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Calculating Loop Integrals

@ Many loop integrals appearing in
state-of-the-art amplitude calculations
are analytically intractable

@ Numerical methods developed to
tackle these integrals (Monte Carlo
techniques, differential equation
methods etc.)

e Exploring singularity structure of
Feynman integrals can help us
understand how to integrate in the
Minkowski regime
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Minkowski Regime

@ Often have trouble numerically calculating in the Minkowski
regime due to poles on the contour of integration

Tm(z)

= Contour Deformation
A Re(z)

0 1

o Causal prescription provided by Feynman i
[Schwinger; Feynman, Landau; Eden, Landshoff, Olive, Polkinghorne; Hannesdottir, Mizera; ...]
@ Methods being explored to remove need for contour

deformation in momentum space
[Buchta, Chachamis, Draggiotis, Rodrigo; Anastasiou, Haindl, Sterman, Yang, Zeng; Aguilera-Verdugo,

Hernandez-Pinto, Sborlini, Torres Bobadilla; Capatti, Hirschi, Kermanschah, Pelloni, Ruijl; ...]

@ Can we do the same in Feynman parameter space?
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\Y um Space Integral

/ +jo<ﬁ de/) 1/\_/{ 1
e = j=1 P,-Vj({k},{p},mf)
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Recap: Feynman Parameterisation

Momentum Space Integral

/ +j,° L ab 1/\_/{ 1
__MQ£;?>FN#waMﬂ
4

Feynman-Parameterised Integral

u(x)u—(L+1)D/2

Foagarmrd |1 - X%

v N Pa—
|— (C1)T(v—LD/2) I deX;/, 1
J=1 J=1

HjN:I ()
Rgo
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Recap: Feynman Parameterisation

Momentum Space Integral

/ +j,° ﬁ dCk 1/\_/{ 1
e </:1 HT_IZD> j=1P/ ({k},{p},mf)
Y

Feynman-Parameterised Integral
i N i— v—(L+1)D/2
|= (=1)"T(v—LD/2) sl 1 M(X)—(S 1 .
HjN:1 I(v) R, i 2P (F(x,s)—i6)"~LD/2 . X

J:
U & F constructable directly from Feynman diagrams with &/ > 0
and F depending on both parameters and kinematics

Mz

J
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Contour Deformation in Parameter Space

@ The i) prescription in momentum space induces F — id in
Feynman parameter space

@ This is needed when F is 0 within the boundary of integration
(i.e. within RY))

Implementation in Parameter Space

F(2) = ()—127,8’;;) 7 = A (1 — ) 52

[Soper; Binoth, Guillet, Heinrich, Pilon, Schubert; Nagy; Anastasiou, Beerli, Daleo; Borowka, Carter; ...]

@ Many techniques, including neural networks winterhalder, Magerya, Vila,
Jones, Kerner, Butter, Heinrich, Plehn; .. ], have been Used to 0pt|m|se thIS
choice but overall can still slow down integration massively

@ There are even cases where this procedure fails entirely!

[see Stephen Jones’ talk]
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Contour Deformation in Parameter Space

“Can we avoid this sometimes?”

Yes!

“Always?"

Maybe...?
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The Idea

@ These transformations look like: a) positive parameter
rescalings: e.g. Xj — ax;j or X; — X;X;

VSC{l N}AS;AQ)

N
d1-=> x| =0|1—> xj| leaves | invariant
j=1 Jj€s

@ and b) the introduction of hierarchies between Feynman
parameters which generate split integrals to cover the entire
original parameter space: e.g. xj — X; + X;

Heaviside ldentity
Under the integral sign: 6 (xa — xp) + 0 (xp — x5) = 1
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@ These transformations result in us only integrating multiple
manifestly non-negative integrands

o For the transformations which make F non-positive, extract
an overall minus sign and bring it out of the integral along
with the jé to generate the physically-correct imaginary part

@ We stitch everything together as follows:

Overall Construction

Ny N_
| = 21/,,++ Sy (- ) p Ca s e 21 I

ny—= =
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The Idea

@ These transformations result in us only integrating multiple
manifestly non-negative integrands

o For the transformations which make F non-positive, extract
an overall minus sign and bring it out of the integral along
with the jé to generate the physically-correct imaginary part

@ We stitch everything together as follows:

Overall Construction
N_
3 (1)) B
1

n+— n—_—

@ Can be much faster numerically to only calculate the
manifestly non-negative integrals {/} , /" }!

nyo’ 'n—
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make this concrete:

P1 P3

P2 P4
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p2 Pa
X2
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X0
p1 P3

X X3 o U =xg+x1+x0

p2 Pa
X2
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X1 X3 o U =Xo+X1+X2+Xx3
o F=

p2 Pa
X2
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1-Loop Off-Shell Box

X0
p1 P3

X X3 o U =xg+x1+x0+x3
o F :—sxoxz—tx1X3—p%xox1

P2 P4
X2

Let's consider the regime: s >0, p? >0& t <0 = zeroes of
F within the integration volume for {xo, x1,x2, x3} € R%,
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o F = —sxox2 + |t|xix3 — pfxoxl

X2X3

o First, rescale xp & x3: xp — &%, x3 — o

2
o F = x <X2 (x3 — x0) — p?lxoxl)

@ Introduce the hierarchy xo > x3 by shifting xo: xo0 — X0 + X3
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F = —sxox2 + | t|x1x3 — pfxox1

X2X3
It]

First, rescale xo & x3: xp — %%, x3 —

2
F = X1 <X2 (X3 — Xo) — p?IX()Xl)
Introduce the hierarchy xg > x3 by shifting xo: xo — Xo + X3
F — —% (xl (sx0x2 + pfxl (xo + X3)))
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1-Loop Off-Shell Box

F = —sxox2 + | t|x1x3 — pfxox1

X2X3
It]

First, rescale xo & x3: xp — %%, x3 —

2
F — X1 <X2 (X3 — Xo) — p?IX()Xl)
Introduce the hierarchy xg > x3 by shifting xo: xo — Xo + X3
F — —% (x1 (sxox2 + px1 (x0 + x3)))=: —=F;
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1-Loop Off-Shell Box

F = —sxox2 + | t|x1x3 — pfxox1

X2X3
It]

First, rescale xo & x3: xp — %%, x3 —

F = x1 <X2 (x3 — x0) — p?%xoxl)

Introduce the hierarchy xg > x3 by shifting xo: xo — Xo + X3
F = —% (xl (sx0x2 + p2x1 (xo + X3))):: -F

J1 non-negative as required!

15/39

Evaluating Parametric Integrals in the Minkowski Regime without Contour Deformation Thomas Stone



Massless Integrals
000

1-Loop Off-Shell Box

o F = —sxox2 + |t|xix3 — pfxoxl
o First, X0 & x3: xoﬁ%,m%%
p?
o F = x (X2 (x3 — x0) — ?lxoxl)
@ Introduce the hierarchy xo > x3 by shifting xo: xo0 — X0 + X3
o F— —1(x (sxoxe + px1 (x0 +x3)))=: —F;
@ F, non-negative as required!
@ To cover the whole original space, the Heaviside identity tells

us we need to consider the converse case (x3 > xp) so shift x3:
X3 — Xg + X3
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@ F, non-negative as required!
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1-Loop Off-Shell Box

o F = —sxox2 + |t|xix3 — pfxoxl
o First, X0 & x3: xoﬁ%,m%%
2

o F = x (X2 (x3 — x0) — p?lxoxl)

@ Introduce the hierarchy xo > x3 by shifting xo: xo0 — X0 + X3

o F— —% (xl (sx0x2 + pfxl (xo + X3))):: -F

@ F, non-negative as required!

@ To cover the whole original space, the Heaviside identity tells
us we need to consider the converse case (x3 > xp) so shift x3:
X3 — Xg + X3

2
o F = x (—p—slxoxl + X2X3>
@ This is not of uniform sign =- needs further work!
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2
P1X0X2

@ [escale again: xp — =

, X1 =7 X1X3
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1-Loop Off-Shell Box

2
. X0 X
@ Rescale again: xp — %,Xl — X1X3

2
o F — Blxoxixd (xo — x1)
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2
P1X0X2

@ [escale again: xp — =

, X1 =7 X1X3

2
o F — Blxoxixd (xo — x1)

@ Suggests introducing new hierarchy! First xo > x; = shift xo:
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1-Loop Off-Shell Box

2
P1X0X2

@ [escale again: xp — =

» X1 =7 X1X3
P 2
o F — ZLxoxixz (x2 — x1)
@ Suggests introducing new hierarchy! First xo > x; = shift xo:

p? 2
o F — T1Xox1x2X3
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2
P1X0X2

@ [escale again: xp — =

» X1 =7 X1X3
P 2
o F — ZLxoxixz (x2 — x1)
@ Suggests introducing new hierarchy! First xo > x; = shift xo:

2
°o F— p—slxoxlxzxgz: Fi
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Now x1 > xo = shift x1:
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1-Loop Off-Shell Box

2
P1X0X2

Rescale again: xp — =L

, X1 =7 X1X3

F— p—%x0x1x2 (x2 — x1)
S 3 \ X2 1

Suggests introducing new hierarchy! First xp > x1 = shift x»:

2
P 2.+
F = xoxixoxz=: JFy

Now x1 > xo = shift x1:

2
F = —%ngl (x1 + x2) x5

16/39

Evaluating Parametric Integrals in the Minkowski Regime without Contour Deformation Thomas Stone



Massless Integrals
0000

1-Loop Off-Shell Box

2
@ Rescale again: xo — @,xl — X1X3
pi 2
o F — ZLxoxixz (x2 — x1)
@ Suggests introducing new hierarchy! First xo > x; = shift xo:
P 2 +
o F = rxoxixoxy=: JFi
o Now x1 > xo = shift x1:
2
P1 2__. —
o F— —"txoxi (x1 4+ x2) x5=: —F,
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1-Loop Off-Shell Box

2
@ Rescale again: xp — @,xl — X1X3
P 2

o F — ZLxoxixz (x2 — x1)
@ Suggests introducing new hierarchy! First xo > x; = shift xo:

2
e F— p—slxoxlxzxgz: ]:1+
o Now x1 > xo = shift x1:

2

p 2_. —
o F — —xoxt (X1 + x2) xg=: —F,
o Generate Ll1+, U; & U, by applying the corresponding

transformations to U/
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1-Loop Off-Shell Box

2
° again: xp — @,Xl — X1X3
P 2

o F — ZLxoxixz (x2 — x1)
@ Suggests introducing new hierarchy! First xo > x; = shift xo:

2
°o F— p—slxoxlxzxgz: Fi
o Now x1 > xo = shift x1:

2

p 2_. —
o F — —xoxt (X1 + x2) xg=: —F,
o Generate Ll1+, U; & U, by applying the corresponding

transformations to U/

@ Generate the absolute values of the corresponding Jacobian
determinants: j1+, J & T,
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easier integrals
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easier integrals

1-Loop Off-Shell Box
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@ Each of the manifestly non-negative integrands has the
following structure:
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1-Loop Off-Shell Box: Putting the Jigsaw Pieces Together

@ We converted our initial single integral / into a sum over 3
easier integrals

1-Loop Off-Shell Box

I=1F+(-1=i6)"2= (I +13)

@ Each of the manifestly non-negative integrands has the
following structure:

7* (U,,i)zs (F’i)f275

@ Verified numerical result against the known analytic result v/
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2-Loop Non-Planar Box

P1 7 P4
o U = xox1 + Xpoxo + XoX3 + Xox4 + Xx1x0 +
X1X3+X1 X5+ X2 X4 +X2 X5 +-X3X4 +X3X5 +-X4X5

P3
p2 !
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p3 0 F = —sx1xoX5 — tXgX1X3 — UXQX2X4
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X1X3+X1 X5+ X2 X4 +X2 X5 +-X3X4 +X3X5 +-X4X5
p3 0 F = —sx1xoX5 — tXgX1X3 — UXQX2X4
p2 !
Momentum conservation implies s+t +u=0= u = —(s + t)
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Momentum conservation implies s+t +u=0= u = —(s + t)

Hence, F can be 0 within {x;} € R, even with s >0,t >0
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Momentum conservation implies s+t +u=0= u = —(s + t)

Hence, F can be 0 within {x;} € R, even with s >0,t >0
Not possible to define a Euclidean region at all!
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2-Loop Non-Planar Box

P1 7 P4
o U = xox1 + Xpoxo + XoX3 + Xox4 + Xx1x0 +
X1X3+X1 X5+ X2 X4 +X2 X5 +-X3X4 +X3X5 +-X4X5

p3 0 F = —sx1xoX5 — tXgX1X3 — UXQX2X4

p2

Momentum conservation implies s+t +u=0= u = —(s + t)
Hence, F can be 0 within {x;} € R%, even with s > 0,t >0
Not possible to define a Euclidean region at all!

Nevertheless, the method works
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o F = —sxixoxs — txox1x3 + (s + t)xoxoxa
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@ x1 — x1X4 then xo — x1xo then xg — xpx1
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2-Loop Non-Planar Box

o F = —sxixoxs — txox1x3 + (S + t)XoXx2Xa

@ x1 — x1X4 then xo — x1xo then xg — xpx1

o F — x2xq (sx2 (x0 — x5) + |t|x0 (33 — x2))

@ Let's look at one set of splittings to see how the method
works in the kinematic region s > —t =1
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2-Loop Non-Planar Box

F = —sxyxox5 — txpx1x3 + (s + t)XoXx2Xq

X1 — x1X4 then xo — x1x0 then xg — xpx1

F — x2xq (532 (x0 — x5) + [t|x0 (x3 — x2))

Let's look at one set of splittings to see how the method
works in the kinematic region s > —t =1

Xp — Xo + X3,X0 — X0 + X5
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works in the kinematic region s > —t =1
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2-Loop Non-Planar Box

o F = —sxixoxs — txox1x3 + (S + t)XoXx2Xa

@ x1 — x1X4 then xo — x1xo then xg — xpx1

o F — x2xq (sx2 (x0 — x5) + |t|x0 (33 — x2))

@ Let's look at one set of splittings to see how the method
works in the kinematic region s > —t =1

Xp — Xo + X3,X0 — X0 + X5

x3 — xpx3 then x5 — x5(s — 1 4 sx3) then xp — xo + X5

F — xox2xaxq (s — 1 + sx3)
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2-Loop Non-Planar Box

o F = —sxixoxs — txox1x3 + (S + t)XoXx2Xa

@ x1 — x1X4 then xo — x1xo then xg — xpx1

o F — x2xq (sx2 (x0 — x5) + |t|x0 (33 — x2))

@ Let's look at one set of splittings to see how the method
works in the kinematic region s > —t =1

@ Xo — Xo + X3,X0 — X0 + X5
@ x3 — xox3 then x5 — x5(s — 1 + sx3) then xg — xp + X5
o F — xoxtxoxa (s — 1+ sx3)=: F;
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F = —sxyxox5 — txpx1x3 + (s + t)XoXx2Xq
X1 — x1X4 then xo — x1x0 then xg — xpx1
F = X12X4 (SX2 (Xo - X5) + |t’X0 (X3 — X2))

Let's look at one set of splittings to see how the method
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x3 — xpx3 then x5 — x5(s — 1 4 sx3) then xp — xo + X5
F = xoxZxoxa (s — 1+ sx3)=: F

x3 — xpx3 then x5 — x5(s — 1 + sx3) then x5 — xo + x5
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F = —sxyxox5 — txpx1x3 + (s + t)XoXx2Xq
X1 — x1X4 then xo — x1x0 then xg — xpx1
F = X12X4 (SX2 (Xo - X5) + |t’X0 (X3 — X2))

Let's look at one set of splittings to see how the method
works in the kinematic region s > —t =1

Xp — Xo + X3,X0 — X0 + X5
x3 — xpx3 then x5 — x5(s — 1 4 sx3) then xp — xo + X5
F = xoxZxoxa (s — 1+ sx3)=: F

x3 — xpx3 then x5 — x5(s — 1 + sx3) then x5 — xo + x5

F — —x&xoxaxs (s — 1 + sx3)
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2-Loop Non-Planar Box

F = —sxyxox5 — txpx1x3 + (s + t)XoXx2Xq
X1 — x1X4 then xo — x1x0 then xg — xpx1
F = X12X4 (SX2 (Xo - X5) + |t’X0 (X3 — X2))

Let's look at one set of splittings to see how the method
works in the kinematic region s > —t =1

X2 — X2 + X3, X0 — X0 + X5

x3 — xpx3 then x5 — x5(s — 1 4 sx3) then xp — xo + X5
F = xoxZxoxa (s — 1+ sx3)=: F

x3 — xpx3 then x5 — x5(s — 1 + sx3) then x5 — xo + x5

F = —xZxoxaxs (s — 1+ sx3)=: —F;
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2-Loop Non-Planar Box: Putting the Pieces Together

@ To cover all the space in this kinematic regime, we find we
need 6 integrals
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2-Loop Non-Planar Box: Putting the Pieces Together

@ To cover all the space in this kinematic regime, we find we
need 6 integrals

2-Loop Non-Planar Box

I=(F+ 5+ )+ (-1-i8)> 2 (IF + 15 +15)
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@ To cover all the space in this kinematic regime, we find we
need 6 integrals

2-Loop Non-Planar Box

I=(F+ 5+ )+ (-1-i8)> 2 (IF + 15 +15)

@ Verified numerical result against the known analytic result v/

[Tausk 99]
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2-Loop Non-Planar Box: Putting the Pieces Together

@ To cover all the space in this kinematic regime, we find we
need 6 integrals

2-Loop Non-Planar Box
I=(F+ 5+ )+ (-1-i8)> 2 (IF + 15 +15)

@ Verified numerical result against the known analytic result v/
[Tausk 99]

@ For the kinematic regime 0 < s < —t = 1, we find a different
set of split integrals (still 6 in total)
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2-Loop Non-Planar Box: Putting the Pieces Together

@ To cover all the space in this kinematic regime, we find we
need 6 integrals

2-Loop Non-Planar Box
I=(IF+1+ )+ (-1-i8)272 (I + 1, + 1)

@ Verified numerical result against the known analytic result v/
[Tausk 99]

@ For the kinematic regime 0 < s < —t = 1, we find a different
set of split integrals (still 6 in total)

d-Function Issue
Some rescalings can modify our é-function in an impractical way
for our numerical integration setup - let’s avoid that!
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2-Loop Non-Planar Box: pySecDec Timing Comparison

2-Loop Non-Planar Box - Integration time vs Precision: s =4, t= —1
-#- Avoid CD
Rescaled CD
104 4
r’.
. 103 4 ’/’.
= e
y o
g e
= 2
10%4 s
/‘/’
/,.
10 4 ot
-0 o-0--—- *-0-——"" -®
101 102 109 101 105 1076 107 109 109
Precision

Evaluating up-to-and-including finite order with pySecDec

[Heinrich, Jones, Kerner, Magerya, Olsson, Schlenk]
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2-Loop Non-Planar Box: pySecDec Timing Comparison

2-Loop Non-Planar Box - Integration time vs Precision: s =0.5, t= — 1
-#-- Avoid CD
Rescaled CD
104 4
—_— ,.‘—.
2010% 4 "
[} e
El -
=] P4
B ) P
102 4 = _e””
/’/’
/./
/,/
10' L
-0
-0 --——-0-@----- *--0----- *~-o----- L
101 102 103 101 105 1070 107 105 109
Precision

Evaluating up-to-and-including finite order with pySecDec
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3-Loop Non-Planar Box

P2 Pa

P1 P3

Diagram by Yao Ma
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3-Loop Non-Planar Box

P2 Pa

F =—s(x1xa — xox5) (X3x6 — X2X7)

— t(x1x2 — x0x3) (X5X6 — XaX7)

P1 P3

Diagram by Yao Ma
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3-Loop Non-Planar Box

P2 Pa
F =—s(x1xa — xox5) (X3x6 — X2X7)
— t(x1x2 — x0x3) (X5X6 — XaX7)
[see Stephen Jones' talk]
U
s s F — — sx1x3x5x7 (Xa — X0) (X6 — x2)

— txax3xsx7 (x2 — x6) (X6 — Xa)
Diagram by Yao Ma
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@ By considering all permutations of hierarchies for the Feynman
parameters and considering symmetry, we find 6 integrals
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3-Loop Non-Planar Box

@ By considering all permutations of hierarchies for the Feynman
parameters and considering symmetry, we find 6 integrals

@ For the kinematic regime s > —t > 0, we find 2 of these
integrals would usually require contour deformation
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3-Loop Non-Planar Box

@ By considering all permutations of hierarchies for the Feynman
parameters and considering symmetry, we find 6 integrals

@ For the kinematic regime s > —t > 0, we find 2 of these
integrals would usually require contour deformation

o F? = xy1x3xsx7 [—sxox2 + |[t]| (x0 + xa) (x2 + xa)]

o Fb = xyxax5x7 [sx6 (X0 + X2 + X6) — | t] (x0 + X6) (X2 + x5)]
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3-Loop Non-Planar Box

By considering all permutations of hierarchies for the Feynman
parameters and considering symmetry, we find 6 integrals

For the kinematic regime s > —t > 0, we find 2 of these
integrals would usually require contour deformation

F? = x1x3x5x7 [—sxox2 + |[t]| (x0 + xa) (x2 + xa)]
Fb = xyxaxsx7 [sx6 (X0 + X2 + X6) — | t] (x0 + X6) (X2 + x6)]

Through a more involved combination of splits and rescalings,
we can express each of these integrals in terms of 4 others
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3-Loop Non-Planar Box

@ By considering all permutations of hierarchies for the Feynman
parameters and considering symmetry, we find 6 integrals

@ For the kinematic regime s > —t > 0, we find 2 of these
integrals would usually require contour deformation

o F? = xy1x3xsx7 [—sxox2 + |[t]| (x0 + xa) (x2 + xa)]
o Fb = xyxax5x7 [sx6 (X0 + X2 + X6) — | t] (x0 + X6) (X2 + x5)]

@ Through a more involved combination of splits and rescalings,
we can express each of these integrals in terms of 4 others

@ This gives us 12 integrals to compute, none of which require
contour deformation!
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3-Loop Non-Planar Box: Putting the Pieces Together

3-Loop Non-Planar Box

8 4
I= > I;;Jr(—l—ié)—2—36 S

ny=1 n_=1
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3-Loop Non-Planar Box: Putting the Pieces Together

3-Loop Non-Planar Box

8 4
I= > Ip,i+(—1—i6)‘2—36 S
n_=1

n+:1

@ Verified numerical result against the known analytic result v/

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]
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3-Loop Non-Planar Box: Putting the Pieces Together

3-Loop Non-Planar Box

8 4
I= > Ip,i+(—1—i6)‘2—36 S
n_=1

n+:1

@ Verified numerical result against the known analytic result v/

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]

@ Struggled to go beyond leading pole (6%) with contour
deformation
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3-Loop Non-Planar Box: Putting the Pieces Together

3-Loop Non-Planar Box

8 4
I= > Ip,i+(—1—i6)‘2—36 S
n_=1

n+:1

@ Verified numerical result against the known analytic result v/

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]
@ Struggled to go beyond leading pole (6%) with contour
deformation

@ Avoiding contour deformation allowed us to go to higher
orders (tried up to 8%)
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What about the full result?
I (s=1,t = —1/5) after O (mins) with pySecDec
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What about the full result?
I (s=1,t = —1/5) after O (mins) with pySecDec

/P = £7%[8.34055 — 52.3608i] + O (¢ 73)
INOCP — =—48.340040392028 — 52.3598775598347i] + O (¢3)

Lanalytic = £ [8.34004039223768 — 52.35987755984493i] + O (¢~3)
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3-Loop Non-Planar Box Leading Pole - Individual Integration Time vs Absolute Precision: s=1, t= —1/5
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-#-- Avoid CD
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Precision

Evaluating leading pole (8%) with pySecDec
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3-Loop Non-Planar Box Higher Poles - Individual Integration Time vs Absolute Precision: s=1, t= —1/5
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Evaluating up-to-and-including E% with pySecDec
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@ Integrals with massive internal propagators appear in a variety
of phenomenologically-relevant amplitudes

@ Often no known analytic solution = numerical methods
essential
@ Does the method extends to this class of integrals?

F for Massive Integrals

F (x,8) = Fo(x,s) + U (x) é\l:l mjng

@ X; can now appear quadratically in F due to new term
@ Viable transformations difficult even for trivial integrals

@ Can we use geometry to guide us in the right direction?
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my
o F=—p’xpxo+(x1 + x) (m%xl + m%xz)
p : 2 ._ pPP=(m+m)’
@ Define 8% := 2 (m—m)? € [0,1)
@ Scale out dimension of F via x; — -
mo '

F = f:xlz —|—x22 — 21J_rg§X1X2
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@ Let's consider the variety of F
@ 3 regions = 3 integrals

@ 2 positive regions, 1 negative
6 region

. ’ - Massive Bubble

[=If + 15 +(=1-io) =l

X2

e Construct transformations
S which directly send the variety
to the integration boundary
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o The solutions to F = 0 are Xp = +§x1 and xp = i;gxl

@ For region |, we demand the y»-axis coincides with the xp-axis
and the y;-axis coincides with the solution line xp = %xl

@ Along with the constraint that points within region | get
mapped to the positive quadrant in the new y; variables, this

uniquely defines the transformation:

|
yi=X1,)2 —X2 - %Xl = X1 = Y1, X2 = Y2 + 1+§y1
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1-52

P =
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F2 — 17ﬁ2

Verified result numerically & analytically v/
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p1 p2

Can solve this using rescalings and shifts as before (verified v')
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p3
m F = —p2xoxa+(x0 + x1 + x2) m?xg

p1 P2

Can solve this using rescalings and shifts as before (verified v')

Massive Triangle

I=1+ 1+ (-1—i8) '
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@ Visualising variety of F suggests 2 regions
L= (—1—is) e
@ Can geometric picture tell us the
minimum number of integrals we need?

(i.e. #Regions z #Integrals)

@ Subject of current work
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@ Can we use this geometric picture to move away from
“arbitrary” shifts & and towards a general
algorithm?

@ Potential insight from algebraic geometry - directly consider

the variety of F and computational tools for the resolution of
Singularities [Hironaka)

@ Understanding 2-loop massive integrals could lead to huge
time improvements

@ Applying method to multi-loop massless integrals could allow
for (currently impossible) numerical cross-checks of
analytic/semi-analytic results

@ Look towards an implementation in numerical loop integration

packages Thank you for listening!
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