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1. Motivation



What are conformal blocks?

® conformal block decomposition of CF'T correlation functions

(01(21)O02(22)O3(23)O4(24)) = Z ClghC’34th(14>(z1., ey 24)
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splits model-dependent (conformal) data {h,C;;i} from universal
building blocks (,.‘;]“
® “universal” within a fixed setting: blocks depend on e.g.

> dimension d of base space
» d = 2: global vs. Virasoro blocks
> topology of base space (sphere, torus, ...)
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Why should we care about (higher-point) blocks?

® conformal bootstrap program: consistency constrains on conformal data
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> higher-point schemes?
® AdS/CFET-correspondence Maldacena, 1998
> Global conformal blocks are dual to bulk geodesic Witten diagrams
Witten, 1998; Hijano et al., 2016
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2. Oscillator Representation Method for
Global Blocks on the Sphere




How to compute conformal blocks?

¢ directly solve Ward identities + Casimir equations (Dolan and Osborn,
2001, 2004)

> difficulty quickly increases with degree of blocks
® recurrence relation method (Zamolodchikov, 1984)

> works fine order by order
> challenging for finding closed form expressions
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How to compute conformal blocks?

® shadow operator method (Ferrara and Parisi, 1972, Ferrara et al., 1972)
> insert (shadow)projector into correlator
Uh(z1,...,24) = (O1(21)O2(22) PhO3(23) Oa(24))
> gives linear combination of conformal block and shadow block
» conformal block obtained in an extra step
® oscillator representation method (Besken, Datta, and Kraus, 2020a)

> express projector as Py = f[dzu]\ﬂ><u| in terms of generalized coherent
states

GO (21, 24) = (01(21)Oa(22) PhOs(23)Oa(24))

> no shadow part!

4/15



Oscillator Representations of Verma Modules

e oscillator representation L, — £, = u*™™8, + (1 —n)hu™", n =0,+1

on weighted Bergman spaces

hi= {f :D—C|f holomorphic,/[dQU} If(w)]? < oo}
D

°* HW state |h)= 1, descendant states |h,n)= monomials u"

> orthogonality relation

u = — 1
) 2hy, (1)
® existence of reproducing kernel gives rise to resolution of one (Hall, 1999)

Ph_/[du
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Decomposing the Blocks

® four-point block
R = (01(21) 02 (22) PhO3(23) Oa(z4))

= /[dQu] (0] O1(21)O02(22) |u) {u] O3(23)Oa(24) |0)

Xh(21,22;u) Yh(z3,245u)

¢ five-point block
Gy = (O1(21)Os(22) Ph, O3(23) Py O4(22) Os(25))

- / (d2u1] / [d%uz] (0] O1 (21)Oa(22) |

Xhy (21,22;61)
< (u1] O3(z3) |t2) (u2| O4(24)Os(25) |0)

Qh1.h2(zis§“1sﬁ2) Vhy (24,255u2)

® n-point (comb) block: same shape with (n — 3) Q’s
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Oscillator Diagrams

® wavefunctions allow for a diagrammatic interpretation

22
h, _ _
—————— Qu1 ~ xn(z1,22;u) .
Z1 . hl
21 Yn(z1, z2;u) ~ uO------
~ Qnyno (25 u1, U2)
hl,’ \NPQ
/” N
w10 Qu2
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Gluing the Blocks: Four-Point Blocks

® computation of the four-point block
22 23
¢W = o
21 Z4
22 23
= /[d2ul] __r_h___oﬂl . ulo___h_l__
z1 24

=LW 5h1 oF1(h1 4+ he — hi,hy — hs + ha; 2hq;33)
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Gluing the Blocks: Five-Point Blocks

® computation of the five-point block
23
29 Z4
5
Gh1>,h2 = h: ho = /[d2u1} /[dZUQ]
21 Z5
22 3 Z4
h1 h2
—————— Qu; cU20------
hi, -7~ ho
21 ulCY/ ‘\°a2 25
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Gluing the Blocks: Five-Point Blocks

® computation of five-point block (alternative):
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29 24
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Gluing the Blocks: n-Point Blocks

® computation of the n-point comb block:

b (210 2n)
zZ3 Zn—2
22 Zn—1
= hy h hn—a| hn-s
Z1 Zn

n—3
n h;
=™ Hgi Fre(o. 531,y 3n-3)
i=1
— matches (Rosenhaus, 2019)
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Star Channel Blocks

® What about different channels? E.g. six-point star channel

z Z
3 & hy 4
1
1
1
1 ho
1
1
hi,....he _ 29 A z5
Sh1,h2,h3 - h’lz’ \\\
- i ~ ~
ha - hs >~ hs
hi he
z1 Z6
> construction works for ho > hy + hj
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3. Generalizations of the Method




Directions of Generalization

® torus conformal blocks (Hollweck, 2022)
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® Virasoro conformal blocks (Besken, Datta, and Kraus, 2020b)

> infinite series of weighted Bargman-Segal spaces
> solving for i and xp much harder
> semi-classical limit!

® bms-blocks in Carrollian CFTs (Ammon et al., 2021)

¢ conformal blocks in higher dimensions (e.g. d = 4)
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Oscillator Formalism: Fromd =2tod = 4

(based on Calixto and Perez-Romero, 2010, 2011, 2014)
® oscillator variable becomes matrix valued
weD — UeDys={UeC??:1-U'U>0}
® orthonormal eigenbasis generalized Wigner-D-matrices

on(u) =u" — gaélfflqb(U) ~ det(U)ij

9a>9b

()
® projector from coherent states
P = [ojwhw

unitary oscillator representation v

® next step: compute wavefunctions

Uala g U),  Xa(a*,y";U"), Qa(a*;Ur,US)
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4. Conclusion and Outlook




Take-Home Message and Outlook

® take-home message: The oscillator formalism provides an efficient
method for the computation of conformal blocks.

> intuitive diagrammatic formulation
> applicable in different regimes of CFT

® future directions

> continue investigation of different channels
> derive closed form solutions for higher-point blocks in d = 4
> implement spin in d = 4

Thank you for your attention!
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6. Backup Slides



More on Casimir Equations

¢ second-order Casimir of s[(2,R)
2 1
Co=—Ly+ §{L717L1}
® eigenvalue equation with projector
CoPy = PnC2 =h(1 —h)P, . (2)
¢ multi-point Casimir operator
o . N2
Ciim) — _ (cg’l) T +£(<;,m>)

1 i i i i
+§{EE?+~~+£<,'1">,£<11>+---+£§ )}



Six-Point Casimir Equations

® comb channel blocks

(C;374’576) + hl(hl — 1)) G:ﬁ)thg (Zh ey ZG) = O,
(c§4’5>6> + ha(hy — 1)) GO 1y 26) =0,

(57 + (s = 1)) Gl (2112 26) = 0

® star channel blocks

(Cél,Q) +hi(hy — 1)) Sé?)mhs (21,...,26) =0,
(C§3’4) +ha(hsy — 1)) Sé?mm (z1,...,26) =0,

(Cés"ﬁ) + hS(h3 - 1)) SP(W(i)hzhg (217 e ZG) =0



Casimir Equations for Comb Blocks

¢ Casimir equations for general n-point comb block
C(B,4,5,A.A,n) hi(hy — G(n) o
2 + 1( 1 1) hlu.hn,3(z17"'7z") _07

(o 4 hathe = 1)) G (s 20) =0,

(C;n_l’n> + h'rL73(hn73 - 1)) Gg’;?“hw’,g(Zl’ Tt ZG) =0.



Remarks on Hypergeometric Functions

¢ (ordinary) hypergeometric function as power series

a)r(b)r 2"
2Fi(a,b,¢;2) = Z%ﬁ

— solution to the differential equation

[z(l —2)02 4+ [c—(a+b+1)2]0, — ab] F(a,b,c;2) =0

® generalized hypergeometric function

»Fy al,n.’ap;z = Mé
bi,..., b = (b - . k!



Comb Function

¢ definition as power series

a1,b1,...,bn_4,a2.
Fr 321y -2Zn—3
Cly...,Cn-3

_ i (@1)y (b1)ky ks (b2)k2+k3 e (bn_4)kn74+kn73(a2)kn73

(Cl)ku ce (cn*3)kn73

k1,-skn—_3
k1 kn—3
. Z1 Zn—3
k1! kn—3!

® satisfies splitting equations
Rosenhaus, 2019



Lauricella Hypergeometric Functions

® definition as power series

F/(33)(a,bhb27b3-,0; 21, %2, 23)

_ i (@)1 4o+ (01) 1 (b2) 5 (b3) 5 21" 237 25

el (€)1 +ia+is g1t g2l gs!
J1,92,33=0
® integral representation
I'(c)
F® a,bi,ba,bs3,c;21,22,23) =
5 (a,b1,ba, b3 1,722, 23) T(@T(c—a)

1
: /dt A =)L = 208) TP (1 — 20t) P2 (1 — 2st) B
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