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Some Essentials



Some Essentials

The problem at hand: compute tr(FDfl). We focus on I’ = | here.

@ D the Dirac operator

@ do it stochastically

We focus here on the Wilson discretization:

DW = mol + Z <")/M 8 + 8“) — al4 &® 8M8’u )
*/ N——

mass Shlft centralized fd stabilization term

(note: (r5Dw)H = r5Dw).

E£Y4 BERGISCHE
UNIVERSITAT
WUPPERTAL

Gustavo Ramirez-Hidalgo Seminar @ DESY/Berlin June 26, 2023 3/27



Some Essentials

Another problem at hand:

compute tr(PHD™1), where D is the Dirac matrix and P is a shift in the
rows (which comes from a displacement on the lattice in one of the four
spacetime directions).

03 @ to illustrate how this can be
difficult, note here a plot of
the entries of A1, with A the
2D Laplace problem

@ in LQCD, we see a rapid decay
in the entries of D!
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Some Essentials

How do we compute the trace stochastically?

@ use the Hutchinson estimator:
1 N
~ (MNVH A, (i)
tr(A) ~ N E_l(x )7 AXY,

@ in such a Monte Carlo computation, the variance determines the
work, and in this particular case the variance takes the form (if we
choose Rademacher vectors):

V[xHAx] = %Hoﬁ'diag(A + A%
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Some Essentials

How do we compute the trace stochastically?

@ the SVD of a matrix A € C"™" has the form: A= UL V"

@ there is a relation between the Frobenius norm and the singular values
of a matrix:

n
IAIE = _o?
i=1

@ so, to reduce the variance of the Hutchinson estimator we need to
remove the largest singular values of A. In the case of tr(D1),
this means removing the smallest singular values of D
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Some Essentials

How do we deflate in the Hutchinson estimator?

@ set the orthogonal projector: Il = Uy U,’("

o if the columns of Uy are left singular vectors of D to very high
accuracy:

te(D7Y) = tr(D7I(/ — M) + tr(DN)
= tr(D~1(1 = M) + tr(UF ViZ V)

E£Y4 BERGISCHE
UNIVERSITAT
5 WUPPERTAL

Gustavo Ramirez-Hidalgo Seminar @ DESY/Berlin June 26, 2023 7/27



Some Essentials

How do we deflate in the Hutchinson estimator?

o note (remember: D = UL VH):
D71 - ) = (v tufi - uub)

o therefore, when computing tr(D~1(/ — IM)), this deflated form will
have a smaller variance compared to tr(D71)
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Some Essentials

How do we deflate in the Hutchinson estimator?

@ BUT: computing singular vectors of D to high accuracy can be very
expensive
o if we compute the vectors in Uy to low accuracy, then:

tr(D™1) = tr(D7Y(/ — N)) + tr(D1N)
=tr(D7Y(/ = N)) + tr(UFD1U))

which requires extra k inversions!
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Some Essentials

How do we deflate in the Hutchinson estimator?

@ in this case of low accuracy for the vectors in Uy, we might want to
switch from an orthogonal to an oblique projector:

tr(D1) = tr(D — U(VDU) V) 4+ tr (VI DU) TV Uy)
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Multigrid and DD-aAMG:
DD-aAMG = Domain Decomposition Aggregation-Based adaptive
Algebraic Multigrid



Multigrid and DD-aAMG

DD-cAMG = Domain Decomposition Aggregation-Based adaptive
Algebraic Multigrid.
The main problem with iterative solvers when dealing with Ax = b

@ condition number of a

matrix A, x(A), gives a | iter. count  r(A) |
measure on how difficult it is 37 100
to solve a system of 500 400
equations of the form 9.472 1.600
Ax=b 151,552 6,400

o kp(A) = |AlHlIA],

o rp(A) =2t
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Multigrid and DD-aAMG

Iterative solvers as smoothers: Gauss-Seidel applied to the Laplace 2D
problem

error after one Gauss-Seidel step error after 20 Gauss-Seidel steps

Fox

025
k=3

k=6

herations

Image taken from A Multigrid Tutorial by Briggs
Starting with a random initial guess.
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Multigrid and DD-aAMG

error after one Gauss-Seidel step error after 20 Gauss-Seidel steps

@ the error can be split as:

€ = €jow 1 €high-
@ a good smoother eliminates
enigh effectively.

Level 1

@ multigrid solvers can lead to

convergence independent of
k(A).

Level 2

Level 3
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Multigrid and DD-aAMG

Algebraic multigrid: non-geometric.

Two-level AMG:
@ Petrov-Galerkin projection:
De = RDP Algorithm 1 Two-level V-cycle
@ coarse-grid correction: Input : ¥, 7, v
Y < ¢ + PDZ1Rr, with Output : 1
r=n—Dvy
@ error propagation: ren- DPwD—lR
E=/—PD-'RD Vet PR
r<mn—Dy

e = choose range(P) to b+ MEr
contain the near kernel
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Multigrid and DD-aAMG

Multilevel AMG:

this extension is possible by de-
CompOSing €low = €c,low + €c, high
into the second level.

Level 1

Level 2

Level 3

Gustavo Ramirez-Hidalgo

Algorithm [Two-level V-cycle |

Input : ¢, n, v
Output :

r<«mn—Dy

¥ < 1) + PDZ 'Rr]
r<«mn—Dy
P+ MULr
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Multigrid and DD-aAMG

Ay
@l o= || —r= -
o A; = (i) X Wi D A
o standard aggregation:
{Air j=1..,nc, 7=
0,1}, such that: A section of P:
Aj,O = ﬁj X {0, 1} x C
Aj71 = ,CJ' X {2,3} x C
@ when using the standard
aggregation: 5P = Plg
@ also, it makes sense to
choose: D. = PHDP E UNIVERSITAT
; WUPPERTAL
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Multigrid and DD-aAMG

'With the smoother, construct

an initial set of test vectors

o test vectors: the
approximate eigenvectors
used in the construction of
P,ie {vi:i=1,..,N}

@ the setup phase in Jhcasbmind
DD-aAMG builds these test i ki
vectors —

@ the method updates the None

i<

multigrid hierarchy as the
test vectors improve
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Multigrid and DD-aAMG

Comparison of computational cost for solving linear systems with a configuration from a
BMW collaboration configuration using DD-aAMG and a Krylov subspace method. The
left plot reports on timings for the solve only, whereas the right plot includes the
multigrid setup time. Both plots were generated on the JUROPA high performance
computer from the Jiilich Supercomputing Centre (taken from Matthias Rottmann’s
PhD thesis).
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MGMLMC:
Multigrid Multilevel Monte Carlo



MGMLMC

Assumming a multigrid construction such that R, = P}’ and PP, = I,
then (Frommer, Nasr, R-H, 2022):
@ two levels:

tr(Agt) = tr(Ayt) — tr(PoA; *Ro) + tr(PoA; ! Ro) (1)
= tr(Ag " — PoA PY) + tr(ALY) (2)

E£Y4 BERGISCHE
UNIVERSITAT
5 WUPPERTAL

Gustavo Ramirez-Hidalgo Seminar @ DESY/Berlin June 26, 2023 19 /27



MGMLMC

Assumming a multigrid construction such that R, = P}’ and PP, = I,
then (Frommer, Nasr, R-H, 2022):

@ two levels:

tr(Agt) = tr(Ayt) — tr(PoA; *Ro) + tr(PoA; ! Ro) (1)
= tr(Ayt — PoA ) + (AL ) (2)
@ we can connect this to inexact/approximate deflation, which is

discussed in Multigrid deflation for Lattice QCD (Romero,

Stathopoulos and Orginos), and already in Liischer's local coherence
paper
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MGMLMC

We move from a two-level to a multilevel method by means of Multilevel
Monte Carlo (Giles, 2008), and then write (Frommer, Nasr, R-H, 2022):

o multilevel:

L-2

tr(AgT) = > _tr (A1 = PAA LR +tr(AL) (3)
£=0

(cost(Dy tby) ~ 0.1cost(Dy b))
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MGMLMC

MGMLMC vs exactly deflated Hutchinson (Frommer, Nasr, R-H, 2022):

1010

cost

108

Gustavo Ramirez-Hidalgo

2d Laplace, eps = 0.001

—&— multilevel MC
—a— defl. Hutch w/o eigen comp.

255 511
Lattice Size

63 127
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MGMLMC

A short note on deflation in LQCD:

if we want to deflate as tr((/ — M)D~1), we can use the following to
compute approximate deflation vectors:

o the Dirac operator fulfills [s-hermiticity: (FsD)" = I'sD
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MGMLMC

A short note on deflation in LQCD:

if we want to deflate as tr((/ — M)D~1), we can use the following to
compute approximate deflation vectors:

o the Dirac operator fulfills [s-hermiticity: (FsD)" = I'sD
@ this gives us access to the SVD:

M'sD = VIVH = D = (I'sVsign(X))abs(X) V"

= D71 = Vabs(X1)(I's Vsign(X))H
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MGMLMC

A short note on deflation in LQCD:

if we want to deflate as tr((/ — M)D~1), we can use the following to
compute approximate deflation vectors:

o the Dirac operator fulfills [s-hermiticity: (FsD)" = I'sD
@ this gives us access to the SVD:

M'sD = VIVH = D = (I'sVsign(X))abs(X) V"

= D71 = Vabs(X1)(I's Vsign(X))H

e = block pow. it. on (I'5D)~! gives columns of V/, ready for deflation
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MGMLMC

A short note on deflation in LQCD:

if we want to deflate in MGMLMC as e.g. tr((/ — N)(D~* — Py Dy PH)),

do we have something similar to the previous slide to compute the
deflation vectors?

@ in our multigrid construction:
MsPe= Pug™, (F5Dy)" = 15D, (4)

which implies: ((D,* — PzD[ij[’)F‘é)” = (Dt - PZDe_:lP[I)rg
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MGMLMC for a lattice with a displacement
(i.e. tr(PHDy 1))



MGMLMC for a lattice with a displacement

Two-level decomposition:
tr(PHD 1) = tr (PH(D5* — PoDT*PY) ) -+ tr(PHPoDT  PE)
= tr (PH(Dy* — PoDy MP{T)) + tr(PEPHPo DY)
Let us introduce: By := P(’,"ﬁHPo.
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MGMLMC for a lattice with a displacement

| have recently implemented a minimal version of DD-cAMG in MATLAB,
which is available here:
https://github.com/Gustavroot/MGMLMC_for_mat_with_displ

In that MATLAB code, also orthogonal deflation with low-accuracy vectors
has been implemented for both Hutchinson and MGMLMC. This code
allows one to compute variances and compare both methods.
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https://github.com/Gustavroot/MGMLMC_for_mat_with_displ

MGMLMC for a lattice with a displacement

Some results (4-D problem, LQCD, 16* lattice — 786, 432 matrix dim.,

5 x 12 matrix displacement P — 5 = 3.55, k = 0.137, m; =~ 420 MeV,
Nf =3, p.b.c.):
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MGMLMC for a lattice with a displacement

Some results (4-D problem, LQCD, 16* lattice — 786, 432 matrix dim.,
5 x 12 matrix displacement P — 5 = 3.55, k = 0.137, m; =~ 420 MeV,

Nf =3, p.b.c.):
@ sampled variances (at £ = 0):

° var(I'IDo_lﬁH):

H Ndefl var (><105) H

0 145.5
32 131.8
128 120.5
512 1153

o var (N(D5* ~ PoD; ' P)PH)

H ngeri var (x10%) H

0 110.7 E£Y4 BERGISCHE
32 109.8 UNIVERSITAT
AZ7  WUPPERTAL
128 105.5 <
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MGMLMC for a lattice with a displacement

Some results (4-D problem, LQCD, 16* lattice — 786, 432 matrix dim.,

5 x 12 matrix displacement P — 5 = 3.55, k = 0.137, m; =~ 420 MeV,
Nf =3, p.b.c.):

@ sampled variances (at £ = 0): @ singular values (at £ =1,
o var(ND; 1PH): ascending order):
H Ndefl var (><105) H

2| + of "
0 145.5 g D’{ﬁ o
32 131.8 ©7 -PyDy P8,
128 120.5 W I
512 115.3 e
e var <r| ( DO_ ! - PO Dl_ ! P(’;-I ) ﬁH) : 10° WWWWWWW”O‘XXWWXWW
‘ ‘ Ndefi var ( X 103) ‘ ‘ 0 10 20 30 40 50 60
0 110.7 % BERGISCHE
32 109.8 UNIVERSITAT
%2 WUPPERTAL
128 105.5 ¢
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MGMLMC for a lattice with a displacement

@ more details of these results for a lattice with a displacement will be
made available in a proceedings at the end of this week

o large-scale tests (C, MPI, OpenMP, large lattices) are under
preparation and will be released soon in a paper, as part of the work
of Jose Jimenez-Merchan (PhD student in our group)
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FOR 5269

This work is part of the Research Unit 5269, funded by the DFG under
FOR 5269.

Thank you!

Questions?
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