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• Best estimate of μ:  
Observation n

• Calculate the  
uncertainty as √n:

• Serious undercoverage
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  Poisson Distribution: Choice of σ = √n
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• minimum coverage is close to 0%
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Confidence Intervals and Limits

July 2012

Note: Upper limits are just one-sided confidence intervals at X% CL
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Limits

•Difficulty of setting confidence intervals at physical boundaries (with 
constraints), for example:

      cross section > 0

      θ = x − y  (for example m2 = E2 − p2)

• Assume that we know , the upper limit is: ̂θ > 0
so for 95% CL Φ−1(0.95) = 1.65
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Limits

•Difficulty of setting confidence intervals at physical boundaries (with 
constraints), for example:

      cross section > 0

      θ = x − y  (for example m2 = E2 − p2)

• Assume that we know , the upper limit is: 

•Now consider the case where we measured   
and the resolution of our experiment is  

We get:  
               θup = −0.35 at 95% CL and we did not learn anything!

Note that from a frequentist’ point of view, this is totally fine. If we performed the experiment 
a large number of times, we would end up with a meaningful physical bound.  This does not 
change the fact, that we did not learn anything from our experiment at hand.

̂θ > 0

̂θ = − 2
σ ̂θ = 1

so for 95% CL Φ−1(0.95) = 1.65
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Possible Solutions
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Possible Solutions
1. Increase the CL 

fix the negative limit on x by adjusting xup until it becomes positive: 
θup = 0.326 at 99% CL 
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Possible Solutions
1. Increase the CL 

fix the negative limit on x by adjusting xup until it becomes positive: 
θup = 0.326 at 99% CL Results in a solution much better than the 

experimental resolution! BAD!θup = 10−5 at 97.7725% CL
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Possible Solutions
1. Increase the CL 

fix the negative limit on x by adjusting xup until it becomes positive: 
θup = 0.326 at 99% CL 

2. Shift the measurement 
 
 
always results in positive limits on x

Results in a solution much better than the 
experimental resolution! BAD!θup = 10−5 at 97.7725% CL
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Possible Solutions
1. Increase the CL 

fix the negative limit on x by adjusting xup until it becomes positive: 
θup = 0.326 at 99% CL 

2. Shift the measurement 
 
 
always results in positive limits on x

Results in a solution much better than the 
experimental resolution! BAD!

Coverage probability not 
given anymore! 

θup = 10−5 at 97.7725% CL
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Possible Solutions
1. Increase the CL 

fix the negative limit on x by adjusting xup until it becomes positive: 
θup = 0.326 at 99% CL 
θup = 10−5 at 97.7725% CL

2. Shift the measurement 
 
 
always results in positive limits on x

3. Bayes Theorem

Results in a solution much better than the 
experimental resolution! BAD!

Coverage probability not 
given anymore! 

Can encode our prior knowledge in the prior π(θ)!
<latexit sha1_base64="FlJmD7GrWke4X9HJEVLDEdh7diU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCE1S5UgXguoLQtjkOhDaqPKcZ3WqvOQ7SBVaWYWfoWFAYRY+QI2/gan7QAtR7rS8Tn3yvceN2JUSNP81nJLyyura/n1wsbm1vaOvrvXEGHMManjkIW85SJBGA1IXVLJSCviBPkuI013eJP5zQfCBQ2DezmKiOOjfkA9ipFUUlc/tEvVcc2AV7DjcYQTu1QbVw2oVCPNHkba1Ytm2ZwALhJrRopgBrurf3V6IY59EkjMkBBty4ykkyAuKWYkLXRiQSKEh6hP2ooGyCfCSSanpPBYKT3ohVxVIOFE/T2RIF+Ike+qTh/JgZj3MvE/rx1L79JJaBDFkgR4+pEXMyhDmOUCe5QTLNlIEYQ5VbtCPEAqEqnSK6gQrPmTF0njpGydl8/uTouV61kceXAAjkAJWOACVMAtsEEdYPAInsEreNOetBftXfuYtua02cw++APt8wdZq5eF</latexit>

P (A|B) =
P (B|A)P (A)

P (B)
with

<latexit sha1_base64="DpSXuiAFMLR9CYo5O7863H0LNYw=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSG1S5UgXguowMIYJPqQ2ihyXKe16jiR7SBVoQsLv8LCAEKs/AMbf4PTZoCWI9k6PudeXd/jx4xKZVnfxtz8wuLScmGluLq2vrFpbm03ZJQITOo4YpFo+UgSRjmpK6oYacWCoNBnpOkPrjO/eU+EpBG/U8OYuCHqcRpQjJSWPHPPKV9V4DnsyCT0KNSvh0uPVpxydntmyapaY8BZYuekBHI4nvnV6UY4CQlXmCEp27YVKzdFQlHMyKjYSSSJER6gHmlrylFIpJuOtxjBA610YRAJfbiCY/V3R4pCKYehrytDpPpy2svE/7x2ooIzN6U8ThTheDIoSBhUEcwigV0qCFZsqAnCguq/QtxHAmGlgyvqEOzplWdJ47Bqn1SPb49KtYs8jgLYBfugDGxwCmrgBjigDjB4BM/gFbwZT8aL8W58TErnjLxnB/yB8fkDLX+V1A==</latexit>

P (B) =
X

i

P (B|Ai)P (Ai)

<latexit sha1_base64="ndN7ULoiG+jqAY0mJ0XDtyqfYMY="></latexit>

✓up = max
h
✓̂, 0

i
+ �✓̂�

�1(1� �)



Roman Kogler                Terascale Statistics School                   July 2023 9

Possible Solutions
3. Bayes Theorem

d… observed data
L… likelihood to observe the data
π… prior knowledge
p(θ|d)… estimator for θ (ML)

<latexit sha1_base64="tsWESpDT0QYPhjf/0dS4rtKIcxs="></latexit>

p(✓|d) = L(d|✓)⇡(✓)R
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Possible Solutions
3. Bayes Theorem

d… observed data
L… likelihood to observe the data
π… prior knowledge
p(θ|d)… estimator for θ (ML)

<latexit sha1_base64="tsWESpDT0QYPhjf/0dS4rtKIcxs="></latexit>

p(✓|d) = L(d|✓)⇡(✓)R
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Can now calculate an upper limit for given probability α :
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Possible Solutions
3. Bayes Theorem

d… observed data
L… likelihood to observe the data
π… prior knowledge
p(θ|d)… estimator for θ (ML)
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with

solve numerically for θup



Roman Kogler                Terascale Statistics School                   July 2023 10

Possible Solutions

picture credit: G. Cowan
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Poisson with Background

Realistic case:

‣ Both, ns and nb are Poisson variables with means νs, νb

‣ Prob. function
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Poisson with Background

Realistic case:

‣ Both, ns and nb are Poisson variables with means νs, νb

‣ Prob. function

‣ Upper limits: 
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No positive upper limit 
possible for small n and 
large νb

picture credit: G. Cowan
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Poisson with Background

Possible solution: Bayesian method

‣ Write the likelihood function as a function of νs: 

‣ The posterior becomes

<latexit sha1_base64="9lDHrsGAd3nuSiV8WkZRzhtMdhI="></latexit>
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Poisson with Background

Possible solution: Bayesian method

‣ Write the likelihood function as a function of νs: 

‣ The posterior becomes

‣ Integrate to get an upper limit  
at a given CL 1-β:  
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• Incorporate knowledge about what is signal and background

• Define “test statistic” Q (function of observables and parameters) which 
“ranks” experiments from the least to most “signal-like”

• Likelihood ratios for signal and background hypotheses are used as the 
test statistic:

CLs Method
Hypothesis testing

8

- Analysis sensitivity estimate is related to hypothesis testing
- What is the likelihood of the data to be consistent with background only or signal

+background hypothesis ?

- Let us assume binned distribution case for simplicity
- Everything starts with the Poisson probability for observing Ndata event when 

Nb or Ns+Nb events are expected
- Statistical test : the likelihood ratio of the two hypothesis :

- For an histograms made of N bins :

- Multi-channel (or multi-variable) case :

- The log-likelihood ratio :

H → γγ MVA analysis

Multi-variable likelihood (II)

A typical statistical test is the likelihood ratio between S + B hypothesis and B
hypothesis with respect to data (here in the case of a counting experiment) :

Q =
L(Ndata, NS + NB )

L(Ndata, NB )
; L(n, x) =

e−x

n!
x

n

Construct likelihood ratio for a binned histogram, with Nbins bins (assuming there is
no correlation between bins) :
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i
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j
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)
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CLs Method

• Incorporate knowledge about what is signal and background

• Define “test statistic” Q (function of observables and parameters) which 
“ranks” experiments from the least to most “signal-like”

• Likelihood ratios for signal and background hypotheses are used as the 
test statistic:

• Confidence in signal+background hypothesis: 
where                                                

• and                 is the p.d.f. of Q for the S+B hypothesis

• Confidence in background-only hypothesis:

• and analoguos:

Hypothesis testing

8

- Analysis sensitivity estimate is related to hypothesis testing
- What is the likelihood of the data to be consistent with background only or signal

+background hypothesis ?

- Let us assume binned distribution case for simplicity
- Everything starts with the Poisson probability for observing Ndata event when 

Nb or Ns+Nb events are expected
- Statistical test : the likelihood ratio of the two hypothesis :

- For an histograms made of N bins :

- Multi-channel (or multi-variable) case :

- The log-likelihood ratio :

H → γγ MVA analysis

Multi-variable likelihood (II)

A typical statistical test is the likelihood ratio between S + B hypothesis and B
hypothesis with respect to data (here in the case of a counting experiment) :

Q =
L(Ndata, NS + NB )

L(Ndata, NB )
; L(n, x) =

e−x

n!
x

n

Construct likelihood ratio for a binned histogram, with Nbins bins (assuming there is
no correlation between bins) :

Qbinned =
Nbins
Y

i

Qi =
Nbins
Y

i

L(Ndatai
, NSi

+ NBi
)

L(Ndatai
, NBi

)

Construct likelihood ratio in the multi-variable case, with Nchannels variables
(provided that the variables are uncorrelated) :

Qmultichannels =
Nchannels

Y

j

Qbinnedj
=

Nchannels
Y

j

Nbinsj
Y

ij

Qij

The log-likelihood ratio :

ln(Qmultichannels) =
Nchannels

X

j

Nbinsj
X

ij

ln(Qij
)
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CLs Method

• The problem of unphysical results in case of small signals in the presence 
of background is avoided by normalising the S+B hypothesis to the B-
only hypothesis:

• Tries to approximate the confidence in the S-hypothesis in the absence 
of background

CLb 1−CLs+b

CLs =
CLs+b

CLb

good sensitivity

bad sensitivity

s+b b
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Excluding (or Discovering) the Higgs Boson
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Discovering the Higgs Boson

• Repeat many toy 
experiments and 
calculate the probability 
that the observed excess 
is a statistical fluctuation 

• As a function of the 
mass

• 3 sigma excesses (called 
evidence) often 
disappeared, even 
though the probability 
of statistical fluctuation 
was small….

• 5 sigma excesses are called “discovery”
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