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Introduction



- One avenue to search for BSM physics in is via rare decay processes
- s — d quark transitions are FCNCs that are good probes for BSM physics:
- Kt/0 — 7+/9¢+ ¢~ [hep-lat/2202.08795]

- K+/0 — 7+/%5 [hep-lat/191010644]
- ¥+ — pete— [hep-lat/220915460]

- To find new physics we need an experimental measurement and a SM
prediction to compare with
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Experimental Measurement

First observed by HyperCP: [hep-ex/0501014]

- 3 events. Possible new particle o
Y — pPY PY — pt T with mpe ~ 214 MeV o Data

o
1

- Known as the HyperCP anomaly

Events/0.5 MeV/c?

- Attempts to explain with SUSY as a
sgoldstino or light pseudoscalar Higgs 2125 215 2175

, (MeVic®)

[hep-ph/0509147] [hep-ph/0610362]

Recently observed at LHCh: [hep-ex/1712.08606]

10 events. No evidence of the HyperCP anomaly
seen

T T
LHCb

-+ Data
—— ='= pu'u” PS Model

B — putp e =2.2775 x 1078

Weighted candidates / ( 2 MeV/c?)

- Currently working on improved measurements
+angular observables
+ete” mode

s
L I L + L L
220 230 240 250 260

m, , MeV/c?]
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Phenomenological Calculation

- Existing SM prediction [hep-ph/0506067] [hep-ph/1806.08350] shows
rare hyperon decay is long distance dominated by

Yt opyt = 0T

- Need to compute 4 hadronic form factors a, b, ¢, d (funcs of g2) of the
hadronic ¥* — py* amplitude

AZ =05(p) [iawcf‘(a +bys) + (@7 — qu)(c + d%)] uz (k)
qg=k-p
- Rea and Reb at g°> = 0 from experimental measurement of ¥* — py

- Rec and Red from vector meson dominance

- All imaginary parts from ChPT
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Phenomenological Calculation

- ¥ — py B.F. and asym measurements constrain |a|? + |b|* and Re(ab*)
- Combine with Ima and Im b from ChPT gives 4-fold ambiguity

Rea = £13.3MeV
or Rea = £6.0MeV

, Reb = F6.0MeV
, Reb = F13.3MeV
- Gives rise to large range in SM prediction

1.6 x 1078 < B(X" — pupn " )sm < 9.0 x 107°

TN IN\. 7

-5 -10 -5 0 5 10 15 -15 -10 -5
Re a/MeV

10°8

0 5 10 15
Re b/MeV
[hep-ph/1806.08350]

- Recent 4.2¢ discrepancy in B(X" — pv) from BESIII collaboration

[hep-ex/230213568] (although rare hyperon prediction is not significantly
affected)
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Lattice Theory




Lattice Theory

- Based on the work [hep-lat/220915460]

Prospects for a lattice calculation of the rare decay
Xt — plte-

Felix Erben, Vera Giilpers, Maxwell T. Hansen, Raoul Hodgson and Antonin Portelli

School of Physics and Astronomy, University of Edinburgh,
Edinburgh EH9 3JZ, U.K.

E-mail: felix.erben@ed.ac.uk, vera.guelpers@ed.ac.uk,
maxwell.hansen@ed.ac.uk, raoul.hodgson@ed.ac.uk,
antonin.portelli@ed.ac.uk

- Extend the methodology of the rare kaon decay K — 7¢*¢~ on the
lattice [hep-lat/1507.03094] to apply to the rare hyperon decay

- Need to handle the additional spin degree of freedom, and the different
spectrum involved

- In this section we assume a continuum space-time and infinite temporal
extent (but finite volume)
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Minkowski Amplitude

- Long distance part ¥ — py* given by amplitude
Aj = / d*x (p(p), r| TIHw(X)/.(0)] |Z* (k). s)

- Ju is the Electromagnetic current
- Hy is the s — d effective weak Hamiltonian

G * u c u (o
HW: 7%Vusvud [Q(Qw —Qq)+C2(Qz —Qz)+]

with 4-quark operators
Q7 = (dy*s)(G74q) Q§ = (d"9)(G.5)

- Wilson coefficients Ci~, suppressed by factor V“Vfdd ~107°
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Minkowski Amplitude

- Amplitude definition
A = /d‘* p). rl TIHw(x)).(0)] |Z* (R), s)
- Form factor decomposition
A = T(p) [i0vuG” (a + bys) + (07 — Gud)(c + ds)| vz (k)
- Spectral representation
A= [ e (o n et o )

- In finite volume spectral functions have the form

(R

Bk =3 LE@ (P(D), Ty [Ea(R)), (Ea(R)| Hu|Z(R), 5},
% (P(), 1| Hur Ea (D)), (Es(P) o IZ(R), S),

oy =Y 2

8 s(P
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Euclidean Correlators

- In a finite Euclidean space-time have access to 4-point function

0t s t) = [ o (Wolt,P) Hin(ts, X0(0) i, )
with unpolarised interpolators ¢, and s

- Amputate external state creation, propagation and annihilation
(assuming ground state dominance)

=P ethe i (1), ty, ty)

e ﬁu(w)L e~ (Ee=w)th  for th <0
= dw ~ —(w—Ep)t

0 Tu(w) e P for ty >0
- Dirac matrix valued spectral densities

> s Upppa (w) Uy

etc
4mpms ’

pulw) =
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Euclidean Correlators

To compute these correlators need to compute Wick contractions topologies:

Referred to as the Non-Eye (top) and Eye (bottom) type diagrams
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Euclidean Correlators

4-point function requires a current insertion on each leg (and disconnected

diagram)
Tty Iy I 7, Hw Hv g,
P o P ot B P
Hw Hyw
Hw Hw @ 2 9 @ B
Ju
% o
E+p B ©
hrad P pnd P
etc
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Integrated Correlator

- Integrate amputated 4-point function within window ty € [—Ta, Tp]

. Tb S
I (Ta, Tp) = —i dty £ (tw)
77'0
. oo . 1 — e_(W_EZ)TG 1— e_(W_EP)Tb
= —] C/ _— o _—
7t e I e

=Fu + Ta, Ty exp terms

- F. is the FV estimator: A,, = F,, + FV corrections (see later)

ﬁ,,:_,'/o“"’dw[M+M]

w— Es w—Ep
- Remove T, exp terms by taking T, — oo

- Tq — oo limit blows up for region of p, spectrum with w < Es

12/37



Growing Exponentials

L oo 1— e (@=E)Ta 1— e (W=Ep)Ty
14 ~ ~
1(Ta, To) = —'/O dw {ﬂu(wﬁﬁ + ou(w)Lﬁ
E(p)
- Nar(k)
Nr(k)
.................................... p(p)
(k)
L 1 |
P o

Example physical point intermediate spectra with k = 0 and |p| = 400 MeV

- Must remove growing exponentials before taking the T, — oo limit

- In practice might also have to remove slowly decaying exponentials to
improve convergence as Tq, Tp — 00
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Intermediate state removal: (Pseudo-)scalar shift

- Can also remove a single growing exponential via a (pseudo-)scalar
operator shift to Hy. Amplitude invariant due to chiral Ward identities

[hep-lat/1212.5931]
Hiy = Hw — csds — cpdyss = Aj, = A,
- Choose cs and cp such that a single matrix element vanishes

(p(R)| Hiw [£(R)) = Tp [(an — csas) + (bw — cpbp)ys] uz = 0

auq b
Cs = — and Cp = —
ds bp

- In general, need both operators to remove intermediate state
unlike in the rare Kaon decay tep-tat/1s070309:1)

- ¥ atrest (R = 0) is a special kinematic point as it removes need for
pseudoscalar shift since

Up(0)y5uz(0) = 0
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Intermediate state removal: Explicit subtraction

- Can construct the problematic exponentials and explicitly remove them
from the integrated 4-point function

- Requires energies and matrix elements from 3-point functions of H,
and J,
- Example: single proton intermediate state

! R R Hu 15 (R e (Ex(R)—Ep(R))Ta
e PO ) PO i [E0) —
£ ﬁ@)e‘“ﬂM—%WDm

" Ex (k) — Ep(R)

I

- Can in theory be applied to all intermediate states

- Once all problematic states are removed and the Ty, Ty — oo limit is
taken we get the FV estimator F,
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Finite Volume Corrections

- Get the oco-volume amplitude with the FV correction
Ay, =F. + AF;

- Process similar to the w7 states in K, — Ks mass difference calculation

[hep-1at/1504.01170]

- Powerlike finite volume effects from multiparticle states with
Eo(R) < Ex(R) or Eg(p) < Ep(p).

- These are exactly the intermediate states with growing exponentials
(aside from the single proton state)

- For the rare hyperon decay need to take care of:
Parity, my # m,, non-zero spin

« The index space of co volume states: (S = ] omitted)
|N7T7j7l7l’(‘>

16/37



Finite Volume Corrections: Parity

- States have good parity in the rest frame kR = 0 which significantly
simplifies the FV corrections

- 4-quark operators with (V — A)(V — A) structure can be separated into
two parity sectors (VV + AA and VA + AV)

- Weak Hamiltonian decomposes into parity conserving and changing
parts

Hw = Hyy + Hyy

- Gives rise to different parity intermediate states |En, 0, +), that overlap
with the Hy; |+, 0), states transforming in Gi" irreps

- Can therefore do separate FV corrections for each parity sector
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Finite Volume Corrections

- From lattice 4-point func get finite volume estimator
Fu:*/'/ (P(‘*’)L n U(w)L)
0 w—E  w—-E

f; e
0 Y= Ez 2E,(L)(En(L) — Ex)

- Has poles when Ey(L) = Es that are not in the amplitude

- Get amplitude with finite volume corrections
A;L :F;L“’AF;L

- AF, must have exactly the same poles for them to cancel properly
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Finite Volume Corrections

- Correction is given by [hep-lat/1911.04036]

AFﬁ(kv p)L = ’-'A/r“,(Ezv R, p) : ]'—(Ez, k, L) ’ .A,S.(W(Ez, K)
1

F(E,P,L) =
(E,P,L) F(E,P,[)~" + M(Ecmn)
NN N N
Tt p
™ 7T/ \71' 7'('/

- Need to calculated these oo volume amplitudes and scattering

- F(E,P,L) is known for non-degenerate masses and non-zero spin
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Finite Volume Amplitudes

- N scattering amplitude in CM frame in terms of phase shifts d;(p)

8mEcm
"pcoté(p) —ip

- Near the finite volume energies En(L), F becomes rank 1 matrix with
residues

M (Ecm)yrirwr i = 0150116,

lim E— En(L)

_ _(n),in (n),out
bW FEP DT+ MEm) _© 2°

- Relating the finite and oo volume amplitudes

<En,k‘ Hw ‘Z+7k7S>L _ g(n),out ) »Ailw
<p7pzr‘ju ‘En,k>L = -Ajru . {_‘-(r7)1irW
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Example: Single Channel P = 0

- If only a single channel contributes (and truncate at [ = 1)

8wk 1
E)Y=—————
M(E) p cotd(E) —i
F(E,L) = (cot &(E, L) +1)
- FV correction becomes
AF; = —ig :;zA;u(mz)e—z”‘“’”fm;w(mz)

X (cot[d(ms) + ¢(mx)] + 1)

- cot corrects real contribution of amplitude

- +i part gives the imaginary component
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Expansion about the pole

- For volume tuned exactly at E7(L) = Es we get result analogous to the
7 FV correction in K. — Ks mass difference calculation thep-tat/1sos.0m70]

- Expanding away from this fine tuning by 6L = L — L gives
F,=0(5L7")
AF, =0(5L7")
F. + AF, = 0(5L°%)

- Poles cancel as expected

- Go on to calculate the O(5L%) and O(SL") (see [hep-lat/220915460] for
details)

- With this we now know how to extract the rare hyperon decay amplitude
from the lattice
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Exploratory Calculation




Exploratory Calculation: RBC-UKQCD Collaboration

The RBC & UKQCD collaborations

UC Berkeley/LBNI
Aaron Meyer

University of Bern & Lund

Nils Hermansson Truedsson

BNL and BNL/RBRC
Yasumichi Aoki (KEK)
Peter Boyle (Edinburgh)
Taku Izubuchi
Chulwoo Jung
Christopher Kelly
Meifeng Lin

Nobuyuki Matsumoto
Shigemi Ohta (KEK)
Amarjit Soni

Tianle Wang

CERN
Andreas Jiittner (Southampton)
Tobias Tsang

Columbia University
Norman Christ

Yikai Huo

Yong-Chull Jang

Joseph Karpie

Bob Mawhinney

Bigeng Wang (Kentucky)
Yidi Zhao

University of Connecticut

University of Milano Bicocca

Tom Blum

Luchang Jin (RBRC)
Douglas Stewart
Joshua Swaim
Masaaki Tomii

Edinburgh University
Matteo Di Carlo
Luigi Del Debbio
Felix Erben

Vera Giilpers
Maxwell T. Hansen
Tim Harris

Ryan Hill

Raoul Hodgson
Nelson Lachini

Zi Yan Li

Michael Marshall
Fionn O hOgdin
Antonin Portelli
James Richings
Azusa Yamaguchi
Andrew Z.N. Yong

Liverpool Hope/Uni. of Liverpool

Mattia Bruno

Nara Women's University
Hiroshi Ohki

Peking University
Xu Feng

University of Regensburg
Davide Giusti
Christoph Lehner (BNL)

University of Siegen
Matthew Black
Oliver Witzel

University of Southampton

Alessandro Barone
Jonathan Flynn
Nikolai Husung
Rajnandini Mukherjee
Callum Radley-Scott
Chris Sachrajda

Stony Brook University

Nicolas Garron

Michigan State University
Dan Hoying

Jun-Sik Yoo
Sergey Syritsyn (RBRC)
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Exploratory Calculation: Ensemble details

- lwasaki gauge action 8 = 2.13 © My >~ 340 MeV
- 2+1f Shamir domain-wall fermions - Mg ~ 620 MeV
- a~0.1fm ~ (1785 MeV)™" - my ~ 1200 MeV
- Lattice size 24> x 64 (x16), - ms ~ 1370 MeV
[RBC-UKQCD 101103/ PhysRevD.83.074508]
Nra(k)
Nr(k) e
(k)
»(p)
(k)
L 1 J
» -

- No multiparticle states in this spectrum below the Es threshold
- No power-like finite volume corrections: A, = F,, + 0(e™"~")
- No imaginary component by optical theorem

- Only single proton intermediate state grows exponentially
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Exploratory Calculation: Measurement Details

- Software Grid/Hadrons

- Kinematics k=0, p = 2£(1,0,0)
— g% = —0.2 Ge\?

7 / /
3
o

- Gauge fixed Gaussian sources

n
L
O

Hadrons

- Time translations (x32)
[github.com/paboyle/Grid]

[github.com/aportelli/Hadrons]

Source-Sink sampling

- Due to contraction method, full volume sum at source and sink for
momentum projection requires ~ 14,000 solves

- Approximate with sum over N random position samples

[Y. Li et al. 101103/ PhysRevD.103.014514]
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Exploratory Calculation: Eye Diagrams

- Eye diagrams require loop propagators: S(x|x) Vx

s w 2

- Stochastic estimator with Z, ® Z, noise sources with spatial sparsening
of 2 in each dimension

- Improve the signal-per-cost by 2x over full volume noise inep-tat/2202.08795)

- So far have 1 hit of 16 noise sources measured, and are continuing to
add additional hits using AMA approach
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Exploratory Calculation: Preliminary Data

- Temporal component of the 4-point correlator with a source-sink
separation tr/a = 16 and em. current at t;/a = 8.

15 T T T
Non-Eye +——
Eye —— |
Total

10

_5 Al l “ %j},};}}&
'“’lﬂ J} bt

-5

r (102
o

@

20 L I I I I I I
0 2 4 6 8 10 12 14 16

- Observe good signal for the non-eye diagrams

- Stochastic estimation of eye diagrams give large errors dominating the
total (Non-Eye < Eye)
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Exploratory Calculation: Scalar Shift Method

- Can perform the scalar shift to the non-eye diagrams with cs measured
from ratio of 3-point functions

- Comparison of weak Hamiltonian and scalar 4-point function (xcs)

T T T
Hw —— |

10 -
Y I Scalar ——

11y |
e

o

r (1019

11,
%H%%? :
Ty

=
k3

I I I

0 2 4 6 8 10 12

- No signal observed in the difference with current statistics

- Must remove single proton intermediate state by other methods
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Exploratory Calculation: Separation of Spectra

- Can separate the two spectral contributions by splitting the time integral

0 oo —(w—Ex)Ta
. a4 . ~ 1 = @ Iz
/ﬂM=—1JﬂWWW0=Hl Pl
T . L[ 1— ef(wap)Tu
/ﬂM:q/(m#WM:q/ Fulwh—————
0 0 w—Ep

- A similar separation can be made for the co volume amplitude (and FV
estimator)

A, = AL+ A

- Non-separated integral has
redundancy that causes large
correlations that destabilise fits
(example correlation matrix from rare
kaon decay [hep-lat/2202 08795])
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Exploratory Calculation: Form factor extraction

- We can extract the form factors directly
T Alw) gw) \_ (2
“A# - I/O dw ((w o EZ) + (UJ o Ep) - ]P)P [UVMan (q T + QMg)C] Pz

(in + parity sector)

with projector

SErS) _
Py = Uglp _ Ipg + Ms
p 2mg 2mg

- Euclidean 4-vectors and y-matrix definitions used
- Traces give access to combinations of form factors f,,

Tr [-’ZMPJW] = Cuoy fu

- PT = (14 ~)/2 projects positive parity external state
- Cu,y accounts for artificial v dependence
- We use the u = t,z components

ff _ 1 m{“‘mp a
fo )\ mz+mp g’ c
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Exploratory Calculation: Integrated 4-point functions

- Integrating (summing) in the two time orderings

T T T 2 T T
Non-Eye ——+— Non-Eye ——+—
r Eye —— 7 151 Eye ——
| Total —— ’

P
N B o R N W A o oo
T
0
[}
i
—
L
o
t
i
T
g
o
-
——
[
—
[
——
]
—
-
—_—
TR

- Large fluctuations in the eye diagrams cancel giving Eye < Non-Eye

- Appears promising that with extra noise hits we can significantly
improve results
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Exploratory Calculation: Fitting

- Perform a hierarchical fitting procedure with masses and overlap factors
fit from 2-point functions

- These are passed as constants to the 4-point function fits
Example Non-Eye 4-point fits for temporal component and ts/a = 16

16

I I I I I I I I 0.2 L1

- Use fit ansatz with a single intermediate state exponential
(energies fixed by m, and ms from 2-point functions)
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Exploratory Calculation: Preliminary Results

Parameter ‘ Result ‘ P-value ‘ fi=f+f
e 2.16(31) 0.70 .
—4.7(21.8) x 1
foNE —221(21) | 0.40 (21.8) > 10
TR 0.20(1.03) | 0.72
—0.37(1.21
R —0.57(71) | 0.32 (1.21)
e+ e - - —0.42(1.21)
P 2.52(1.62 0.69
fg (1.62) —0.25(1.75)
f —2.78(92) | 0.34

- Eye and total contributions have very large errors due to stochastic
noise

- Non-eye contribution has 10 — 15% errors on separated spectral
components, but has a large cancellation when combined giving large
errors

- More investigation needed into the cause of this cancellation
(approx. SU(3)r symmetry?)

33/37



Exploratory Calculation: Preliminary Results

- Inverting the linear relation between f;; and a, b give form factors

Form Factor ‘ Value (Stat)

alt 5  (16) MeV
cNE 0.009  (30)
a®e —58 (100) MeV
che 0.034  (173)
aVf 4 aPe —53  (100) MeV
AME e | 0,043 (174)
a —53  (114) MeV
c 0.018  (249)

- For reference phenomenological values at g* = 0:
Rea ~10MeV , Rec~ 1077

- Note all fits made to data with tr = 16a ~ 1.8 fm
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Exploratory Calculation: Preliminary Results

- If we also include data with source-sink separation ty = 12 a ~ 1.3 fm
(data only available for non-eye diagrams)

Form Factor | Value (Stat)
a'* 4 (5) MeVv
cNE 0.030 (9)

- Start to observe result for the non-eye contribution to the ¢ form factor
- Requires fitting approx 0.3 fm from the source/sink operators

- Will have large uncontrolled excited state contributions that must be
addressed
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Exploratory Calculation: Improvements

This calculation is currently limited by:

- Stochastic estimation of quark loops: (like the rare kaon decay)
May be able to reduce loop noise with improved estimators
e.g. frequency splitting

- Exponential signal-to-noise problem of baryons:
Would benefit greatly from investigation into exponential variance
reduction techniques e.g. multi-level algorithms

- Large cancellation between different intermediate spectra:
Investigation into its origin may provide methodological improvements
May be possible to achieve a significant result with (excited states accounted
for) at the unphysical point via 1/v/N scaling of additional statistics

At the physical point this would likeley be prohibitaviy expensive. Need
improved techniques
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Conclusions/Outlook

Conclusions
- Have theoretical framework to extract the RH amplitude from the lattice
[hep-lat/220915460]
- Working towards an exploratory computation with m, ~ 340MeV

- Errors currently dominated by stochastic loop estimation and large
cancellation between both intermediate spectra

Outlook

- RH and RK decays would both benefit from improved loop estimation

- Physical point calculation will likely require baryon variance reduction
techniques, and will need to evaluate finite volume corrections

This project has received funding from the European Research Council (ERC) under the European Union’s Horizon
2020 research and innovation programme under grant agreement No 757646
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