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Motivation
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Measurements of Higgs boson pair production is important  

→ direct relation to Higgs potential 

→ test mechanism of EW symmetry breaking
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Electroweak corrections 

• typically , but can be larger on differential level 

• challenging calculation, with many diagrams and masses 

 

𝒪(few %)
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NLO QCD corrections 
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full SM heavy-top limitmt → ∞

NLO QCD 
[Borowka, Greiner, Heinrich, Jones, MK, 
 Schlenk, Schubert, Zirke 16] 
[Baglio, Campanario, Glaus, Mühlleitner,  
Ronca, Spira, Streicher 18]  

NNLO HTL 
[De Florian, Mazzitelli 13] 
[Grigo, Melnikov, Steinhauser 14] 
 

N3LO HTL 
[Chen, Li, Shao, Wang 19] 

NNLO HTL  NLO QCD 
[Grazzini, Heinrich, Jones, Kallweit,  
MK, Lindert, Mazzitelli 18] 

N3LO HTL  NLO QCD 
[Chen, Li, Shao, Wang 19] 

⊗

⊗

→ NLO QCD corrections to  production known with high accuracygg → HH
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NLO EW progress
recently, huge progress towards NLO EW corrections to  

• partial results: 
Effects of quartic Higgs coupling [Bizoń, Haisch, Rottoli 18,24] 
Higgs self-coupling corrections [Borowka, Duhr, Maltoni, Pagani, Shivaji, Zhao 19] 

Top-Yukawa corrections, using HTL for parts of the calculation [Mühlleitner, Schlenk, Spira 22] 

• approximate results: 
Top-Yukawa corrections in the high-energy limit [Davies, Mishima, Schönwald, Steinhauser, Zhang, 22] 
EW corrections in large-  limit [Davies, Schönwald, Steinhauser, Zhang, 23] 

• full EW corrections  [Bi, Huang, Huang, Ma, Yu 23]

gg → HH

mt
→ talk by Hantian Zhang

this talk: EW corrections due to Higgs Self-Coupling and Yukawa corrections
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Self-Coupling & Yukawa Corrections
We calculate Higgs Self-Coupling and Yukawa corrections to  production 

 gauge-less limit         ⇒     EW gauge bosons decouple
gg → HH

=̂ g1, g2 → 0

interactions 
in unitary gauge

example diagrams

no real radiation:         since       gg → HHH • finite 
• different experimental signature
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Amplitude Structure

Form Factor decomposition of  amplitude: [Glover, van der Bij `88] gg → HH

ℳab = δab εμ
1 εν

2 ℳμν

ℳμν = F1(s, t, m2
h , m2

t ; d) Tμν
1 + F2(s, t, m2

h , m2
t ; d) Tμν

2

corresponding to helicity amplitudes

ℳ+− = ℳ−+ = − F1

obtained using projectors  
checked by 2 independent calculations, using:  

keep dependence on coupling constants    →   can be used for EFT studies

Fi = Pμν
i ℳμν

gHtt̄ , gH3 , gH4

Tμν
1 = gμν −

pν
1 pμ

2

p1 ⋅ p2

Tμν
2 = gμν +

1
p2

T (p1 ⋅ p2) {m2
h pν

1 pμ
2 − 2 (p1 ⋅ p3) pν

3 pμ
2 − 2 (p2 ⋅ p3) pμ

3 pν
1 + 2 (p1 ⋅ p2) pν

3 pμ
3 }

with

Production Channels
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- alibrary [V. Magerya]  

- Reduze 2 [v. Manteuffel, Studerus]

ℳ++ = ℳ−− = − F2
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Integral Reduction
The Loop Integrals are reduced to Master Integrals using IBP relations [Tkachov 81; Chetyrkin 81]

Z
ddpi

@

@pµi
[qµ I0(p1, . . . , pl; k1, . . . , km)] = 0

Using the programs • Kira [Klappert, Lange, Maierhöfer, Usovitsch] 
• FireFly [Klappert, Klein, Lange]  
• Ratracer [V. Magerya]

use finite-field methods to avoid 
large intermediate expressions 
[von Manteuffel, Schabinger 14]

Matthias Kerner — Top quark mass effects in Higgs physics               Radcor 2017 — September 28, 2017 19

Challenges (far) ahead

future plans to extend the calculation

•effects of top width 
•bottom quark mass effects 
→ large mass ratios  
→ numerical integration  
    might be challenging 

•combine with parton shower

} requires reduction with  
full mh and mt dependence 
→ more complicated coefficients

record each arithmetic operation performed during Gaussian elimination, 
use this ‘trace‘ to speed up black-box probes

We obtained the full symbolic reduction

• depending on 5 parameters:   
currently using simplified version for evaluation of amplitude, with               fixed   →   

• 494 master integrals, up to 11 masters/sector 
• size of reduced amplitude:    8.5 GB (with  fixed) 

                                               100 GB (full ,  dependence) 

s, t, m2
h , m2

t , d
mh = 125 GeV, mt = 173.1 GeV

mh /mt

mh mt

m2
h

m2
t

=
12
23
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Improved Basis of Master Integrals

• Use a (quasi-)finite basis of master integrals [von Manteuffel, Panzer, Schabinger 14] 
- simplifies numerical evaluation of integrals 
- poles in ɛ only in coefficients 
- requires integrals in shifted dimensions  [Bern, Dixon, Kosower 92; Tarasov 96; Lee 10] 

• Further improvements of integral basis to achieve: 
(by trying different basis choices for each sector) 
- d-dependence factorizes from kinematic dependence  
  in denominators of reduction coefficients 

    [Smirnov, Smirnov `20; Usovitsch `20] 

- simple denominator factors D1, D2 
- avoid poles in coefficients of integrals in top-level sectors as far as possible 
     → no poles in 7-propagator sectors 
     → no poles in non-planar sectors 
- avoid poles in DEQs

<latexit sha1_base64="G4WC1QUeqd4iNwEmEDlOgfwAsxQ="></latexit>

N(s, t, d)

D1(d)D2(s, t)

→  huge impact on evaluation time 

𝒪(100 h) → 𝒪(5 min)
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pySecDec

•  Sector decomposition [Binoth, Heinrich `00] 

 factorizes overlapping singularities  

   

• Subtraction of poles & expansion in 𝜺 

     

• Contour deformation [Soper 00; Binoth et al. 05; Nagy, Soper 06, Anastasiou et al. 07; Borowka et al. 12] 

 analytic continuation from Euclidean to physical region  

→ finite integrals at each order in 𝜺 
→ numerical integration possible

∫
1

0
dx dy

1
(x + y)2+ε

[θ(x − y) + Θ(y − x)] = ∫
1

0
dx dt

1
x1+ε(1 + t)2+ε

+ ∫
1

0
dy dt

1
y1+ε(1 + t)2+ε

∫
1

0
dx x−1−εg(x) = −

1
ε

g(0) + ∫
1

0
dx x−1−ε [g(x) − g(0)]

Available at 
github.com/gudrunhe/secdec 
Documentation: 
secdec.readthedocs.io

Matthias Kerner — Higgs boson pair production in gluon fusion at NLO  — Karlsruhe — June 7, 2016 19

Sector Decomposition

• sector decomposition
Binoth, Heinrich 00

y

x

−→ + −→(2)

(1)

+

y

x

t

t

Figure 1: Sector decomposition schematically.

+

∫ 1

0
dy y−1−(a+b)ε

∫ 1

0
dt t−1−aε

(

1 + (1 − y) t
)−1

. (2)

We observe that the singularities are now factorised such that they can be read off
from the powers of simple monomials in the integration variables, while the polynomial
denominator goes to a constant if the integration variables approach zero. The same
concept will be applied to N -dimensional parameter integrals over polynomials raised
to some power, where the procedure in general has to be iterated to achieve complete
factorisation.

3 The algorithm for multi-loop integrals

3.1 Feynman parameter integrals

A general Feynman graph Gµ1...µR

l1...lR
in D dimensions at L loops with N propagators

and R loop momenta in the numerator, where the propagators can have arbitrary, not
necessarily integer powers νj , has the following representation in momentum space:

Gµ1...µR

l1...lR
=

∫ L
∏

l=1

dDκl
kµ1

l1
. . . kµR

lR
N∏

j=1
P

νj

j ({k}, {p}, m2
j)

dDκl =
µ4−D

iπ
D
2

dDkl , Pj({k}, {p}, m2
j) = (q2

j − m2
j + iδ) , (3)

where the qj are linear combinations of external momenta pi and loop momenta kl.
Introducing Feynman parameters according to

1
∏N

j=1 P
νj

j

=
Γ(Nν)

∏N
j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

) 1
[
∑N

j=1 xjPj

]Nν
, (4)

where Nν =
N

∑

j=1

νj , leads to

Gµ1...µR

l1...lR
=

Γ(Nν)
∏N

j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

)
∫

dDκ1 . . .dDκL

kµ1

l1
. . . kµR

lR





L
∑

i,j=1

kT
i Mij kj − 2

L
∑

j=1

kT
j · Qj + J + i δ





−Nν

, (5)

4
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overlapping singularities

singularities factorized

• subtraction of poles
Z 1

0
dxx�1�"g(x, ") = �1

"
g(0, ") +

Z 1

0
dxx�1�" (g(x, ")� g(0, "))

• expansion in ɛ

→ finite integrals for each order in ɛ → numeric integration possible

→ finite

[Heinrich, Jones, MK, Magerya, Olsson, Schlenk]

A toolbox for the calculation of dimensionally regulated parameter integrals

Method:

http://github.com/gudrunhe/secdec
http://secdec.readthedocs.io
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pySecDec — New in version 1.6

• New Quasi-Monte Carlo evaluator ‘Disteval‘ 
 up to 10x faster than previous versions, due to - better utilization of GPU 

- SIMD instructions on CPU 
- various code improvements 

• Improved handling of coefficients of master integrals 
- coefficients now parsed with GiNaC  →  more flexible, use rational numbers to avoid precision loss  
- sums of integrals can be named 

• Auto-detect if extra regulators required for expansion-by-region 
• Construction-free Median QMC lattices

The full list of parameters is available in the pySecDec documentation
on the DistevalLibrary class. The integration script keeps track of which
integration library corresponds to which smallness parameter power via the
dictionary previously created by the generation script.

3.1.4. 2-loop 5-point hexatriangle example with several mass scales

p3
p4

p5
m

m

p1 p2

Figure 6: A 2-loop 5-point integral with massive propagators and massive legs. The

integral is evaluated in 6 � 2" space-time dimensions. The configuration being tested is

p21 = p22 = 0, p23 = p24 = m2 = 1, p25 = 12/23, (p1 + p2)
2 = 262/35, (p2 + p3)

2 = �92/53,
(p3 + p5)

2 = 491/164, (p5 + p4)
2 = 373/124, (p4 + p1)

2 = �65/36.

The example hexatriangle is a 2-loop 5-point integral depicted in Figure 6.
This is a master integral for the amplitude of qq̄ ! tt̄H production at two
loops. The integral is dimensionally shifted to 6�2" space-time dimensions;
the dimensional shift and additional dots were chosen to make it finite in "
and fast to evaluate.

The value of the integral at the point specified in Figure 6 is

1.454919812(7) · 10�7
� 1.069797219(8) · 10�7 i+O("). (11)

The convergence rate of the integral is depicted in Figure 7. Overall the
obtained precision scales with the integration time t approximately as 1/t1.6.
We want to emphasise that such scaling is made possible by the use of the
QMC integration methods; traditional Monte Carlo methods only scale as
fast as 1/t0.5.

A more detailed list of integration timings is given in Table 2.

3.1.5. 2-loop 5-point offshell pentabox example

The example pentabox_offshell is an integral depicted in Figure 8. It is
a 2-loop pentabox with an internal mass, massive legs, and the total of 7
scales. The integral is evaluated in 6 � 2" space-time dimensions (where it
is finite in ") up to O("4); a prefactor of �(2 + 2") is divided out to match
the configuration of Section 6.4 of [14], where the same integral is calculated
numerically via tropical integration.

21
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Quasi-Monte Carlo Integration

fractional part (→             )  
randomized shifts 
  →     different estimates of Integral:  
  → error estimate of result 
generating vector 

constructed component-by-component  
minimizing worst-case error 

m I1, . . . , Im

Nuyens `07
0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

z

n

�0

Fig. 1. (Left panel) A d = 2 dimensional R1SL with n = 55 points, generating
vector z = (1, 34) and random shift �0. (Right panel) A R1SL produced with three
additional random shifts, as used to estimate the mean-square error.

The rank of the rule denotes the minimal number of generating vectors re-
quired to generate the lattice rule. In this work we will consider only rank-1
lattices i.e. those generated by a single generating vector. The estimate of the
integral depends on the number of lattice points n and the number of random
shifts m. The shift vectors �k 2 [0, 1)d are d-dimensional vectors with compo-
nents consisting of independent, uniformly distributed random real numbers
in the interval [0, 1). The generating vector z 2 Zd is a fixed d-dimensional
vector of integers coprime to n. The curly brackets indicate that the fractional
part of each component is taken, such that all arguments of f remain in the
interval [0, 1).

A reliable estimate of the integral can be obtained even without random shifts
provided that the lattice is su�ciently large, however, the random shifts allow
the remaining error to be estimated. More precisely, an unbiased estimate of
the mean-square error can be obtained from the random shifts of the lattice
according to

�
2
n,m

[f ] ⌘ Var[Q̄n,m[f ]] ⇡
1

m(m� 1)

m�1X

k=0

(Q(k)
n
[f ]� Q̄n,m[f ])

2
. (3)

In typical applications only 10-20 random shifts are required to obtain a reli-
able estimate of the error.

In Figure 1 an example shifted lattice is shown. In the left panel a single
lattice is displayed, the zeroth point is shifted from the origin by the random
shift vector �0 and further points are generated by adding z/n and wrapping
back into the unit square as necessary, the lattice displayed contains a total of
n = 55 points. In the right panel three additional shifted lattices are displayed,
they are generated by shifting the original lattice and can be used to produce
an estimate of the integration error as described above.

4

{. . .} =

z =
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�k =
<latexit sha1_base64="88qi0Zy/u2wyEA/h83KaQtIfpQU="></latexit><latexit sha1_base64="88qi0Zy/u2wyEA/h83KaQtIfpQU="></latexit><latexit sha1_base64="88qi0Zy/u2wyEA/h83KaQtIfpQU="></latexit><latexit sha1_base64="88qi0Zy/u2wyEA/h83KaQtIfpQU="></latexit>

x 2 [0; 1[

I[f ] ⇡ Ik =
1

N
·

NX

i=1

f(xi,k), xi,k =

⇢
i · z
N

+�k

�
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✏�
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Review: Dick, Kuo, Sloan 13 
First application to loop integrals: 
Li, Wang, Yan, Zhao 15 

Integration using rank-1 lattice rule

→ integration error scales as  or better𝒪(n−1)
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pre-computed generating vectors  with component-by-component construction: 
• lattice size limited by largest generating vector  
• guaranteed  scaling, 

but can encounter ‘unlucky‘ combination of lattice & integrand

z

𝒪(n−1)

Quasi-Monte Carlo Integration

unlucky lattice 
for this integrandm1

m1

m2

m3

p

(a) banana_3mass (b) pentabox_fin (c) formfactor4L

p21 = m2
1

p22 = m2
2

m

(d) hz2L_nonplanar

m

(e) elliptic2L_physical

m

m

(f) Nbox2L_split_b

Figure 12: All diagrams of Table 4 except for bubble6L, which is described in detail in

Section 3.1.7.

The bubble6L example consists of the 6-loop 2-point integral shown in Fig-
ure 11. The pole coefficients are given analytically in Eq. (A3) of Ref. [32] (at
p2 = �p2E = �1, where pE is the external momentum in Euclidean space).
The decomposition method ‘geometric’ is the default and recommended
decomposition method in version 1.6. In this example it is mandatory to
use a geometric decomposition because ‘iterative’ leads to an infinite re-
cursion. Usually the geometric decomposition method produces the fewest
sectors. However, for graphs with very high symmetry, the iterative method
can occasionally produce fewer sectors than the geometric method as it does
not destroy symmetries when one of the Feynman parameters is eliminated
using the �-constraint. More information about the various decomposition
methods can be found in Refs. [3, 4, 33] and in the code documentation.

The analytic result is given by

Banalyt.
6L =

1

"2
147

16
⇣7 �

1

"

✓
147

16
⇣7 +

27

2
⇣3⇣5 +

27

10
⇣3,5 �

2063

504000
⇡8

◆
+ O("0)

=
9.264208985946416

"2
+

91.73175282208716

"
+ O("0) . (14)

The pySecDec result at p2 = �1 obtained with the Disteval integrator
reads

Bnum.
6L =+ 9.26420902(3) · "�2

+ 9.17317528(8) · 101 · "�1

+ 1.11860698(1) · 103 +O(") .

(15)

3.2. Previously existing examples

Several previously existing pySecDec examples, shown in Figure 12, have
been benchmarked in [5]. In Table 4 and Figure 13 we provide a comparison
of the integration time of those examples using the Disteval integrator

25
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pre-computed generating vectors  with component-by-component construction: 
• lattice size limited by largest generating vector  
• guaranteed  scaling, 

but can encounter ‘unlucky‘ combination of lattice & integrand

z

𝒪(n−1)

alternative method (since pySecDec v.1.6):  
• choose  generating vectors   

with entries chosen randomly from  

• calculate   for each generating vector   
• select  corresponding to  for integration (with  random shifts) 

➡ same scaling as  from CBC construction (with high probability)

r zi
{1 ≤ z ≤ n − 1 | gcd(z, n) = 1}

Ii = ∫ f zi

zi median(I1, …, Ir) m

z

Construction-free median QMC [Goda, L’Ecuyer 22]

Quasi-Monte Carlo Integration
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Figure 12: All diagrams of Table 4 except for bubble6L, which is described in detail in

Section 3.1.7.

The bubble6L example consists of the 6-loop 2-point integral shown in Fig-
ure 11. The pole coefficients are given analytically in Eq. (A3) of Ref. [32] (at
p2 = �p2E = �1, where pE is the external momentum in Euclidean space).
The decomposition method ‘geometric’ is the default and recommended
decomposition method in version 1.6. In this example it is mandatory to
use a geometric decomposition because ‘iterative’ leads to an infinite re-
cursion. Usually the geometric decomposition method produces the fewest
sectors. However, for graphs with very high symmetry, the iterative method
can occasionally produce fewer sectors than the geometric method as it does
not destroy symmetries when one of the Feynman parameters is eliminated
using the �-constraint. More information about the various decomposition
methods can be found in Refs. [3, 4, 33] and in the code documentation.
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Several previously existing pySecDec examples, shown in Figure 12, have
been benchmarked in [5]. In Table 4 and Figure 13 we provide a comparison
of the integration time of those examples using the Disteval integrator
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Code Generation & Evaluation
Generation of integration library, e.g. for 1-loop amplitude:

Compilation:

import pySecDec as psd

if __name__ == '__main__':

# int1 = box(p1,p2,p3)
int1 = psd.LoopPackage(

name = "box1",

loop_integral = psd.loop_integral.LoopIntegralFromPropagators(

propagators = ["k**2-mt2", "(k+p1)**2-mt2", "(k+p1+p2)**2-mt2", "(k+p1+p2+p3)**2-mt2"],

loop_momenta = ["k"], external_momenta = ["p1", "p2", "p3"],

replacement_rules = [('p1*p1', 0), ('p1*p2', "s/2"), ...]))

coeff_F1_int1 = "4*mt2**2*(8*mt2-s-2*mh2)"

coeff_F2_int1 = "..."

# int2 = box(p2,p1,p3)
int2 = psd.LoopPackage(

name = "box2",

loop_integral = psd.loop_integral.LoopIntegralFromPropagators(

propagators = ["k**2-mt2", "(k+p2)**2-mt2", "(k+p1+p2)**2-mt2", "(k+p1+p2+p3)**2-mt2"],

loop_momenta = ["k"], external_momenta = ["p1", "p2", "p3"],

replacement_rules = [('p1*p1', 0), ('p1*p2', "s/2"), ... ]))

coeff_F1_int2 = "..."

coeff_F2_int2 = "..."

# int 3, ...

# define form factors as sums of (coeff * integral)
psd.sum_package('HH1L',

[int1, int2, ...],

coefficients = {"F1": [coeff_F1_int1, coeff_F1_int2, ...],

"F2": [coeff_F2_int1, coeff_F2_int2, ...]},

regulators = ["eps"],

requested_orders = [0],

real_parameters = ['s', 't', 'mh2', 'mt2']

)

1

Fi = ∑
j

cijIj

import pySecDec as psd

if __name__ == '__main__':

# int1 = box(p1,p2,p3)
int1 = psd.LoopPackage(

name = "box1",

loop_integral = psd.loop_integral.LoopIntegralFromPropagators(

propagators = ["k**2-mt2", "(k+p1)**2-mt2", "(k+p1+p2)**2-mt2", "(k+p1+p2+p3)**2-mt2"],

loop_momenta = ["k"], external_momenta = ["p1", "p2", "p3"],

replacement_rules = [('p1*p1', 0), ('p1*p2', "s/2"), ...]))

coeff_F1_int1 = "4*mt2**2*(8*mt2-s-2*mh2)"

coeff_F2_int1 = "..."

# int2 = box(p2,p1,p3)
int2 = psd.LoopPackage(

name = "box2",

loop_integral = psd.loop_integral.LoopIntegralFromPropagators(

propagators = ["k**2-mt2", "(k+p2)**2-mt2", "(k+p1+p2)**2-mt2", "(k+p1+p2+p3)**2-mt2"],

loop_momenta = ["k"], external_momenta = ["p1", "p2", "p3"],

replacement_rules = [('p1*p1', 0), ('p1*p2', "s/2"), ... ]))

coeff_F1_int2 = "..."

coeff_F2_int2 = "..."

# int 3, ...

# define form factors as sums of (coeff * integral)
psd.sum_package('HH1L',

[int1, int2, ...],

coefficients = {"F1": [coeff_F1_int1, coeff_F1_int2, ...],

"F2": [coeff_F2_int1, coeff_F2_int2, ...]},

regulators = ["eps"],

requested_orders = [0],

real_parameters = ['s', 't', 'mh2', 'mt2']

)

make -C HH1L disteval

1

import pySecDec as psd

if __name__ == '__main__':

# int1 = box(p1,p2,p3)
int1 = psd.LoopPackage(

name = "box1",

loop_integral = psd.loop_integral.LoopIntegralFromPropagators(

propagators = ["k**2-mt2", "(k+p1)**2-mt2", "(k+p1+p2)**2-mt2", "(k+p1+p2+p3)**2-mt2"],

loop_momenta = ["k"], external_momenta = ["p1", "p2", "p3"],

replacement_rules = [('p1*p1', 0), ('p1*p2', "s/2"), ...]))

coeff_F1_int1 = "4*mt2**2*(8*mt2-s-2*mh2)"

coeff_F2_int1 = "..."

# int2 = box(p2,p1,p3)
int2 = psd.LoopPackage(

name = "box2",

loop_integral = psd.loop_integral.LoopIntegralFromPropagators(

propagators = ["k**2-mt2", "(k+p2)**2-mt2", "(k+p1+p2)**2-mt2", "(k+p1+p2+p3)**2-mt2"],

loop_momenta = ["k"], external_momenta = ["p1", "p2", "p3"],

replacement_rules = [('p1*p1', 0), ('p1*p2', "s/2"), ... ]))

coeff_F1_int2 = "..."

coeff_F2_int2 = "..."

# int 3, ...

# define form factors as sums of (coeff * integral)
psd.sum_package('HH1L',

[int1, int2, ...],

coefficients = {"F1": [coeff_F1_int1, coeff_F1_int2, ...],

"F2": [coeff_F2_int1, coeff_F2_int2, ...]},

regulators = ["eps"],

requested_orders = [0],

real_parameters = ['s', 't', 'mh2', 'mt2']

)

make -C HH1L disteval

python3 -m pySecDec.disteval HH1L/disteval/HH1L.json --epsrel=0.001 s=... t=... ...

1

Evaluation:
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Challenges (far) ahead

future plans to extend the calculation

•effects of top width 
•bottom quark mass effects 
→ large mass ratios 
→ numerical integration  
    might be challenging 

•combine with parton shower

} requires reduction with  
full mh and mt dependence 
→ more complicated coefficients

definition of 1st  loop-integral

coefficients, may also depend on ε
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Challenges (far) ahead

future plans to extend the calculation

•effects of top width 
•bottom quark mass effects 
→ large mass ratios 
→ numerical integration  
    might be challenging 

•combine with parton shower

} requires reduction with  
full mh and mt dependence 
→ more complicated coefficients

define form factors as weighed sum of integrals

import pySecDec as psd

if __name__ == '__main__':

# int1 = box(p1,p2,p3)
int1 = psd.LoopPackage(

name = "box1",

loop_integral = psd.loop_integral.LoopIntegralFromPropagators(

propagators = ["k**2-mt2", "(k+p1)**2-mt2", "(k+p1+p2)**2-mt2", "(k+p1+p2+p3)**2-mt2"],

loop_momenta = ["k"], external_momenta = ["p1", "p2", "p3"],

replacement_rules = [('p1*p1', 0), ('p1*p2', "s/2"), ...]))

coeff_F1_int1 = "4*mt2**2*(8*mt2-s-2*mh2)"

coeff_F2_int1 = "..."

# int2 = box(p2,p1,p3)
int2 = psd.LoopPackage(

name = "box2",

loop_integral = psd.loop_integral.LoopIntegralFromPropagators(

propagators = ["k**2-mt2", "(k+p2)**2-mt2", "(k+p1+p2)**2-mt2", "(k+p1+p2+p3)**2-mt2"],

loop_momenta = ["k"], external_momenta = ["p1", "p2", "p3"],

replacement_rules = [('p1*p1', 0), ('p1*p2', "s/2"), ... ]))

coeff_F1_int2 = "..."

coeff_F2_int2 = "..."

# int 3, ...

# define form factors as sums of (coeff * integral)
psd.sum_package('HH1L',

[int1, int2, ...],

coefficients = {"F1": [coeff_F1_int1, coeff_F1_int2, ...],

"F2": [coeff_F2_int1, coeff_F2_int2, ...]},

regulators = ["eps"],

requested_orders = [0],

real_parameters = ['s', 't', 'mh2', 'mt2']

)

make -C HH1L disteval

python3 -m pySecDec.disteval HH1L/disteval/HH1L.json --epsrel=0.001 s=... t=... ...

SECDEC_WITH_CUDA_FLAGS="-arch=sm_80"

1

enable GPU support

#sampling points per integral will automatically 
be optimized during evaluation 
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Renormalization & Input Parameters

Renormalization: 
• on-shell renormalization for masses and fields 

• vev renormalization according to  scheme 
   [see e.g. Biekötter, Pecjak, Scott, Smith 22] 

with , corresponding to gauge-less limit 
• Fleischer-Jegerlehner tadpole prescription 

Gμ

v → v + Δv
MZ, MW → 0

H0 = Z1/2
H H m2

H,0 = Zm2
H
m2

H

t0 = Z1/2
t t mt,0 = Zmt

mt

∼
mt

v ∼
m2

H

v
∼

m2
H

v2

→ corresponds to expansion in 1
v

Input parameters: 
•  

•  

• CT18nlo pdf & , with  

•

s = 13.6 TeV

mH = 125 GeV, mt = 23/12 mH ≈ 173.1 GeV
αs μR = μF = mHH

2

GF = 1.166379 ⋅ 10−5 GeV−2
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Results

 distribution:mHH

Technical Details: 
• 2000 sampling points 

distributed according to unweighted LO events 
• median integration time: 5 min. for 0.1% precision 

using 1 Nvidia Tesla A100 GPU  
for some points close to   :  1d for  

• 5 min. to parse coefficients on 8 CPU cores 

- using rationalized kinematics  
to avoid numerical instabilities 

- full -dependence kept in coefficients 
→ can be improved by expansion in 

∼

mHH ≈ 2 mt 𝒪(1 − 10 %)

∼
s, t

d
ε

→ correction at  
    correction at large 

+50 % mHH ≈ 2 mt

−10 % mHH
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Alternative Method

We also consider the solution of the DEQs [A. Kotikov 91] 

      as generalized series expansions [F. Moriello 19] 

using the package DiffExp [M. Hidding 20] 

• might be useful for phase-space regions  
where convergence with pySecDec slow 

• can produce slices in phase space 

• agreement of pySecDec and DiffExp 
verified for various integrals 

• For some sectors, we need to set  
HomogeneousSolve → DontExpand 
IntegrationStrategy → VariationOfParameters 
 
→ use original system    instead of   
    don’t expand  
→ works, but much slower, 
    further investigations needed (work in progress)

∂x ⃗g = M ⃗g ∂ j
x ⃗g = M( j) ⃗g

M
12/18
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Summary & Outlook

Higgs Self-Coupling and Yukawa Corrections to HH Production 

• Calculation using various state-of-the-art tools: 
- full symbolic reduction using Kira, Firefly & Ratracer 

depending on 5 variables  
494 master integrals 

- loop integrals evaluated numerically using pySecDec 
5 min. median integration time using 1 Nvidia Tesla A100 GPU 

• Large positive correction at  ;  at large  
                   

• Future Plans: 
- comparison to EW corrections by other groups  
- full NLO EW corrections 
- include EFT operators 
- study b-mass effects

s, t, mH, mt, d

mHH ≈ 2 mt −10 % mHH
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Backup
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Figure 5: Higgs boson pair invariant mass distribution mhh at
p

s = 14 TeV and
p

s = 100 TeV for absolute values (left panels) and normalised to the corresponding

total cross section (right panels).

boson pair invariant mass distribution mhh at
p

s = 14 TeV and
p

s = 100 TeV, com-

paring the full NLO result to various approximations. In particular, we compare to

the “basic HEFT” approximation at
p

s = 14 TeV, showing that it fails to describe

the distribution. Comparing the results at 14 TeV and 100 TeV, we observe that the

di↵erences of the full NLO result to the Born-improved HEFT and also to the FTapprox

result are amplified at 100 TeV, as expected, as the HEFT approximation does not

have the correct high energy behaviour. This scaling behaviour will be discussed more

in detail below. We also see that the K-factor is far from being uniform for the mhh

distribution, while the “basic HEFT” results suggest a uniform K-factor.

– 21 –

p
s LO B-i. NLO HEFT NLO FTapprox NLO

14 TeV 19.85+27.6%
�20.5% 38.32+18.1%

�14.9% 34.26+14.7%
�13.2% 32.91+13.6%

�12.6%

100 TeV 731.3+20.9%
�15.9% 1511+16.0%

�13.0% 1220+11.9%
�10.7% 1149+10.8%

�10.0%

Table 2: Total cross sections at various centre of mass energies (in femtobarns). The

uncertainty in percent is from 7-point scale variations as explained in the text. The

central scale is mhh/2. We used mt = 173 GeV, mh = 125 GeV. The PDF set is

PDF4LHC15 nlo 100 pdfas.

3 Phenomenological results

3.1 Setup and total cross sections

We use the PDF4LHC15 nlo 100 pdfas [104–107] parton distribution functions, along

with the corresponding value for ↵s for both the NLO and the LO calculation. The

masses have been set to mh = 125 GeV, mt = 173 GeV, and the top quark width has

been set to zero. We use no cuts except a technical cut in the real radiation of pmin
T =

10�4
p

ŝ. The scale variation bands are the result of a 7-point scale variation [103]

around the central scale µ0 = mhh/2, with µR,F = cR,F µ0, where cR, cF 2 {2, 1, 0.5},

except that the extreme variations (cR, cF ) = (2, 0.5) and (cR, cF ) = (0.5, 2) are omitted.

The values we obtain for the total cross sections are shown in Table 2. The full NLO

result has a statistical uncertainty of 0.3% at 14 TeV (0.16% at 100 TeV) stemming from

the phase space integration and an additional uncertainty stemming from the numerical

integration of the virtual amplitude of 0.04% at 14 TeV and 0.2% at 100 TeV. These

uncertainties are not included in Table 2, where only scale variation uncertainties are

shown.

3.2 NLO distributions

In this section we show di↵erential distributions at
p

s = 14 TeV and
p

s = 100 TeV

for various observables and compare to the approximate results in order to assess the

e↵ect of the full top quark mass dependence at NLO. Results which are obtained within

the e↵ective field theory approach without reweighting by the leading order results in

the full theory are always denoted by “basic HEFT”, while “B-i. NLO HEFT” stands

for the Born-improved NLO HEFT result, where the NLO corrections have been cal-

culated in the mt ! 1 limit and then a reweighting factor BFT /BHEFT is applied (on

di↵erential level, BFT stands for the Born amplitude squared in the full theory).

We decided to take the same bin sizes as in Ref. [61], such that the di↵erences to the

e↵ective theory results can be exhibited most clearly. In Fig. 5 we show the Higgs

– 20 –

-14% wrt. NLO HEFT 

  -4% wrt. NLO FTapprox

large top mass effects in virtual contributions  
in high        regionmhh
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large dependence of K-factor on  mhh
<latexit sha1_base64="kiH+CVYKKHAenodxqGxp+AzOSEo="></latexit><latexit sha1_base64="kiH+CVYKKHAenodxqGxp+AzOSEo="></latexit><latexit sha1_base64="kiH+CVYKKHAenodxqGxp+AzOSEo="></latexit><latexit sha1_base64="kiH+CVYKKHAenodxqGxp+AzOSEo="></latexit>

HTL predicts wrong shape of distribution

FTapprox 
    LO and real radiation with full mt dependence, 
    approximate virtual corrections via 

<latexit sha1_base64="hF7g4lDj8s3DNnxBCJFFBLDrLeo="></latexit>

d�
FTapprox

V
(mt) ⇡

d�SM

B
(mt)

d�HTL

B
(mt ! 1)

d�HTL

V
(mt ! 1)

FTapprox gives significant improvements compared to HTL
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Figure 2: Higgs boson pair invariant mass distribution at NNLO for the di↵erent approximations,
together with the NLO prediction, at 14TeV (left) and 100TeV (right). The lower panels show the
ratio with respect to the NLO prediction, and the filled areas indicate the NLO and NNLOFTapprox

scale uncertainties.

harder and the softer Higgs boson (pT,h1 and pT,h2, Figs. 6 and 7), and the azimuthal separation
between the two Higgs bosons (��hh, Fig. 8). For the sake of clarity, we only show the scale
uncertainty bands corresponding to the NLO and NNLOFTapprox predictions.

We start our discussion from the invariant-mass distribution of the Higgs boson pair, re-
ported in Fig. 2. We observe that the NNLOB-proj and NNLONLO-i approximations predict a
similar shape, with very small corrections at threshold, an approximately constant K-factor for
larger invariant masses, and only a small di↵erence in the normalization between them, which
increases in the 100TeV case. The NNLOFTapprox, on the other hand, presents a di↵erent shape,
in particular with larger corrections for lower invariant masses, a minimum in the size of the
corrections close to the region where the maximum of the distribution is located, and a slow
increase towards the tail. The di↵erent behavior of the NNLOFTapprox in the region close to
threshold is more evident at 100TeV, where the increase is about 30% in the first bin. Naively
we could expect that if this region is dominated by soft parton(s) recoiling against the Higgs
bosons, the Born projection and FTapprox should provide similar results. We have investigated
the origin of this di↵erence, and we find that in the region Mhh ⇠ 2Mh the cross section is actu-
ally dominated by events with relatively hard radiation recoiling against the Higgs boson pair
(for example, at

p
s = 100TeV, the average transverse momentum of the Higgs boson pair in

the first Mhh bin is pT,hh ⇠ 100GeV at NLO). In this region the exact loop amplitudes behave
rather di↵erently as compared to the amplitudes evaluated in the HEFT: As the production
threshold is approached, they go to zero faster than in the mass-dependent case, thus explain-
ing the di↵erences we find. Within the NNLOFTapprox, the corrections to the Mhh spectrum
range between 10% and 20% at 14TeV. The scale uncertainty is substantially reduced in the

10

combination with NNLO 
→ approx. mt dependence at NNLO 

(mt ! 1)
<latexit sha1_base64="nyNhXG0AI452vtBTaxb1JC5FgJk="></latexit><latexit sha1_base64="nyNhXG0AI452vtBTaxb1JC5FgJk="></latexit><latexit sha1_base64="nyNhXG0AI452vtBTaxb1JC5FgJk="></latexit><latexit sha1_base64="nyNhXG0AI452vtBTaxb1JC5FgJk="></latexit>
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3 different methods:
1) NNLONLO-i 

rescale NLO by KNNLO = NNLOHEFT/NLOHEFT 

2) NNLOB-proj 
project all real radiation contributions  
to Born configuration, rescale by LO/LOHEFT 

3) NNLOFTapprox 
calculate NNLOHEFT and for each multiplicity 
rescale by  

A(n)
HEFT(ij ! HH +X), we apply the reweighting

R(ij ! HH +X) =
ABorn

Full (ij ! HH +X)

A(0)
HEFT(ij ! HH +X)

, (4)

where ABorn
Full stands for the lowest order (loop-induced) squared amplitude for the corresponding

partonic subprocess, computed in the full theory.† We note that, contrary to what happens in
the Born-projected approach, here the reweighting is defined using amplitudes that correspond
to the same subprocess under consideration. Therefore, the kinematics is always preserved and
there is no need to define a Born projection. Moreover, for amplitudes that are of tree-level
type in the HEFT (as it is the case for the double-real emission contributions), this reweighting
simply implies using the exact loop-induced amplitudes with full top mass dependence. The
reweighting procedure defined by Eq. (4) agrees at NLO with the so-called FTapprox introduced
in Ref. [22], therefore we will use the same notation.

Given that the performance of the Born-projection and FT approximations was already
studied in Ref. [17] at NLO, we directly present NNLO predictions in Section 3. We point
out that, based on the ingredients entering each of the approximations, the NNLOFTapprox is
expected to be the most advanced prediction for Higgs boson pair production via gluon fusion.
By contrast, the NNLOB-proj is expected to be the less accurate, since it is based on a simple
Born level reweighting procedure. Nevertheless, and for comparison purposes, we always present
results for the three approximations described above.

2.3 Numerical stability

Before presenting our quantitative predictions, we briefly discuss the numerical stability of our
results. From the computational point of view, the most challenging of the three approaches to
incorporate mass e↵ects at NNLO is the NNLOFTapprox procedure, as it involves loop-induced
double-real contributions in the full theory. In particular the dominant gg ! hhgg amplitude
comprises computationally very challenging six-point loop integrals with internal masses. In
fact, these contributions have to be evaluated in the numerically intricate NNLO unresolved
limits and to the best of our knowledge, the present calculation is the first application of a
six-point one-loop amplitude integrated over its IR divergent unresolved limits in an NNLO
calculation.

Thanks to the numerical stability of the applied algorithms in OpenLoops together with
Collier, the bulk of the phase-space points remains stable in double precision when approach-
ing qT ! 0, even close to the dipole singularity, i.e. in the NNLO double-unresolved limits.
On average the runtime per phase space point for the gg ! hhgg amplitude is ⇠ 1 sec. In
principle OpenLoops provides a rescue system, such that remaining numerically unstable
phase-space points can be reevaluated in higher numerical precision based on reduction with

†Strictly speaking, the reweighting is applied to the finite part of the loop amplitudes. However, at one-loop
level this procedure reproduces the loop structure of the full theory.
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Figure 16. Comparisons of invariant mass distributions under N3LO⌦NLOmt and NNLO⌦NLOmt

approximations at
p
s = 13, 14, 27, 100 TeV. The bands represent the scale uncertainties. The dark-

orange, blue and black curves are the NNLO⌦NLOmt , N3LO⌦NLOmt and NLOmt predictions,
respectively. The bottom panel shows the ratios to the NLOmt distribution.

O(↵5
s) corrections is evident from the obvious reduction of theoretical uncertainties.

The differential cross sections in the transverse momenta of the leading-pT (harder)
and the subleading-pT (softer) Higgs bosons can be found in the middle panels of figure 17.
These two transverse momenta are identical at LO. Beyond LO, due to the presence of
extra real radiations, the difference between the two emerges. It is quite often that the
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even N3LONLO-i is known
Chen, Li, Shao, Wang 19

p
s 13 TeV 14 TeV 27 TeV 100 TeV

NLOmt 27.56+14%
�13% 32.64+14%

�12% 126.2+12%
�10% 1119+13%

�13%

NNLO�NLOmt 32.16+5.9%
�5.9% 38.29+5.6%

�5.5% 157.3+3.0%
�4.7% 1717+5.8%

�12%

NNLOB�i�NLOmt 33.08+5.0%
�4.9% 39.16+4.9%

�5.0% 150.8+4.6%
�5.7% 1330+4.0%

�7.2%

NNLO⌦NLOmt 32.47+5.3%
�7.8% 38.42+5.2%

�7.6% 147.6+4.8%
�6.7% 1298+4.2%

�5.3%

N3LO�NLOmt 33.06+2.1%
�2.9% 39.40+1.7%

�2.8% 163.3+4.0%
�8.3% 1833+14%

�20%

N3LOB�i�NLOmt 34.17+1.9%
�4.6% 40.44+1.9%

�4.7% 155.5+2.3%
�5.0% 1372+2.8%

�5.0%

N3LO⌦NLOmt 33.43+0.66%
�2.8% 39.56+0.64%

�2.7% 151.7+0.53%
�2.4% 1333+0.51%

�1.8%

Table 4. The inclusive total cross sections (in unit of fb) of Higgs boson pair production at different
centre-of-mass energies

p
s within the considered approximations. The quoted relative uncertainties

are from the 9-point scale variations.

is degraded to NLO accuracy when mhh becomes larger than two times of the top-quark
mass where the scale cancellations are not guaranteed. For N3LO⌦NLOmt , because of the
manner of varying ⇠R, ⇠F in differential cross sections eq.(3.4), their relative scale uncer-
tainties are exactly same as N3LO in section 2.4.3. Comparisons between NNLO⌦NLOmt

and N3LO⌦NLOmt predictions are given in figure 16. Similar to what have been found
at NNLO in ref. [54], the higher-order QCD corrections are quite small near the threshold
region mhh ' 2mh. The K factors N3LO⌦NLOmt

NLOmt

are almost constants (around 1.2) at larger
mhh. A lesson from NNLO tells us that the NNLO⌦NLOmt predictions feature different
shapes as the FT approximation. Therefore, it would be quite desirable to carry out the
latter approximation at N3LO, which is however beyond the scope of the present paper.

3.2.3 Other differential distributions

With the approximation eq.(2.15) used at N3LO in other observables, we are able to report
our predictions for fully differential distributions of the Higgs boson pair production. We
have shown 6 differential kinematic distributions at

p
s = 14 TeV in figure 17 as our

illustrative examples, while the same differential cross sections at
p
s = 13, 27, 100 TeV

can be found in appendix D. These kinematics are the rapidity of the Higgs pair (up left
panel of figure 17), the rapidity of a random Higgs boson (up right panel of figure 17), the
transverse momenta pT of the harder (middle left panel of figure 17) and the softer Higgs
(middle right panel of figure 17), the absolute rapidity difference |�y| (low left panel of
figure 17) and the azimuthal angle difference �� (low right panel of figure 17) between
the two Higgs particles. For the sake of clarity, we will only show the results of NLOmt

(black), NNLO⌦NLOmt (dark-orange) and AN3LO⌦NLOmt (blue), where we have adopted
the AN3LO calculations to approximate the N3LO differential cross sections.

The rapidity distribution of the Higgs boson pair reported in the up-left panel of fig-
ure 17 receives approximately an uniform K factor AN3LO⌦NLOmt

NLOmt

' 1.2. The shape of the
distribution is mainly driven by the partonic luminosity encoded in the PDF. The scale
uncertainty band is reduced from NNLO⌦NLOmt to AN3LO⌦NLOmt by a factor of four.

Because the rapidity distributions of the leading-pT and subleading-pT Higgs bosons
are sensitive to soft-gluon radiations, i.e. not IR safe at fixed orders, we instead show the
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Mass Scheme Uncertainties
and Q according to Section 3.1.414. Since the scale dependence on µt is a monotonously falling

function, we evaluated the di↵erential cross section for four choices of the top mass, mt, mt(mt),

mt(Q/4) and mt(Q), for each bin in Q.

For the three c.m. energies of 14, 27 and 100 TeV the di↵erential cross sections are presented

in Figs. 14, 15 as a function of Q = mHH for the various definitions of the top mass. The lower

panels exhibit the ratios of the di↵erential cross sections to the ones in terms of the top pole mass

(OS scheme). It is clearly visible that the scale and scheme dependence of the top mass induces
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p
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Figure 14: The di↵erential Higgs-pair production cross section at NLO as a function of the invariant Higgs-pair
mass for a c.m. energy of 14 TeV for four di↵erent choices of the scheme and scale of the top mass. The lower
panel shows the ratio of all results to the default results with the top pole mass (OS scheme). PDF4LHC PDFs
have been used and the renormalization and factorization scales of ↵s and the PDFs have been fixed at our
central scale choice µR = µF = Q/2.

sizeable variations of the NLO Higgs-pair production cross section and thus contributes to the

theoretical uncertainties. For small Q values, the size pattern of the di↵erential cross section

due to the di↵erent scale and scheme choices is varying. For large values of Q, the maximum is

always given by the on-shell scheme and the minimum in terms of the MS-top mass mt(Q) with

14We do not separate the treatment of the top-Yukawa couplings and the propagator-top mass, since both
are linked by the sum rule emerging from the electroweak SU(2)⇥ U(1) symmetry, yt �

p
2mt/v = 0, which is

needed for the cancellation of divergences in electroweak corrections.
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NLO predictions in MS scheme

So far, all results used OS renormalization of mt,  
  but also other schemes, e.g. MS valid → additional mass scheme uncertainty 

Baglio, Campanario, Glaus, Mühlleitner, Spira, Streicher 19,20

large scheme uncertainties at large mHH 

(larger than  dependence)μR, μF

7

choice of mt = 172.5 GeV for the top pole mass to an MS
mass of mt(mt) = 163.02 GeV. The renormalisation of the
top mass has been adjusted accordingly. Taking the maxi-
mum and minimum of the differential cross section in Q

2

at four different values of Q
2 for a variation of the MS top

mass in the range between Q/4 and Q we obtain the follow-
ing variations of the Higgs-pair cross section,

ds(gg ! HH)

dQ

���
Q=300 GeV

= 0.0312(5)+9%
�23% fb/GeV,

ds(gg ! HH)

dQ

���
Q=400 GeV

= 0.1609(4)+7%
�7% fb/GeV,

ds(gg ! HH)

dQ

���
Q=600 GeV

= 0.03204(9)+0%
�26% fb/GeV,

ds(gg ! HH)

dQ

���
Q=1200 GeV

= 0.000435(4)+0%
�30% fb/GeV,

(20)

using PDF4LHC parton densities. The top-quark scheme un-
certainty is significant over the whole range of mHH . The
prediction involving the top pole mass, that we take as our
central prediction, is the maximal prediction for high mHH

values. The uncertainties induced by the top-mass scheme
and scale choice on the total cross section at NLO will be
given in a forthcoming publication [50].

6 Conclusions

We have presented the calculation of the full NLO QCD
corrections to Higgs-boson pair production via gluon fu-
sion for the top-loop contributions. This has been performed
by numerical integrations of the involved virtual two-loop
corrections to the four-point functions, while the results of
the single-Higgs case have been translated to the three-point
contributions that involve the trilinear Higgs self-coupling.
The one-particle reducible contributions that appear for the
first time at NLO have been inferred from the explicit analyt-
ical one-loop results for H ! Zg , where the Z-boson mass
plays the role of the virtuality of the gluon in the dressed
Hgg

⇤ vertex. In order to isolate the ultraviolet, infrared and
collinear divergences, we have performed appropriate end-
point subtractions at the integrand level and described the
explicit construction of infrared subtraction terms that al-
low for a clean separation of the infrared singularities from
the regular rest. The real corrections have been obtained by
generating the full matrix elements with automatic tools. We
have constructed the infrared and collinear subtraction term
as the heavy-top limit of the real matrix elements involving
the fully massive LO sub-matrix element. Adding back the
full results in the heavy-top limit completed the full real cor-
rections. The final results we have obtained agree with pre-
vious calculations for the individual finite parts of the real
and virtual corrections. We find finite NLO mass effects that

are up to �30% for large invariant Higgs-pair masses, while
the total NLO top-mass effects modify the total cross section
by about �15%.

We have studied the theoretical uncertainties related to
variations of the renormalisation and factorisation scales and
have found agreement with the previously known results
finding uncertainties at the level of 10� 15%. A novel out-
come of our calculation is the additional uncertainty induced
by the scheme and scale dependence of the top mass that
can be significant, amounting to +9%/� 23% at mHH =
300 GeV and +0%/� 30% at mHH = 1200 GeV. The in-
duced uncertainty on the total cross section will be given in
a forthcoming publication [50].

In the future we plan to extend our calculation to beyond-
the-SM models as e.g. the 2HDM or MSSM.
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full HH EW 4

With the 1.8⇥ 104 reweighted events, we can compute
the K-factor quite accurately for most bins, except for
those with very large MHH or pT . For each of these bins,
we compute an additional 400 reweighted events and use
them to determine the corresponding K-factor.
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FIG. 2. Invariant mass distribution of the Higgs pair with
p
s = 14 TeV. The upper plot shows absolute predictions,

and the lower panel displays the di↵erential K-factor with
error bars representing statistical errors.
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FIG. 3. Transverse momentum distribution of one of the two
Higgs bosons with

p
s = 14 TeV. The upper plot shows abso-

lute predictions, and the lower panel displays the di↵erential
K-factor with error bars representing statistical errors.

In Fig. 2, we present the MHH distribution. A signif-
icant positive correction of approximately +15% is ob-
served in the first bin. In fact, we find that the EW
correction for phase space points near the HH produc-
tion threshold can exceed +70%. As MHH increases, the
K-factor decreases dramatically initially and then slows

down as it moves away from the threshold. The pattern
is similar for the pT distribution in Fig. 3, where the
correction is positive initially and subsequently becomes
negative. In regions of either large MHH or large pT , we
find the NLO EW correction to be approximately �10%.
We explicitly checked phase space points with

p
ŝ close to

14 TeV and found the corrections to be as substantial as
�30% at the matrix element squared level. However, the
gluon luminosity is highly suppressed in this region, and
thus, it does not contribute significantly to (di↵erential)
cross sections.
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FIG. 4. Rapidity distribution of one of the two Higgs bosons
with

p
s = 14 TeV. The upper plot shows absolute predic-

tions, and the lower panel displays the di↵erential K-factor
with error bars representing statistical errors.

In Fig. 4, we display the rapidity distribution of one of
the two Higgs bosons. A nearly flat K-factor is observed,
approximately 0.96, similar to the total cross section.
Summary. — Double Higgs production is considered

the golden channel to probe the Higgs self-coupling, with
NLO EW corrections representing the most substantial
source of theoretical uncertainties. In this Letter, we, for
the first time, compute the complete NLO EW correc-
tions for the production of double Higgs bosons in the
dominant gluon-gluon fusion channel at the LHC. The
NLO EW corrections are approximately �4% at the to-
tal cross-section level, proving to be insensitive to the
choice of parameters. For the di↵erential cross sections,
the EW corrections can be significant in certain phase
space regions. Specifically, for dimensionful observables,
EW corrections reach up to +15% at the beginning of
the spectrum and �10% in the tail. For dimensionless
observable, the rapidity distribution, the NLO EW cor-
rections are flat and approximately �4%.
Our work has substantially reduced the theoretical un-

certainties associated with this crucial process. Upon

Bi, Huang, Huang, Ma, Yu `23  


