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The Geometric Langlands Correspondence

- (Punctured) Riemann Surface C
- Lg: Langlands-dual of complex Lie Algebra g

’Lg — local systems on C = D — modules on Bung(C) ‘

(&,V) : holomorphic
LG-bundle &€ with
connection V

Set of Differential
Equations on Bung(C)



The Geometric Langlands Correspondence: Beilinson-Drinfeld

Beilinson-Drinfeld: connection in oper form

forg = sl : deZ(az+(?t((Jz)))
’Lg — local systems on C‘ — ’D — modules on Bung(C) ‘
determined by: r=1,---,3g—3+n

(€02 +t(2)) ¥(z) =0 DW= EW



The Geometric Langlands Correspondence: Beilinson-Drinfeld

Beilinson-Drinfeld: connection in oper form

forg = sl : dez(62+(?f(02)))
’Lg — local systems on C‘ — ’D — modules on Bung(C) ‘
determined by: r=1,---,3g—3+n
(€02 +t(2)) (2) =0 DWW = EW

Key ingredient: existence of Hecke operator

H2Z)W =(2) W



In today’s talk

’Lg — local systems on C‘ = ’D — modules on Bung(C) ‘
determined by: r=1,---,3g —3+n
(€02 +t(2)) ¥(z) =0 DV = EW

Hecke operator: H(z2) W =¢(2) W
Today: A CFT way to Geometric Langlands

SOV makes Geometric Langlands computable!

— Explicitly construct diagonal action of Hecke operator
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A tale of two integrable models: Sklyanin SOV

Deep relation to Integrable Models: Quantum SL(2,C) Gaudin Model:

I . _ .
r3:Zr7wa Tr =08, T’ =x06¢ —jr, T~ =xt0 +2rX

Sklyanin Separation of Variables:

n—2

HV, =EV, =V = H VYr(Vr) » (85, + t(Ve)) Yr(Ve) =0
ke
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A tale of two CFT’s: Quantum Geometric Langlands

Liouville : Div = Hf WZNW : sl
Zwa(x,2) == <¢Jw (az)-- ¢j”(Xn|Zn)>H+7 (R+2)0y, Zwz(X,2) = HrZwz(X,2)

20(,2) = (Vo (21) - Ve @)V (00) - Vea On2)) DY Z0(,2) = 0

L7
Sklyanin SOV: classical limit of H - Liouville correspondence

Zwand) = [ Y0z 202

R+2=b""—0:KZ = (Hr— E)W =0, BPZ— (&}, +t(y4)) xx(vi) = 0



A tale of two CFT’s: Quantum Geometric Langlands

Liouville : Div = Hf WZNW : sl
Zwa(x,2) == <¢,h (az)-- ¢j”(Xn|Zn)>H+7 (R+2)0y, Zwz(X,2) = HrZwz(X,2)

20(,2) = (Vo (21) - Ve @)V (00) - Vea On2)) DY Z0(,2) = 0

L7
Sklyanin SOV: classical limit of H - Liouville correspondence

Zwand) = [ Y0z 202

R+2=b""—0:KZ = (Hr— E)W =0, BPZ— (&}, +t(y4)) xx(vi) = 0

Quantum deformation of Geometric Langlands!



A tale of two CFT’s: Quantum Geometric Langlands

Emerging picture:

Louville CFT| 9% [ oo -wznw
Dy 2L(y,2) =0 Hi-L |(R+2)8, 2wz = HiZwz
Jb2-0 k= -2
Whittaker Model ﬁ Gaudin Model
(02 + t(Vk)) xk(Ve) soV HW = EW

SOV makes &£ computable!



A tale of two CFT’s: Quantum Geometric Langlands

Emerging picture:

Louville CFT| 9% [ oo -wznw
Dy 2L(y,2) =0 Hi-L |(R+2)8, 2wz = HiZwz
Jb2-0 k= -2
Whittaker Model ﬁ Gaudin Model
(02 + t(Vk)) xk(Ve) soV HW = EW

SOV makes &£ computable!

Quantum Hecke operators? .



Quantum Hecke Operator




Quantum Hecke Operator: our proposal

Recall: H(y)W(x,2) = ¢(y)W(x,2)
We propose the following quantum Hecke operator for k # —2:

. d?x .
5(z0) 252l = | L 2 (000 @.20)(0./2)
0

—

Field with spin j = R/2 is a sl, degenerate rep.

n

null-vector decoupling: %Z@G;)((x,xo),(z,zo)\(j, fe/z)) =0
r=1 =



Quantum Hecke Operator: our proposal

Recall: H(y)W(x,2) = ¢(y)W(x,2)
We propose the following quantum Hecke operator for k # —2:

. d?x .
5(z0) 252l = | L 2 (000 @.20)(0./2)
0

—

Field with spin j = R/2 is a sl, degenerate rep.

n

null-vector decoupling: %Z@G;)((x,xo),(z,zo)\(j, fe/z)) =0
r=1 =

Zy0 — Z q . . o
Solved by, & = —ﬁ, J = (e ’ln—hg —Jjn):
(n+1) . = zo =% ) .
253" (0x0), @ 20010 R/2)) = [T 2250 28h€ 217

2_
r=1 ‘£f| g



Quantum Hecke Operator: Hecke eigenvalue property

Reproduces Hecke Eigenvalue at critical level:
9(20) 275 (%,21j) = 12" (%, %0), (2,20)|(G, (R + 2)/(2)))

= [KG6 20

1



Quantum Hecke Operator: Remarks

. d?x .
5(z) 25,2l = | PG ((x.x0), (2. 20)105, 7/2))
0

Remarks:

- Eigenvalue property: $(z0) V(" (z,x) = x(20) V() (z,x),

- Commuting ops: $ Non-local, integral ops. <+ #, local, diff. ops.
- Hecke ~ Non-local Q-operator (92 + t(2))v(z),

- Diagonalised directly through SOV,



Quantum Hecke Operator: Remarks

. d?x .
5(z) 25,2l = | PG ((x.x0), (2. 20)105, 7/2))
0

Remarks:
- Eigenvalue property: $(z0) V(" (z,x) = x(20) V() (z,x),
- Commuting ops: $ Non-local, integral ops. <+ #, local, diff. ops.
- Hecke ~ Non-local Q-operator (92 + t(2))v(z),
- Diagonalised directly through SOV,

- SOV makes &£ computable!
- Concrete ralisation in SUSY Gauge Theory (NS program)
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A complete story

95(20) 2G50, 2l) = [ 758 255" (6 %0), (2, 20107, k/2))

Liouville CFT q(ﬁf shL-WZNW
Dy 21(y,2) =0 Hi-L | (R +2)8, 2wz = HeZwz

UYb2-0 k= -2

Whittaker Model g) Gaudin Model

(85, + t(yr)) xr(Vk) soV HW = EW

[90)W(x,2) = v()¥(x.2) ]




What's more?

- Higher genus
- Higher rank (first SOV for sl3)

Thank you for your attention!
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