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Evoilution kernels

Evolution equation for twist-two operators

(/,1,8“ + B(a)da + H(a))@(zl, 22) = 0,

O(z1,22) = [é(n n)y4[z1n, Z2n]q(22n)]

ms’
@ DIS: (P|O(z1, 2z2)| P) ( DGLAP) Parton densities
@ DAs (0]|O(z1, z2)| P) ( ERBL)) Meson wave functions
@ DVCS (P'|O(z1,22)|P) Generalized Parton Distributions
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Evolution kernels

H(a)—integral operator

1 &
H(a)O(z1, 2z2) :/ da/ dBw(a, B) O(27y, 25,)
0 0

z2iy =az1 tazz,a=1—a.

Perturbative expansion:

H(a) = aHD 4+ a? H® +a’ H® + ...

w(a, 8) =awP (e, 8) + a® 0@ (e, ) + a® W (a, 8) + ...

Anomalous dimensions (H(a)z ' =anzlh)

1 a
w:/ da/ dBw(a,B)(1—a— N !
0 0

known at NNLO (Moch, Vermasseren, Vogt, 2004) + partial results at NNNLO
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Symmetries of evolution kernels

@ Makeenko, 1980 HD = f('yj(\})). ( conformal symmetry ).
@ D. Miiller, 1998 H® = f(ﬂy%),A(Z’l)). A— conformal anomaly.

@ Belitsky, Miiller, 1998-99 all two loop kernels for all twist—2 operators in QCD.
@ Braun, A.M., Moch, Strohmaier, 2015-2017 QCD at the critical point, (3(a.) = 0)
Three-loop kernels for flavor nonsinglet operators.
[St+,0(a),H(a)] =0.
S_(a) = =0z — 0z,
~ 1
So(a) = 210z + 22025 +2+ (a) + iH(G)
~ 1
St(a) = 258., + 23029 + (21 + 22) (2 + B(a) + 5H(a)) + (21 — 22)A(a)

B(a) = —B(a)/2a = Boa + fra® + .. ..
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Symmetries and kernels

H(a) = H(a) + AH(a) [S+.0(0), H(a)] = 0.

Canonically invariant kernels

1 &
~ ~ 3
HO(z1, 22) = / da/ df w(T) O(zl'lz,zgl) T = o
0 0

Qi

Two problems to solve
AN @ 77 HoH=V 'HV ??

The operator V has to intertwine the generators S, (0) with S, (a) = S, (H, A).

VSa(H,A) =S, (0)V
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Symmetries and kernels

@ First step — kill the anomaly:
ViS4 (H,A) =S4 (H,0)V,y, H=V,HV;'
( Braun et al, 1703.00532 : V; = eaX1te’ Xzt )

@ Second step: S, (H) — S, (0) :

Casimir operator: J2 =S, S_ 4 So(Sp — 1) Uy =205"" (Unp=SEUy)

J2(0)Un = N(N + 1)Ty

PH)Wy = (N+E+%’YN) (N-‘rl-‘r,é-‘r%’y;v) Uy

Vo Sa(H) = Sa(0)Va, Vol SR N /2
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Symmetries and kernels

o 1 (- 1.\"
Vo = E —L B(a) + —H where L =1nzqo
n=0 1! 2

@ If U n(z1,22) is an eigenfunction of H then

B+EvN(a) s
VQ\I/N(Zl,Zg):ZIZ 27N \I/N(Zl,ZQ):\I/

N4+ (o) (10 22)
@ V; intertwines S, (H) and S, (0)

Vo So(H) = Sa(0)Va

~
@ H=V;H V;l is canonically invariant operator,

[Sa (H), H(a)] = 0 = [S(0), H(a)] = 0
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Symmetries and kernels

o 1 (- 1.\"
Vo = E —L B(a) + —H where L =1nzqo
n=0 1! 2

vit=3 S (A + 5i@)
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B+EvN(a) s
VQ\I/N(Zl,Zg):ZIZ 27N \I/N(Zl,ZQ):\I/

N4+ (o) (10 22)
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Eigenvalues

@ Eigenvalues

N— N-— 5. N— - N-—
Hzy, ! =7(N)zi ! Hzi, ! =7(N)ziy !

v(N) =75 (N +B(a) + %wv))

o~

~v(N)— parity respecting anomalous dimensions.

Dokshitzer, Marchesini, Salam, 2006;
Basso, Korchemsky 2007,

Beccaria, Forini, 2009,

Alday, Bissi, Lukowski, 2015

:y\(N) ~ jy\(—N —1) for large N
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Kernels vs anomalous dimensions

HO(21, 22) = /dadﬁw(r) 028, 28) J(N) = /dadﬁw(‘r) 1-—a-pNt

Parity : Large N vs Small 7
y

JN) = f(N(N+1) — w(r) =~ E:akaklan
N — o0 T—0
mk

~v(N') contains only specific combinations of harmonic sums SaL--w%:

Sal,,“,ak(N) g Qal,...,ak(N)

Dokshitzer, Marchesini, Beccaria, Forini, 2007-09
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Kernels vs anomalous dimensions

Dokshitzer, Marchesini, Beccaria, Forini, 2007-09

Parity:
P P
Quy ooy (V) ~ (=1)F Qo (<N = 1) (-1" =] ptan
k
plar) =1 if a) positive odd or negative even
plag) = —1 if a;, negative odd or positive even

eg. Q1 _2, 135, Qo2 P=1and Q_22, Q3,5 P= -1

If p(ax) = 1 for all k there is an effective method to calculate the corresponding kernel:

Qayap (V) = Way 0y (7)
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Kernels vs anomalous dimensions

Inverse transformation:

Braun, A.M, 2014

w(r) = QL / dN(2N + 1) 5(N) Py (1 +T)
T c 1—7

ReC > 0, Pn Legendre function:

PN(Z) = P_N_l(z)
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Kernels vs anomalous dimensions

Inverse transformation:

Braun, A.M, 2014

2 T

1 ~ 1
w(r) = — / dN(2N + 1) 5(N) Py (1 +T)
i Jo -
ReC > 0, Pn Legendre function:
PN(Z) = P_N_l(z)
F(N) =5(=N - 1)

The integrand “almost” antisymmetricat N - —N —1 (N = —% +ip)

3~ 1/(N(N +1) Qay..oiay (N) 72
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Kernels vs anomalous dimensions

°
dN 1
hm(T):/ s— (2N +1)Qz(N)Pn (2), s= T
27 1—7
c
@ Use recurrence relation for Legendre functions
d
(2N +1)Py(2) = — (Pn41(2) = Pn-1(2))
dz
d dN
ha(r) = == [ S=Pn(2)(2m(N +1) = 2a(N = 1)).
dz 27i
c
°
P
Qn(N+1) —Qmn(N —1)= (2N +1) E (1) Qmy,...omp, (N) + 7(1)
k=2
_ 1
T= NNTD

P (D)oo (N) = Hye @ By oo
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Q3 = S3 — (3,

Q31=9 g 38
3,1 = ©3,1 B 4 102

Q =S g +1cs +1¢2
—2,—2 = 02,2 3 4 B 202 852

1 1 1
Q131 =>5131— =514 — 554,1 + 155

2
3 ., 3
_ 226,42

10C2 1+ 4C5

Q_o = (—1)N |:S—2 + %:| s

1 1
Qo1 =DV |S 01 —=5 354>
21 = (—1) { 21- 5 3+4C3},

A.N. Manashov (Hamburg)
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27

17
Hiz1 = —— (Hi1 + Hio)
4T

H = 17jH
—2,—2 = 7 —Hu,
17
Hisz1 = e (H20 + Hi10 + H21 + H111) ,
H_o = !
-2 = 27'7
H_2,1 = ——7(H1 + Ho),
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QCD

F(N) = 2Teusp(a)S1(N) + A(a) + AY(N)

Tcusp(a) is known at four-loops:

Henn, Korchemsky, Mistlberger, 2020,

von Manteuffel, Panzer, Schabinger, 2020

AY(N) = 74 (N) + (=) 1y_ (V)
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QCD

hf) = CFNc24 |:H13 + Hi12 — Hi20 — Hi110 + 2H4 — 2H30 — 2H210 + 2Ha2

+ (§ - ;) (Hzo —Hsz + Hi10 — le) - z(HIO +H11) + %(HIO - H2) - gHo

3
115 1 436 4783
+(H+C2+;> **Cz**(z»Jr?Cz*?]
R = —SCF{Hmo + H22 — Hi110 — Hi12 — 2Hi21 + 2H211 — 4Hi111 + 7Hao

+ (%—7) Hiio + (*—27)H12+ (*—QT)H21+ (3—67) Hi11

13 3 236 2
- <C2*€T) Hio — (3+C2+57’)H2+ <7+§T> Hi; — ¢27Ho

53 134 11 1
+(6+<2+3<3+9T+<2T)H1+6+3(C2+<3_2)T}
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N =4 SYM

'ySYM(N), Kotikov, Lipatov, Velizhanin, Beccaria,. . .
For the kernels we find hi =h1 =0,

hg = 8§H1, hy = —87H;
and

P
h3 = —16;(4 Hii11 + H21 + Hiz + H11o) s

hs = 167_'(4H111 + 3(H21 + H12) — Hi10 + Hao — CzHo)-
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Conclusions

@ We constructed the transformation: S, (H, A) — S, (0), H(a) — ﬁ(a):

H(@) = V™ (@ fi() V(@) (V) :?(Nw’(a) + %wv))

V(a) intertwines the“deformed” and canonical symmetry generators.

—~ ~
@ Developed a procedure to restore the kernels from anomalous dimensions yn +— w(7).
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[ Thank you for your attention
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