
Generating configurations of increasing lattice size with machine learning and 
the inverse renormalization group

Dimitrios Bachtis

This project has received funding from the European Union’s
Horizon 2020 research and innovation programme under the
Marie Skłodowska-Curie grant agreement No. 813942



Outline

1. The (standard) renormalization group.



Outline

1. The (standard) renormalization group.

2. The inverse renormalization group: is it possible?



Outline

1. The (standard) renormalization group.

2. The inverse renormalization group: is it possible?

3. Example of the inverse renormalization group for the φ4 theory.



Outline

1. The (standard) renormalization group.

2. The inverse renormalization group: is it possible?

3. Example of the inverse renormalization group for the φ4 theory.

4. Could we ever use the inverse renormalization group to surpass supercomputers?



Outline

Why should a lattice field theorist be interested in the 
inverse renormalization group?



Outline

Why should a lattice field theorist be interested in the 
inverse renormalization group?

We can generate configurations of increasing lattice size without 
critical slowing down
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Standard renormalization group
L
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Spin blocking transformation with a rescaling factor of b=2 and the majority rule

L

L’=L/2

Standard renormalization group
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L, ξ
L’=L/2, ξ’=ξ/2

Standard renormalization group
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L, ξ, β
L’=L/2, ξ’=ξ/2, β’

Standard renormalization group
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The standard (Monte Carlo) renormalization group is a powerful technique to study 
phase transitions:

1) Finite size effects are almost eliminated->Precision measurements can be 
obtained on smaller lattice sizes.

2) Locating the critical point can be achieved self-consistently (and on smaller 
lattices).

However, the standard renormalization group, which iteratively eliminates degrees 
of freedom, can only be applied for a finite number of steps before the degrees of 
freedom vanish.

Real space renormalization group
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Can we devise an inverse renormalization group approach that

 

i) retains all of the benefits of the standard RG, i.e. partial elimination 

of finite size effects, 

ii) works for systems with continuous degrees of freedom,

iii) produces the correct fixed point structure and gives rise to inverse 

flows in parameter space, and 

iv) can be applied in principle for an arbitrary number of steps, while 

evading the critical slowing down effect?

Inverse Monte Carlo Renormalization Group Transformations for Critical Phenomena, D. Ron, R. Swendsen, A. Brandt, Phys. Rev. Lett. 89, 275701 (2002)
Inverse renormalization group in quantum field theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,   arXiv:2107.00466 

Inverse renormalization group
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Inverse renormalization group

But how to devise an inverse transformation?

New degrees of freedom must be introduced within the system
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Inverse renormalization group

+1

Original degree of freedom

Possible rescaled degrees of freedom

Inversion of a majority rule in the Ising model

+1 +1

+1 -1

-1 +1

+1 +1

-1 +1

+1 -1

-1 +1

+1 -1
…

Inverse Monte Carlo Renormalization Group Transformations for Critical Phenomena, D. Ron, R. Swendsen, A. Brandt, Phys. Rev. Lett. 89, 275701 (2002)

For the inverse renormalization group in the Ising model, see:
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Inverse renormalization group

Original degree of freedom

Possible rescaled degrees of freedom

Inversion of a summation in the φ4 model

0.01 0.36

0.02 0.01

…

0.40

-421.1 90.1

0.5 330.9

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse renormalization group

Original degree of freedom

Possible rescaled degrees of freedom

Inversion of a summation in the φ4 model

0.01 0.36

0.02 0.01

…

0.40

-421.1 90.1

0.5 330.9

Too complicated!

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse renormalization group

The main idea:
We can learn a set of transformations, in the form of transposed 

convolutions, that can approximate the inversion of a standard 

renormalization group transformation.
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Inverse renormalization group

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)

*
w11 w12

w21 w22
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Inverse renormalization group

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)

*
w11 w12

w21 w22

Example

* =

=
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Inverse renormalization group

The benefit:

We can apply this set of inverse transformations iteratively to 

arbitrarily increase the size of the system, evading the critical 

slowing down effect.
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Inverse renormalization group

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse renormalization group

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)

IRG

IRG
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Inverse renormalization group

The set of transformations can be applied iteratively to arbitrarily increase the lattice size:

However the increase in the lattice size will induce an analogous increase in the correlation 
length of the system:

What are the implications?

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse renormalization group

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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At the critical point the correlation length diverges, it becomes infinite, and 
intensive observable quantities O,O’ of original and renormalized systems 

become equal.

O’(Κ
c
)=O(Κ

c
)

Inverse renormalization group
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Inverse renormalization group

First, we verify that the standard MC renormalization group method works in the φ4 
theory:

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)

Then we invert the standard transformation that we verified as being successful. 
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Inverse renormalization group

Now, we start from a lattice size L0=32 in each dimension 
and apply the inverse transformations to obtain systems 

of lattice sizes L1=64, L2=128, L3=256, L4=512.

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse renormalization group

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse renormalization group

Can we now use the inverse renormalization group approach to calculate critical 
exponents?

The relations that govern the divergence of the magnetization for an original (i) and 
a rescaled (j) system are

They can be equivalently expressed in terms of the correlation length as

where ν is the correlation length exponent

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse renormalization group

By dividing the magnetizations (or magnetic susceptibilities), taking the natural 
logarithm, and applying L'Hôpital's rule, we obtain

We can use the expressions above to calculate the critical exponents without ever 
experiencing a critical slowing down effect.

Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse renormalization group

Ising universality class: γ/ν=1.75, β/ν=0.125.
Inverse Renormalization Group in Quantum Field Theory, D. Bachtis, G. Aarts, F. Di Renzo, B. Lucini,  Phys. Rev. Lett. 128, 081603 (2022)
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Inverse renormalization group

Could we ever use the inverse renormalization group to 
surpass supercomputers?
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Inverse renormalization group

3D Edwards Anderson model

Paramagnetic phase
β->0

Spin Glass phase
β->∞

System freezes to a 
configuration
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Inverse renormalization group

3D Edwards Anderson model

The problem is computationally hard:

i) Metropolis algorithm does not even thermalize in sufficient time as we approach the spin glass phase.
ii) Cluster algorithms are not efficient in 3D. We need to resort to parallel tempering/replica exchange 
techniques in >=3D.
iii) System has probabilistic coupling constants, and we need to simulate a large number of realizations 
of disorder to calculate expectation values. 

Jij
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Inverse renormalization group

Janus Collaboration:

Has access to special-purpose supercomputers which are 
constructed exclusively to study spin glasses.

Has thermalized lattices up to L=403
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Inverse renormalization group

Inverse renormalization group:

We have constructed configurations for lattices up to L=1283
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➔ How to generate configurations of systems with larger lattice size without critical slowing 

down effect.

➔ How inverse renormalization group flows emerge.

➔ How to calculate multiple critical exponents with the inverse renormalization group.

We have answered these questions:

Inverse renormalization group

➔ We have discussed applications of the inverse renormalization group to computationally hard 

problems.
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