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Preliminaries
In one picture

2.1 Physical Motivation 15

where "µl is the polarization vector for helicity l = ±1 states, pµ 2 R1,3 is four-
momentum vector and the choice of ± denotes ingoing/outging states respectively.
It enjoys manifest translation invariance.

However, we would like to find a basis in which the conformal nature of the
scattering process on the celestial sphere is more manifest. That is, we would like
to find a basis of states that transform as conformal primaries under SL(2,C)/Z2,
the conformal group on the celestial sphere (cf. Appendix A).

A suitable conformal basis along with a general transformation from the plane
wave basis to this conformal basis has been established in [20, 21].
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Figure 2.2: The S-matrix for massless particle scattering in four dimensional
Minkowski space can be interpeted as operator insertions O�i,Ji(zi, z̄i) on the
celestial sphere corresponding to the massless states entering at I� and exiting at
I
+. This is a visualization of a general 2 ! 2 scattering process.

In the following subsections we will make the map between Amplitudes in
Minkowski space and CCFT explicit.1

2.1.1 The Embedding Space Formalism

One of the key tool to make a formal connection between the boundary CCFT and
the bulk Minkowski spacetime is the embedding space formalism which dates back
to Dirac [22].

The basic idea is that while the conformal group SO(1, d+ 1) associated with
Rd2 acts highly non-trivial on that space as seen in table (A.1), it acts as a group

1In holographic language one often refers to these kind of maps as the holographic dictionary
between the bulk and boundary theory.

2Consider that the celestial sphere is related to Euclidian space as CS ⇠ C[ {1} and C ⇠ R2



Preliminaries
When in doubt, Mellin transform

�̃� ({Δi, zi, z̄i}) =
n

∏
i=1

∫
∞

0
dωi ωΔi−1

i 𝒜 ({ωi, zi, z̄i})

Mellin transform with respect to  the energy of the i-th particle ωi

Conformal scaling dimensions   on principal continuous seriesΔi

Δi = 1 + iλi, λi ∈ ℝ

[1705.01027, Pasterski, Shao]



Preliminaries
Some notation

pμ = ωqμ =
ω
2

(1 + zz̄, z + z̄, − i (z + z̄) ,1 − zz̄)

⟨ij⟩ = ωiωjzij , [ij] = − ωiωjz̄ij , (zij ≡ zi − zj, z̄ij ≡ z̄i − z̄j)
Spinor-Helicity Formalism

sij ≡ 2pipj = ⟨ij⟩[ ji] = ωiωjzijz̄ij

Mandelstam variables

[1806.05688, Stieberger, Taylor]



Preliminaries
Momentum Conservation

δ(4) (p) ≡ δ(4)
4

∑
j=1

εjωjqj =
4

ω4(z14z̄14)(z23z̄23)
δ(r − r̄)

3

∏
i=1

δ (ωi − χi ω4)

χ1 =
z24z̄34

z12z̄13
, χ2 = −

z14z̄34

z12z̄23
, χ3 = −

z24z̄14

z23z̄13

[1806.05688, Stieberger, Taylor]

𝒜 = A δ(4) (p)



Preliminaries
Four-Point structures

s12 = s34, s13 = s24, s14 = s23, s12 + s13 + s14 = 0

r =
z12z34

z23z41
,

s23

s12
=

1
r

= sin2 ( θ
2 ) ⇒ Θ(r − 1)

[1806.05688, Stieberger, Taylor]

K (hi, h̄i) =
4

∏
i<j

z h/3−hi−hj
ij z̄ h̄/3−h̄i−h̄j

ij

Kinematical Factor

Conformal cross ratio & scattering angle

Atree
YM (1−,2−,3+,4+) =

⟨12⟩3

⟨23⟩⟨34⟩⟨41⟩



Preliminaries
Gluons as Conformal Operators

Δi = hi + h̄i, Ji = hi − h̄i,

h1 =
i
2

λ1, h̄1 = 1 +
i
2

λ1

h2 =
i
2

λ2, h̄2 = 1 +
i
2

λ2

h3 = 1 +
i
2

λ3, h̄3 =
i
2

λ3

h4 = 1 +
i
2

λ4, h̄4 =
i
2

λ4 .

𝒜 (1−,2−,3+,4+)

Δ ≡ ∑
i

Δi = 4 − 2β, β = −
i
2

4

∑
i=1

λi

[1706.03917, Pasterski, Shao, Strominger]



Tree-Level Open Superstring Amplitude
in Celestial Holography

[1806.05688, Stieberger, Taylor]

�̃�tree(1−,2−,3+,4+) = 4(α′ )βK (hi, h̄i) δ(r − r̄)θ (r − 1) r
5 − β

3 (r − 1)
2 − β

3 I(r, β)

I(r, β) = πδ(iβ) +
1
2

π
sin π β

(−r) β−1
∞

∑
k=0

(−r)−kζ (β − k, {1}k)

MZV of depth kSn, k(z = 1) = ζ (n + 1,{1}k−1) = ∑
n1>n2>…>nk

1
nn+1

1 n2 ⋯ nk



One-Loop Open Superstring Amplitude
The star of the show

𝒜Loop = s12s23𝒜tree
YM (1,2,3,4)

1

∫
0

dq
q {Tr(t1t2t3t4) [NG I1234(q) − 32 I1234(−q)]

+Tr(t1t2) Tr(t3t4)I12|34(q) + cyc(2,3,4)} ,

[1412.5535, 1704.03449, Broedel, Mafra, Matthes, Schlotterer]

q = ei2πτ = e−2πt



Obligatory Worldsheet Picture

[1412.5535, 1704.03449, Broedel, Mafra, Matthes, Schlotterer]



Integrals over Worldsheet coordinates
(Iterated) Integrals & Genus-one Greens function

I1234(q) ≡ ∫
1

0
dx4 ∫

x4

0
dx3 ∫

x3

0
dx2 ∫

x2

0
dx1 δ (x1)

4

∏
j<k

exp [α′ sjkPjk]

I12|34(q) = ∫
1

0
dx4 ∫

1

0
dx3 ∫

1

0
dx2 ∫

1

0
dx1 δ (x1) exp[α′ (s12P12 + s34P34 + ∑

i = 1,2
j = 3,4

sijP(xij −
τ
2

))]

P (𝗓i − 𝗓j) =
1
2

log
θ1 (𝗓i − 𝗓j, τ)

θ′ 1 (0,τ)

2

−
π

ℑ (τ) [ℑ (𝗓i − 𝗓j)]
2

Pij ≡ P (xi − xj)
P′ ij = P (x′ ij) ≡ P (xij −

τ
2 )

[1412.5535, 1704.03449, Broedel, Mafra, Matthes, Schlotterer]



Celestial Integrands
The annulus

ℐ̃An =
8π3g2

10

α′ 

4

∏
i=1

∫
∞

0
dωi ωΔi−1

i s12s23 𝒜tree
YM (1−, 2−, 3+, 4+)

4

∏
j<k

exp [−α′ sjkPjk]

= 16π3g2
10 (α′ )β−3 Γ (2 − β) K (hi, h̄i) δ(r − r̄)θ (r − 1) r

2
3 (1+β)(r − 1)

2 − β
3 (𝒫1 +

𝒫2

r )
β−2

Similar expression found in [2307.03551, Donnay, Giribet, González, Puhm, Rojas]

𝒫1 = P13 + P24 − P12 − P34, 𝒫2 = P13 + P24 − P14 − P23 .



Celestial Integrands
The Möbius strip

ℐMoeb (q) = −
NG

32
ℐAn (−q)



Celestial Integrands
The non-planar part

𝒫′ 1 = P′ 13 + P′ 24 − P12 − P34, 𝒫′ 2 = P′ 14 + P′ 23 − P12 − P34

ℐ̃non−planar (q) = ℐ̃An (q)
(𝒫1,𝒫2)→(𝒫′ 1,𝒫′ 2)



The Problem from here
Remaining Worldsheet Integrals

�̃�1−Loop
String, An =

1

∫
0

dq
q ∫

1

0
dx4 ∫

x4

0
dx3 ∫

x3

0
dx2 ∫

x2

0
dx1 δ (x1) ℐ̃An

Hard

�̃�1−Loop
String An =

1

∫
0

dq
q

n

∏
i=1

∫
∞

0
dωi ωΔi−1

i ∫
1

0
dx4 ∫

x4

0
dx3 ∫

x3

0
dx2 ∫

x2

0
dx1 δ (x1) ℐAn

Known

Exchange order



Iterated Integral Expansion
Warning: Explicit

I1234 (q) = ω(0,0,0) − (α′ ) 2 ω(0,1,0,0) (s12 + s23)

+ (α′ )2 [ 2 ω(0,1,1,0,0) (s2
12 + s2

23) − 2 ω(0,1,0,1,0) s12s23 ]
+ (α′ )3 [β5 (s3

12 + 2s2
12s23 + 2s12s2

23 + s3
23) + β2,3 s12s23(s12 + s23)] + 𝒪(α′ 4)

[1412.5535, 1704.03449, Broedel, Mafra, Matthes, Schlotterer]

β5 =
4
3 [ω(0,0,1,0,0,2) + ω(0,1,1,0,1,0) − ω(2,0,1,0,0,0) − ζ2 ω(0,1,0,0)]

β2,3 = −
1
3

ω(0,0,1,0,2,0) +
3
2

ω(0,1,0,0,0,2) +
1
2

ω(0,1,1,1,0,0)

+2ω(2,0,1,0,0,0) +
4
3

ω(0,0,1,0,0,2) +
10
3

ζ2ω(0,1,0,0) .



Some explicit eMZV’s
Just numbers after all

ω(0,0,0) =
1
6

ω(0,1,0,0) =
ζ3

8ζ2
+

3
2π2

∞

∑
m,n=1

1
m3

qmn

ω(0,1,1,0,0) =
ζ2

15
−

1
2π2

∞

∑
m,n=1

n
m4

qmn +
1
3

∞

∑
m,n=1

n
m2

qmn

ω(0,1,0,1,0) = −
ζ2

60
+

2
π2

∞

∑
m,n=1

n
m4

qmn −
1
3

∞

∑
m,n=1

n
m2

qmn

[1412.5535, 1704.03449, Broedel, Mafra, Matthes, Schlotterer]



Celestial Iterated Integral Expression
And resulting Amplitude structure

Iloop
planar(n, m) =

8π3g2
10

α′ 

4

∏
i=1

∫
∞

0
dωΔi−1

i s12s23𝒜tree
YM (1−,2−,3+,4+)(α′ s12)n(α′ s23)m

= 32π3g2
10(α′ )β−3 (−1) 4

3 (1+β)+i(λ2+λ3)K (hi, h̄i) δ(r − r̄)θ (r − 1) r
2
3 (1+β)−m(r − 1)

2 − β
3 δ(i(2 + (n + m) − β))

�̃�Loop
String, An(1

−,2−,3+,4+) ∝ ∫
1

0

dq
q (ω(0,0,0)δ(iΔ) + 2 ω(0,1,0,0)

1 + r
r

δ(i(Δ + 2))

+2 [ ω(0,1,1,0,0) (1 + r2) − ω(0,1,0,1,0) r ] 1
r2

δ(i(Δ + 4))

+[β5 (1 + r2) + β2,3 r] (1 + r)
r3

δ(i(Δ + 6)) + ⋯)



Non-planar contribution

I12|34(q) = qs12/4{1 + (α′ )2 s2
12( 7ζ2

6
+ 2 ω(0,0,2)) + (α′ )3[2s23 (s12 + s23)( ζ2

3
+ ω(0,0,2))

−4 ζ2 ω(0,1,0,0) s3
12 − s12s23 (s12 + s23)( 5

3
ω(0,3,0,0) + 4 ζ2 ω(0,1,0,0) −

1
2

ζ3)] + 𝒪(α′ 4)} ,

Iloop
NP (n, m) =

8π3g2
10

α′ 

4

∏
i=1

∫
∞

0
dωi ωΔi−1

i s12s23 𝒜tree
YM (1−,2−,3+,4+) (α′ s12)n (α′ s23)m exp [−

α′ 

2
πt s12]

= 16π3g2
10(α′ )β−3(−1)

4
3 (1+β)+i(λ2 + λ3) K (hi, h̄i) δ(r − r̄)θ(r − 1)r 2

3 (1+β)−m (r − 1)
2 − β

3

× (2πt) β−2−m−n Γ (2 + m + n − β)

[1704.03449, Broedel, Mafra, Matthes, Schlotterer]



Non-analytic part
Logarithmic terms

[2107.08009, Edison, Guillen, Johansson, Schlotterer, Teng]

𝒜1−loop
String

disc
∝ f (s12, s23) log ( s12

μ2 ) + f (s23, s12) log ( s23

μ2 )

∫
∞

0
dω ωΔ−1 [ωn log (γωm)] = 2πmγ− 1

m (Δ + n)∂Δ δ (i (Δ + n))



Thank You!



Dimensional regularization of eMZVs
Using small ϵ

∑
n,m≥1

∫
∞

0
dt tϵ 1

ma
qmn =

1
2π { 1

ϵ
ζ1+a − log(2π)ζ1+a + ζ′ 1+a} + 𝒪 (ϵ1)

For instance


