, and Kraus, 2020a)
▶ express projector as Ph =

∫
[d2u]|ū⟩⟨u| in terms of generalized coherent

states

G
(4)
h (z1, . . . , z4) = ⟨O1(z1)O2(z2)PhO3(z3)O4(z4)⟩

▶ no shadow part!
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Oscillator Representations of Verma Modules

• oscillator representation Ln 7→ ℓn = u(1−n)∂u + (1− n)hu−n, n = 0,±1
on weighted Bergman spaces

Bh :=
{
f : D→ C|f holomorphic,

∫
D

[d2u] |f(u)|2 <∞
}

• HW state |h⟩= 1, descendant states |h, n⟩= monomials un
▶ orthogonality relation

(um, un) =
n!

(2h)n
δm,n (1)

• existence of reproducing kernel gives rise to resolution of one (Hall, 1999)

Ph =
∫

[d2u]|ū⟩⟨u|
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Decomposing the Blocks

• four-point block

G
(4)
h = ⟨O1(z1)O2(z2)PhO3(z3)O4(z4)⟩

=
∫

[d2u] ⟨0| O1(z1)O2(z2) |ū⟩︸ ︷︷ ︸
χh(z1,z2;ū)

⟨u| O3(z3)O4(z4) |0⟩︸ ︷︷ ︸
ψh(z3,z4;u)

• five-point block

G
(5)
h1,h2

= ⟨O1(z1)O2(z2)Ph1O3(z3)Ph1O4(z4)O5(z5)⟩

=
∫

[d2u1]
∫

[d2u2] ⟨0| O1(z1)O2(z2) |ū1⟩︸ ︷︷ ︸
χh1 (z1,z2;ū1)

· ⟨u1| O3(z3) |ū2⟩︸ ︷︷ ︸
Ωh1,h2 (z3;u1,ū2)

⟨u2| O4(z4)O5(z5) |0⟩︸ ︷︷ ︸
ψh2 (z4,z5;u2)

• n-point (comb) block: same shape with (n− 3) Ω’s
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Oscillator Diagrams

• wavefunctions allow for a diagrammatic interpretation

z2

z1

ū1
h1 ∼ χh(z1, z2; ū)

ψh(z1, z2;u) ∼

z2

z1

u1
h1

z1

u1 ū2

h2h1

∼ Ωh1,h2 (z;u1, ū2)
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Gluing the Blocks: Four-Point Blocks

• computation of the four-point block

G
(4)
h1

=

z2

z1

z3

z4

h1

=
∫

[d2u1]

z2

z1

ū1
h1 ·

z3

z4

u1
h1

= L(4) zh1
2F1(h1 + h2 − h1,h1 − h3 + h4; 2h1; z)
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Gluing the Blocks: Five-Point Blocks

• computation of the five-point block

G
(5)
h1,h2

=

z1

z2

z3

z4

z5

h1 h2 =
∫

[d2u1]
∫

[d2u2]

z2

z1

ū1
h1 ·

z3

u1 ū2

h2h1

·

z4

z5

u2
h2
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Gluing the Blocks: Five-Point Blocks

• computation of five-point block (alternative):

G
(5)
h1,h2

=

z1

z2

z3

z4

z5

h1 h2

=
∫

[d2u2]

z2

z1

z3

ū2

h2

h1 ·

z4

z5

u2
h2
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Gluing the Blocks: n-Point Blocks

• computation of the n-point comb block:

Gh1,...,hn
h1,...,hn−3

(z1, . . . , zn)

=

z1

z2

z3 zn−2

zn−1

zn

h1 h2 hn−4 hn−3

= L(n)
n−3∏
i=1

zhi
i FK(. . . ; z1, . . . , zn−3)

→ matches (Rosenhaus, 2019)
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Star Channel Blocks

• What about different channels? E. g. six-point star channel

Sh1,...,h6
h1,h2,h3

=

z1

z2

z3 z4

z5

z6

h1

h2

h3

h1

h2

h3 h4

h5

h6

▶ construction works for h2 ≥ h1 + h3
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3. Generalizations of the Method



Directions of Generalization

• torus conformal blocks (Hollweck, 2022)

G
(1)
h (q, w) =

u

qū

w

h

h

h
= w h

h

• Virasoro conformal blocks (Beşken, Datta, and Kraus, 2020b)
▶ infinite series of weighted Bargman-Segal spaces
▶ solving for ψh and χh much harder
▶ semi-classical limit!

• bms-blocks in Carrollian CFTs (Ammon et al., 2021)

• conformal blocks in higher dimensions (e. g. d = 4)
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Oscillator Formalism: From d = 2 to d = 4

(based on Calixto and Perez-Romero, 2010, 2011, 2014)

• oscillator variable becomes matrix valued

u ∈ D → U ∈ D4 = {U ∈ C2×2 : 1− U†U > 0}

• orthonormal eigenbasis generalized Wigner-D-matrices

φn(u) = un → φj,mqa,qb
(U) ∼ det(U)mDjqa,qb

(U)

• projector from coherent states

P∆ =
∫

[dU ]|U†⟩⟨U |

unitary oscillator representation ✓

• next step: compute wavefunctions

Ψ∆(xµ, yµ;U), X∆(xµ, yµ;U†), Ω∆(xµ;U1, U
†
2 )
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4. Conclusion and Outlook



Take-Home Message and Outlook

• take-home message: The oscillator formalism provides an efficient
method for the computation of conformal blocks.
▶ intuitive diagrammatic formulation
▶ applicable in different regimes of CFT

• future directions
▶ continue investigation of different channels
▶ derive closed form solutions for higher-point blocks in d = 4
▶ implement spin in d = 4

Thank you for your attention!
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More on Casimir Equations

• second-order Casimir of sl(2,R)

C2 = −L2
0 + 1

2{L−1, L1}

• eigenvalue equation with projector

C2Ph = PhC2 = h(1− h)Ph . (2)

• multi-point Casimir operator

C(i1,...,im)
2 = −

(
L(i1)

0 + · · ·+ L(im)
0

)2

+ 1
2

{
L(i1)

−1 + · · ·+ L(im)
−1 ,L(i1)

1 + · · ·+ L(im)
1

}



Six-Point Casimir Equations

• comb channel blocks(
C(3,4,5,6)

2 + h1(h1 − 1)
)
G

(6)
h1h2h3

(z1, . . . , z6) = 0 ,(
C(4,5,6)

2 + h2(h2 − 1)
)
G

(6)
h1h2h3

(z1, . . . , z6) = 0 ,(
C(5,6)

2 + h3(h3 − 1)
)
G

(6)
h1h2h3

(z1, . . . , z6) = 0

• star channel blocks(
C(1,2)

2 + h1(h1 − 1)
)
S

(6)
h1h2h3

(z1, . . . , z6) = 0 ,(
C(3,4)

2 + h2(h2 − 1)
)
S

(6)
h1h2h3

(z1, . . . , z6) = 0 ,(
C(5,6)

2 + h3(h3 − 1)
)
S

(6)
h1h2h3

(z1, . . . , z6) = 0



Casimir Equations for Comb Blocks

• Casimir equations for general n-point comb block(
C(3,4,5,...,n)

2 + h1(h1 − 1)
)
G

(n)
h1...hn−3

(z1, . . . , zn) = 0 ,(
C(4,5,...,n)

2 + h2(h2 − 1)
)
G

(n)
h1...hn−3

(z1, . . . , zn) = 0 ,

...(
C(n−1,n)

2 + hn−3(hn−3 − 1)
)
G

(n)
h1...hn−3

(z1, . . . , z6) = 0 .



Remarks on Hypergeometric Functions

• (ordinary) hypergeometric function as power series

2F1(a, b, c; z) =
∞∑
k=0

(a)k(b)k
(c)k

zk

k!

→ solution to the differential equation[
z(1− z)∂2

z + [c− (a+ b+ 1)z]∂z − ab
]
F (a, b, c; z) = 0

• generalized hypergeometric function

pFq

(
a1, . . . , ap

b1, . . . , bq
; z

)
=

∞∑
k=0

(a1)k . . . (ap)k
(b1)k . . . (bq)k

zk

k!



Comb Function

• definition as power series

FK

[
a1, b1, . . . , bn−4, a2

c1, . . . , cn−3
; z1, . . . zn−3

]
=

∞∑
k1,...,kn−3

(a1)k1 (b1)k1+k2 (b2)k2+k3 . . . (bn−4)kn−4+kn−3 (a2)kn−3

(c1)k1 . . . (cn−3)kn−3

· z
k1
1
k1! . . .

z
kn−3
n−3

kn−3!

• satisfies splitting equations
Rosenhaus, 2019



Lauricella Hypergeometric Functions

• definition as power series

F
(3)
D (a, b1, b2, b3, c; z1, z2, z3)

=
∞∑

j1,j2,j3=0

(a)j1+j2+j3 (b1)j1 (b2)j2 (b3)j3

(c)j1+j2+j3

zj1
1
j1!

zj2
2
j2!

zj3
3
j3!

• integral representation

F
(3)
D (a, b1, b2, b3, c; z1, z2, z3) = Γ(c)

Γ(a)Γ(c− a)

·
1∫

0

dt ta−1(1− t)c−a−1(1− z1t)−b1 (1− z2t)−b2 (1− z3t)−b3
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