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Starting from hadron charge radius

2



Muonic hydrogen
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• Muon mass is about 200 times of electron
• Bohr radius for μH is 200 times smaller than H

5σ deviation → Proton size puzzle

• Precision 10 times better than before
• 4% smaller radius

Ø New experimental progress

Ø Still some discrepancies
Ø Consistently shrink the proton size

Puzzle possibly originates from experiments

Ø 2010, proton charge radius from μH

【Nature 466 (2010) 213】

However, as a fundamental quantity,  the size of proton 
charge radius plays an important role in the theoretical 
prediction in spectroscopy
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Direct lattice QCD calculation of charge radius

Ø Charge radius is the derivative of form factor still hard to achieve ~1% accuracy
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Direct lattice QCD calculation of charge radius
Ø Various systematic effects, especially the model dependence

• Momenta pi and pf on the lattice are always discrete:

[PACS Collaboration used a (10.8 fm)4 lattice, PRD 2020]
• Model dependence could cause a 3% shift in rp , e.g. 0.806(26) → 0.783(30)
• Twisted boundary condition can help, but requires more computational resources and still a fit functional form
• Why not calculate the charge radius directly at q2=0

modeling of q2-dependence to extract charge radius

A model-independent approach to extract charge radius
XF, Y. Fu, L. Jin, PRD 101 (2020) 051502



Charge radius in the infinite volume
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Significant finite-volume effects
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Treat with finite-volume effects
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FV effects incorporated in the weight function



Systematic effects
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Error reduction
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Results
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XF, Y. Fu, L. Jin, PRD 101 (2020) 051502



Traditional method
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Comparison
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Short summary
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Ø We propose to calculate a physical quantity through the summation

l Hadronic function from lattice QCD

l Weight function is analytically known and contains all the non-QCD information

• In the infinite volume, the weight function is as simple as |x2|

• Consider the finite-volume effects

Design the specific weight function to incorporate the FV effects



QED self energies
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Long range photon on the lattice
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Remove zero mode - QEDL
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Starting from QED∞
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XF, L. Jin, PRD 100 (2019) 094509



Analysis of hadronic function
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Infinite volume reconstruction method

20



Master formula
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Example: Pion mass splitting
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XF, L. Jin, M. Riberdy, PRL 128 (2022) 052003



Using infinite-volume reconstruction
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Ø List of gauge ensembles used, DWF @ phys. Pion mass



FV effects from scalar QED
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Pion mass splitting
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XF, L. Jin, M. Riberdy, PRL 128 (2022) 052003

Ø Pion mass splitting with a percent-level uncertainty, 
which is about 5-10 times smaller than previous 
lattice QCD calculations



Two-photon exchange contribution to Lamb shift
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Various contributions to μH Lamb shift
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Proton size puzzleØ Exp. vs Theory

Ø Largest theoretical uncertainty from two-photon exchange (TPE)

Ø Theoretical prediction for TPE relies on data + models and 
ranges from 20 to 50 μeV

Our target: obtain TPE from first principles

Ø Uncertainty for structure independent contribution is further reduced

【Science 339 (2013) 417】Experiment Theory

【Ann.Rev.Nucl.Part.Sci.72 (2022) 389】

Upgrade of CREMA@PSI can reduce Exp. error by a factor of 5

Lattice QCD

Leaving TPE the important source for uncertainty!



Challenges from TPE (1): IR divergence
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Ø Binding energy of μH serves as a natural IR cutoff

Bound-state QED

Proton treated as point-like particle 
+ charge radius correction

No divergence, but rich structure information lost

Ø QCD+QED: complete information of proton structure

Loop integral sensitive to hadronic scale → highly NP

Bound lepton → free lepton → IR divergence

Solution: subtract the divergence

- -

Point-like particle Charge radius



Challenges from TPE (1): IR divergence
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Leptonic part:

Hadronic part:

- -

divergence divergence divergence finite- - =

IR subtraction

→ Analytically known

→ Provided by LQCD
(statistical errors)

Loop integral

Three diagrams contain diff. stat. errors How to maintain the error cancellation?

Key technical problem

If signal cancels and error does not, then signal is completely hidden by error



Challenges from TPE (1): IR divergence

30Error decreases coherently as signal. IR divergence is solved cleanly!

To solve IR divergence: infinite-volume reconstruction method

- -

Ø Cancellation of IR divergence is rigorously fulfilled via the subtraction of weight functions

【X. Feng, L. Jin, PRD 100 (2019) 094509】

Use to reconstruct the quantities such as charge radius
Basic idea: low-energy structure information is contained in the long-distance part of hadronic function

at large

= =

Ø Find the appropriate weight functions and for the subtraction terms, yielding



Challenges from TPE (2): Signal-to-noise problem
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Property of lattice data:

As increases, proton matrix element

However, error decreases as

decreases as

Weight function increases fast, as increases Model estimate: Combine leptonic and hadronic part

Conclusion: take as large as 5 fm Require a 10 fm lattice for simulation
Decrease of S/N ratio seems an inevitable problemto guarantee no information lost



Challenges from TPE (2): Signal-to-noise problem

32

To solve S/N problem: optimized subtraction scheme 【Y. Fu, X. Feng, L. Jin, C. Lu, PRL 128 (2022) 172002】

Trick:    A = (A – B) + B

Define the reduced weight function

• Total contribution is

to minimize in the region of 1-3 fm• Choose

• Using , (A-B) part is illustrated by the red curve

Use optimized subtraction scheme in realistic calculation

Integral within the range R:

, error reduced by a factor of 6!

S/N problem is solved

using



Challenges from TPE (3): Computation of 4-point function
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!
!∈#!

• Perform the volume summation for each point

• From 3-point to 4-point function

𝑥! 𝑥" 𝑥# 𝑥! 𝑥" 𝑥$ 𝑥#

3-point: 𝐿! summation 4-point: 𝐿" summation

• TPE - hadronic part from a typical 4-point function

1
2

3 4

Solution：Field sparsening method

• Reduce the computational cost by a factor  of 102-103
with almost no loss of precision!

Utilize field sparsening method

• Less summation points may lead to lower precision

• It is not the case because of high correlation in lattice data

• Used for diff. physical system to confirm the universality

102-103 times less points yields similar precision

【Y. Li, S. Xia, X. Feng, L. Jin, C. Liu, PRD 103 (2021) 014514】

【W. Detmold, D. Murphy, et. al. PRD 104 (2021) 034502】

Increasing each point, computational cost 
increases by 104-105 times!
Cannot be solved by increasing resources …



Challenges from TPE (3): Computation of 4-point function
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Ø Complicated quark field contraction for nucleon 4-point function – 10 types of connected diagrams

Ø There are also disconnected diagrams – notorious for high cost and bad S/N ratio

Our calculation contains both connected and the main disconnected diagrams
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Challenges from TPE (3): Computation of 4-point function

Using the conditions such as charge conservation to verify the contraction code
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Lattice results
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Ø Gauge ensemble used – nearly physical pion mass

Ø The total TPE contribution is given by

• Matching with Exp. measurement, one gets 

consistent with quoted by μH Exp

• Using μH value of charge radius as input, one gets



Lattice results
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Ø Compared with other theoretical work

• Need to increase statistics and control systematic 
effects

• First lattice result @ mπ=142 MeV  

Outlook: to help answer the question – what is the exact size of proton

Y. Fu, XF, L. Jin, C. Lu, PRL 128 (2022) 17, 172002

TPE contribution [μeV]



π0→e+e- decays
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First look at π0→γγ 
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First look at π0→γγ 
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Results for π0→γγ 
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Move to π0→e+e-
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Hadronic function from lattice QCD

Analytically known weight function

Ø Decay amplitude
【N. Christ, X. Feng, L. Jin, Y. Zhao, PRL 130 (2023) 191901】



Singularity of weight function
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Ø Express the weight function in position space with coordinates 

Ø Weight function contains both imaginary and real part

e.g.

π0→γγ part
γγ→e+e- part



Results
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Ø List of gauge ensembles used, DWF @ phys. Pion mass

【N. Christ, X. Feng, L. Jin, Y. Zhao, PRL 130 (2023) 191901】



Results
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Ø List of gauge ensembles used, DWF @ phys. Pion mass

Ø Lattice result is 1.8 σ below experimental value, 
where radiative corrections have been removed

【N. Christ, X. Feng, L. Jin, Y. Zhao, PRL 130 (2023) 191901】



Conclusion
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Hadron charge radius QED self energy

Two photon exchange π0→e+e- decays 


