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Introduction




Parameter Space

Can exchange integrals over loop momenta for integrals over parameters

Feynman Parametrisation [d“]=gda_ie “”:g“?
: v—(L+1)D/2
Fw—LD/2)[® 7 * % (@)
I(s) = J [da] a”o (1 — H(a)) — 7
[LeaT®o Jo [F(@:s)]
%, F homogeneous polynomials of degree L and L + 1
Lee-Pomeransky Parametrisation
['(D/2 = _
I(s) = (D72) J [dx]x* (£(x,5)) "
C(L+DD2-v)]] _.Tw) o

G(X;8) =U%X)+ F(X;8)

Lee, Pomeransky 13



Method ot Regions

Consider expanding an integral about some limit:
Piz N/IQZ, pi-p;— /IQ2 or m? ~/1Q2for/1 — 0

Issue: integration and series expansion do not necessarily commute

Method of Regions

I(s) = Z I®)(s) = Z T®I(s)
R R

1. Split integrand up into regions (R)

2. Series expand each region in 4

3. Integrate each expansion over the whole integration domain
4. Discard scaleless integrals (= O in dimensional regularisation)
5. Sum over all regions

Smirnov 21; Beneke, Smirnov 97; Smirnov, Rakhmetov 99; Pak, Smirnov 11; Jantzen 2011; ...



Finding Regions

Assuming all ¢; have the same sign we rescale s = A%s «~ Newton Polytope

I~J dx] x* (c,.xrz-)uj dx] ¥ (c, A7)
RY, R

N
>0

‘¢

4

Normal vectors w/ positive A component define change of variables n = (vy, ..., vy, 1)

x = /1“fy , 1= ] Pak, Smirnov 10; Semenova,
A. Smirnov, V. Smirnov 18

Example
px, 1) =1+ x +x? P

1,2 Ft
3& Ft

(1,0) (2,0)

Original integral I may then be approximated as [ = Z I+
fert



Regions due to Cancellation

What happens if ¢; have different signs?

Consider a 1-loop massive bubble at threshold y = m* — g*/4 — 0

(1 — a; — a,)(ay + a,) "2+

1
q I = F(e)[daldaz .
i (‘O};bub(al’ s, q2, y))
q2
Lo

9bub — T(al - a2)2 + y(al + 052)2

Can split integral into two subdomains a; < a, and a, < a; then remap

ap = oy/2 . F N q_za,z +y(a'; + a'y)?* (for first domain)
w=a,+a) 2 T LT T2

Jantzen, A. Smirnov, V. Smirnov 12

Before split: only hard region found (a; ~ y%, @, ~ y")
After split: also potential region found (a; ~ y°, @, ~ y'/?)




Regions due to Cancellation

Various tools attempt to find such re-mappings using linear changes of variables

ASY/FIESTA Jantzen, A. Smirnov, V. Smirnov 12
Check all pairs of variables (a;, @,) which are part of monomials of opposite sign

For each pair, try to build linear combination a; — bay, @, = a, + ba; s.t negative
monomial vanishes

Repeat until all negative monomials vanish or warn user

ASPIRE Ananthanarayan, Pal, Ramanan, Sarkar 18; B. Ananthanarayan, Das, Sarkar 20

Consider Grobner basis of {9‘7, oF la,, 0F | as, } (i.,e. # and Landau equations)

Eliminate negative monomials with linear transformations a; — bay, a, = a; + bay

This is not enough to straightforwardly expose all regions in parameter space



Integrals with Pinch Singularities




Landau Equations

Polynomials %, F can vanish (gives singularities) for some a; — 0 (end-point)

Additionally, due to signs in & it can vanish due to cancellation of terms
Avoid poles on real axis by deforming contour (roughly speaking...):

a, = o — ig(a)
0F (a; s)

aak

F(a,s) > F(a;s) — iz Er + O(e?)

k

It F(a;s) = 0 and 0F («; s)/0a; =0 Vj simultaneously, contour will vanish exactly
where the deformation is required, above conditions are just the Landau equations

Landau Equations (parameter space):

1) F(a;s)=0
0F (;S) _
oa:

j
Leading: a; # 0V

Solutions are pinched surfaces of the integral where IR divergences may arise
10




Looking for Trouble: Algorithm

Generally, solutions of the Landau equations depend on s.
Let us restrict our search to solutions with generic kinematics

F=-Yslf@-g@| =) F_+F,

l

Fi_==sfl@), F,, =s8a), fa),ga=0

Algorithm (finds integrals which potentially have a pinch for massless case)

For each s;:
1) Compute #, _, F,
2) 1 #F,_=0or #,;, =0 — Exit (no cancellation)

3) It 0F; _[da; =0 or dF; /da;=0seta; =0 — Goto 1

Else — Exit (potential cancellation)

Much more sophisticated algorithms for solving Landau equations exist

(E.g.) Mizera, Simon Telen 21; Fevola, Mizera, Telen 23
(See also) Gambuti, Kosower, Novichkov, Tancredi 23

11




Looking for Trouble: 1- & 2-loops

We considered massless 4-point scattering amplitudes (5,3 = — 515, — §13)

@1-loop: found no candidates (trivially)
@2-loop:

+ ... no candidates (!)

12



Looking for Trouble: 3-loops

@3-loop: finally some interesting candidates

P2 P4 P2 Y2 P2 P4
Y4l p3 D1 b3 P b3
(b) G (c) Get (d) Geu
P2 P4 b2 yZ P2 yZ P2 P4
P1 D3 p1 P3 b b3 P p3
(a) G (e) G (f) G (8) Guu
P2 2 D2 yzs P2 P4
Y41 p3 P1 b3 P1 P3
(h) GSt (1) Gsu (.]) Gtu

The complete set of corresponding master integrals for generic s;,, 53 are known

Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21;

13



Interesting Example

b2 P4
‘~00 p ; %(X)4€ ( )
— xO .o .x'7 _x'7
U(a) = oga,a, + agon05 + oy, + (29 terms)
P1 P3
F(a;8) = =51, (14 — 0pQAs) (A0 — A7) — S13 (0 — OyoR) (A0 — A7),
0F (a; S)
= 81 As(306 — A7) + 513 G3(AsAg — A7),
a(l()
0F (a;S)
P = 515 a1y — AyAs) + 513 (A — Az)
7

Can have a leading Landau singularity with generic kinematics (arbitrary s5, §;3)
when each factor of & vanishes!

14



Interesting Example

Let's try to compute this with sector decomposition (pySecDec)

® ssh 1

.738] from k146; decreasing deformp by 0.9 to (1.1765883620056724e-10, 1.1765883620056724e-10, 1.1765883620056724e-10, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672e-16)
from k141; decreasing deformp by 0.9 to (1.5893964098094157e-11, 1.5893964098094157e-11, 1.5893964098094157e-11, 1.5893964098094152e-17, 1.5893964098094152e-17, 1.5893964098094152e-17, 1.5893964098094152e-17)
from k36; decreasing deformp by 0.9 to (4.558344385599467e-11, 4.558344385599467e-11, 4.558344385599467e-11, 4.5583443855994656e-17, 4.5583443855994656e-17, 4.5583443855994656e-17, 4.5583443855994656e-17)
from kl144; decreasing deformp by 0.9 to (1.9029072647552813e-13, 1.9029072647552813e-13, 1.9029072647552813e-13, 1.9029072647552823e-19, 1.9029072647552823e-19, 1.9029072647552823e-19, 1.9029072647552823e-19)
from k120; decreasing deformp by 0.9 to (1.1765883620056724e-10, 1.1765883620056724e-10, 1.1765883620056724e-10, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672e-16)
from k117; decreasing deformp by 0.9 to (2.4599539783880517e-10, 2.4599539783880517e-10, 2.4599539783880517e-10, 2.4599539783880515e-16, 2.4599539783880515e-16, 2.4599539783880515e-16, 2.4599539783880515e-16)
from k146; decreasing deformp by 0.9 to (1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16)
from k141; decreasing deformp by 0.9 to (1.4304567688284741e-11, 1.4304567688284741e-11, 1.4304567688284741e-11, 1.4304567688284738e-17, 1.4304567688284738e-17, 1.4304567688284738e-17, 1.4304567688284738e-17)
from k36; decreasing deformp by 0.9 to (4.1025099470395204e-11, 4.1025099470395204e-11, 4.1025099470395204e-11, 4.102509947039519e-17, 4.102509947039519e-17, 4.102509947039519e-17, 4.102509947039519e-17)
from k144; decreasing deformp by 0.9 to (1.7126165382797532e-13, 1.7126165382797532e-13, 1.7126165382797532e-13, 1.7126165382797541e-19, 1.7126165382797541e-19, 1.7126165382797541e-19, 1.7126165382797541e-19)
from k120; decreasing deformp by 0.9 to (1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16)
from k117; decreasing deformp by 0.9 to (2.2139585805492464e-10, 2.2139585805492464e-10, 2.2139585805492464e-10, 2.2139585805492464e-16, 2.2139585805492464e-16, 2.2139585805492464e-16, 2.2139585805492464e-16)
from k146; decreasing deformp by 0.9 to (9.530365732245948e-11, 9.530365732245948e-11, 9.530365732245948e-11, 9.530365732245943e-17, 9.530365732245943e-17, 9.530365732245943e-17, 9.530365732245943e-17)
from k141; decreasing deformp by 0.9 to (1.2874110919456267e-11, 1.2874110919456267e-11, 1.2874110919456267e-11, 1.2874110919456265e-17, 1.2874110919456265e-17, 1.2874110919456265e-17, 1.2874110919456265e-17)
from k36; decreasing deformp by 0.9 to (3.692258952335568e-11, 3.692258952335568e-11, 3.692258952335568e-11, 3.692258952335567e-17, 3.692258952335567e-17, 3.692258952335567e-17, 3.692258952335567e-17)
from k144; decreasing deformp by 0.9 to (1.541354884451778e-13, 1.541354884451778e-13, 1.541354884451778e-13, 1.5413548844517786e-19, 1.5413548844517786e-19, 1.5413548844517786e-19, 1.5413548844517786e-19)
from k120; decreasing deformp by 0.9 to (9.530365732245948e-11, 9.530365732245948e-11, 9.530365732245948e-11, 9.530365732245943e-17, 9.530365732245943e-17, 9.530365732245943e-17, 9.530365732245943e-17)
from k117; decreasing deformp by 0.9 to (1.992562722494322e-10, 1.992562722494322e-10, 1.992562722494322e-10, 1.9925627224943218e-16, 1.9925627224943218e-16, 1.9925627224943218e-16, 1.9925627224943218e-16)
from k141; decreasing deformp by 0.9 to (1.158669982751064e-11, 1.158669982751064e-11, 1.158669982751064e-11, 1.158669982751063%-17, 1.1586699827510639%¢-17, 1.1586699827510639%e-17, 1.1586699827510639%e-17)
from k36; decreasing deformp by 0.9 to (3.3230330571020116e-11, 3.3230330571020116e-11, 3.3230330571020116e-11, 3.3230330571020105e-17, 3.3230330571020105e-17, 3.3230330571020105e-17, 3.3230330571020105e-17)
from k146; decreasing deformp by 0.9 to (8.577329159021353e-11, 8.577329159021353e-11, 8.577329159021353e-11, 8.57732915902135e-17, 8.57732915902135e-17, 8.57732915902135e-17, 8.57732915902135e-17)
from kl144; decreasing deformp by 0.9 to (1.3872193960066002e-13, 1.3872193960066002¢e-13, 1.3872193960066002¢-13, 1.387219396006601e-19, 1.387219396006601e-19, 1.387219396006601e-19, 1.387219396006601e-19)
from k120; decreasing deformp by 0.9 to (8.577329159021353e-11, 8.577329159021353e-11, 8.577329159021353e-11, 8.57732915902135e-17, 8.57732915902135e-17, 8.57732915902135e-17, 8.57732915902135e-17)
from k117; decreasing deformp by 0.9 to (1.7933064502448899%¢-10, 1.7933064502448899%¢-10, 1.7933064502448899¢-10, 1.7933064502448896e-16, 1.7933064502448896e-16, 1.7933064502448896e-16, 1.7933064502448896e-16)
from k141; decreasing deformp by 0.9 to (1.0428029844759576e-11, 1.0428029844759576e-11, 1.0428029844759576e-11, 1.0428029844759575e-17, 1.0428029844759575e-17, 1.0428029844759575e-17, 1.0428029844759575e-17)
from k36; decreasing deformp by 0.9 to (2.9907297513918106e-11, 2.9907297513918106e-11, 2.9907297513918106e-11, 2.9907297513918096e-17, 2.9907297513918096e-17, 2.9907297513918096e-17, 2.9907297513918096e-17)
from k146; decreasing deformp by 0.9 to (7.719596243119218e-11, 7.719596243119218e-11, 7.719596243119218e-11, 7.719596243119215e-17, 7.719596243119215e-17, 7.719596243119215e-17, 7.719596243119215e-17)
from k144; decreasing deformp by 0.9 to (1.2484974564059401e-13, 1.2484974564059401e-13, 1.2484974564059401e-13, 1.248497456405941e-19, 1.2484974564059%41e-19, 1.248497456405941e-19, 1.248497456405941e-19)
from k120; decreasing deformp by 0.9 to (7.719596243119218e-11, 7.719596243119218e-11, 7.719596243119218e-11, 7.719596243119215e-17, 7.719596243119215e-17, 7.719596243119215e-17, 7.719596243119215e-17)
from k117; decreasing deformp by 0.9 to (1.613975805220401e-10, 1.613975805220401e-10, 1.613975805220401e-10, 1.6139758052204006e-16, 1.6139758052204006e-16, 1.6139758052204006e-16, 1.6139758052204006e-16)
from k141; decreasing deformp by 0.9 to (9.38522686028362e-12, 9.38522686028362e-12, 9.38522686028362e-12, 9.385226860283618e-18, 9.385226860283618e-18, 9.385226860283618e-18, 9.385226860283618e-18)
from k36; decreasing deformp by 0.9 to (2.6916567762526297e-11, 2.6916567762526297e-11, 2.6916567762526297e-11, 2.6916567762526287e-17, 2.6916567762526287e-17, 2.6916567762526287e-17, 2.6916567762526287e-17)
from k146; decreasing deformp by 0.9 to (6.947636618807296e-11, 6.947636618807296e-11, 6.947636618807296e-11, 6.947636618807294e-17, 6.947636618807294e-17, 6.947636618807294e-17, 6.947636618807294e-17)
from k144; decreasing deformp by 0.9 to (1.1236477107653461e-13, 1.12364771076534 3, 1.1236477107653461e-13, 1.123647710765347e-19, 1.123647710765347e-19, 1.123647710765347e-19, 1.123647710765347e-19)
from k120; decreasing deformp by 0.9 to (6.947636618807296e-11, 6.947636618807296e-11, 6.947636618807296e-11, 6.947636618807294e-17, 6.947636618807294e-17, 6.947636618807294e-17, 6.947636618807294e-17)
from k141; decreasing deformp by 0.9 to (8.446704174255258e-12, 8.446704174255258e-12, 8.446704174255258e-12, 8.446704174255257e-18, 8.446704174255257e-18, 8.446704174255257e-18, 8.446704174255257e-18)
from k117; decreasing deformp by 0.9 to (1.452578224698361le-10, 1.452578224698361le-10, 1.452578224698361e-10, 1.4525782246983604e-16, 1.4525782246983604e-16, 1.4525782246983604e-16, 1.4525782246983604e-16)
from k36; decreasing deformp by 0.9 to (2.4224910986273667e-11, 2.4224910986273667e-11, 2.4224910986273667e-11, 2.422491098627366e-17, 2.422491098627366e-17, 2.422491098627366e-17, 2.422491098627366e-17)
from k146; decreasing deformp by 0.9 to (6.252872956926567e-11, 6.252872956926567e-11, 6.252872956926567e-11, 6.252872956926565e-17, 6.252872956926565e-17, 6.252872956926565e-17, 6.252872956926565e-17)
from kl144; decreasing deformp by 0.9 to (1.0112829396888115e-13, 1.0112829396888115e-13, 1.0112829396888115e-13, 1.0112829396888122e-19, 1.0112829396888122e-19, 1.0112829396888122e-19, 1.0112829396888122e-19)
from k120; decreasing deformp by 0.9 to (6.252872956926567e-11, 6.252872956926567e-11, 6.252872956926567e-11, 6.252872956926565e-17, 6.252872956926565e-17, 6.252872956926565e-17, 6.252872956926565e-17)
from k141; decreasing deformp by 0.9 to (7.602033756829732e-12, 7.602033756829732e-12, 7.602033756829732e-12, 7.602033756829731e-18, 7.602033756829731e-18, 7.602033756829731e-18, 7.602033756829731e-18)
from k117; decreasing deformp by 0.9 to (1.307320402228525e-10, 1.307320402228525e-10, 1.307320402228525e-10, 1.3073204022285245e-16, 1.3073204022285245e-16, 1.3073204022285245e-16, 1.3073204022285245e-16)
from k36; decreasing deformp by 0.9 to (2.1802419887646303e-11, 2.1802419887646303e-11, 2.1802419887646303e-11, 2.1802419887646294e-17, 2.1802419887646294e-17, 2.1802419887646294e-17, 2.1802419887646294e-17)
from k146; decreasing deformp by 0.9 to (5.62758566123391e-11, 5.62758566123391e-11, 5.62758566123391e-11, 5.627585661233908e-17, 5.627585661233908e-17, 5.627585661233908e-17, 5.627585661233908e-17)
from k144; decreasing deformp by 0.9 to (9.101546457199304e-14, 9.101546457199304e-14, 9.101546457199304e-14, 9.10154645719931e-20, 9.10154645719931e-20, 9.10154645719931e-20, 9.10154645719931e-20)
from k120; decreasing deformp by 0.9 to (5.62758566123391e-11, 5.62758566123391e-11, 5.62758566123391e-11, 5.627585661233908e-17, 5.627585661233908e-17, 5.627585661233908e-17, 5.627585661233908e-17)
from k141; decreasing deformp by 0.9 to (6.84183038114676e-12, 6.84183038114676e-12, 6.84183038114676e-12, 6.8418303811467584e-18, 6.8418303811467584e-18, 6.8418303811467584e-18, 6.8418303811467584e-18)
from k117; decreasing deformp by 0.9 to (1.1765883620056724e-10, 1.1765883620056724e-10, 1.1765883620056724e-10, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672¢-16, 1.176588362005672¢-16)
from k36; decreasing deformp by 0.9 to (1.9622177898881674e-11, 1.9622177898881674e-11, 1.9622177898881674e-11, 1.9622177898881666e-17, 1.9622177898881666e-17, 1.9622177898881666e-17, 1.9622177898881666e-17)
from k144; decreasing deformp by 0.9 to (8.191391811479374e-14, 8.191391811479374e-14, 8.191391811479374e-14, 8.19139181147938e-20, 8.19139181147938e-20, 8.19139181147938e-20, 8.19139181147938e-20)
from k146; decreasing deformp by 0.9 to (5.064827095110519e-11, 5.064827095110519e-11, 5.064827095110519%¢-11, 5.0648270951105174e-17, 5.0648270951105174e-17, 5.0648270951105174e-17, 5.0648270951105174e-17)
from k120; decreasing deformp by 0.9 to (5.064827095110519e-11, 5.064827095110519%e-11, 5.064827095110519e-11, 5.0648270951105174e-17, 5.0648270951105174e-17, 5.0648270951105174e-17, 5.0648270951105174e-17)
from k117; decreasing deformp by 0.9 to (1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051048e- 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16)
from k36; decreasing deformp by 0.9 to (1.7659960108993508e-11, 1.7659960108993508e-11, 1.7659960108993508e-11, 1.76599601089935e-17, 1.76599601089935e-17, 1.76599601089935e-17, 1.76599601089935e-17)
from k141; decreasing deformp by 0.9 to (6.1576473430320836e-12, 6.1576473430320836e-12, 6.1576473430320836e-12, 6.157647343032083e-18, 6.157647343032083e-18, 6.157647343032083e-18, 6.157647343032083e-18)
from kl144; decreasing deformp by 0.9 to (7.372252630331437e-14, 7.372252630331437e-14, 7.372252630331437e-14, 7.372252630331441e-20, 7.372252630331441e-20, 7.372252630331441e-20, 7.372252630331441e-20)

3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
3:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
4:
i:

Fails to find contour...
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Contour Deformation

Feynman integral (after sector decomp): e
1 N—(L+1)D/2
U
INJ da] @ U (a)]
) [F (a; s)]N-LD"2
m ' > Re(z)
0 1
Deform integration contour to avoid poles on real axis
Feynman prescription & — F —i6 tells us how to do this
0F (a
Expand #(z = @ —it) around @, F(2) = F(a) — iz T; 0( ) + O(7?)
a.
j J
0F (@)
Choose T; = /1]- a(l — a;) with small constants 4. > 0O
aaj /

Soper 99; Binoth, Guillet, Heinrich, Pilon, Schubert 05; Nagy, Soper 06; Anastasiou, Beerli, Daleo 07, 08;
Beerli 08; Borowka, Carter, Heinrich 12; Borowka 14;...

16



Contour Deformation

But for this class of examples F(a) and all 0F ()/0da; vanish at the same point inside
the integration domain

— pinch singularity

Example
F(a;s) = —s), (104 — 0y0s5) (0305 — A7) — $13 (A0 — AAz) (As506 — O407),
0F (a;S)
= 815 a5(a306 — 07) + 513 a3(As06 — A7),
00{0
0F (a; S)
= 815 mplagay — apas) + 513 ooy — opa3)
0a7
vanish for
o3 A5 o7
az _— _, 4 — _, 6 p—
a; a; a;

17



Resolution

The problem is that we have monomials with different signs...

Asy2.1 PreResolve->True

-bash 381

MACTHXJONES:fiesta sj$ cat diagram2636.m
Get["asy2.1.m"];

Print["Diagram2636"];

result = AlphaRepExpand[{k1l,k2,k3}, {k1A2, k2A2,k3A2, (kl+pl)A2, (k2+p2)A2, (k3+p3)A2,
(k1+k2+k3)A2, (kl+k2+k3+pl+p2+p3)A2}, {plA2->0, p2A2->0, p3A2->0, pl*p2->s12/2, pl*p3->
s13/2, p2*p3->-sl12/2-s13/2}, {s1l2 -> 1, sl1l3 -> -1/5}, PreResolve->True] (* 3-loop box *

))
Print[result];

MACTHXJONES:fiesta sj$ wolframscript -file diagram2636.m
Diagram2636

Asy?2.1

Variables for UF: {k1, k2, k3, pl, p2, p3}

WARNING: preresolution failed

MACTHXJONES: fiesta sj$ ||

Correctly identifies that iterated linear changes of variables are not sufficient to
resolve the singularity and reports that pre-resolution has failed

18



Resolution

1) Rescale parameters to linearise singular surfaces

F(a;s) = —s1, (104 — Aya5) (0306 — M 07) — 513 (0 — Aya3) (A0 — yQ7)

Ay = gy, Oy = Ay, Ay —> KOs, Hg — Hgly

F(a;S) = a|az050 [—512(a4 — o) — ) — s13(ay — ag)(ag — a4)]

2) Split the integral by imposing o; 2 a; > o, 2 a,

gy = Qy+ o, + ay + A,
Ay = Ay + Oy + O,

ay — ay + o,

X = Ao

F(a;S) = a1az050

F (e 8) = o305 [—slz(az + o)y + ag) — S13(a2)(a6)]

+perms

—s12(t + ) + &) — s3(p) ()

:_S nl@)(ay+a; + ag) + 5 13(05())(056):

19
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Result

Can now obtain results numerically (s;, = 1, s;3 = — 1/5)

I, = e™* [(—3.8842800687 + 5.2359902003)) + (4.458 - 107° + 3.638 - 107%)]| + ...
L = e™*[(=7.9291803033 + 20.943767810j) + (9.149 - 107> + 1.061 - 107%)| + ...
I; = ¢7*|(18.5195704502 — 15.707988011j) + (5.897 - 107 + 5.897 - 107%))| + ...
I, = e7* [(—13.294034089) + (2.068 - 107)] + ...
Is = e™* [(12.7432949988 — 23.561968275j) = (1.605 - 107> + 1.415 - 1075))] + ...
Iy = e7* [(—4.0702330904) £ (2.018 - 107%)] + ...

Agrees with analytic result

= ¢7*8.34055 — 52.3608]| + O(¢ ™)
I = ¢7*[8.3400403922 — 52.3598775598j| + O(c ™)

analytic

Note: even after resolution this integral is slow to compute numerically, possible
to vastly improve performance by avoiding contour deformation entirely

—See talk of Tom Stone
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MoR and Hidden Regions




On-Shell Expansion

On-shell expansion provides a way to explore emergence of IR singularities
starting from an object free of IR singularities (off-shell Green’s function)

Consider an arbitrary loop, (K + L)-leg wide-angle scattering graph

q1 qr

on-shell: p?~ 0% (i=1,...,K),
off-shell: gt~ Q% (j=1,...,L),
wide-angle: poop~0% (k#1).

b1 Pk

P2

Cancellations of the type just observed lead to new regions that are hidden in
the straightforward Newton polytope approach as they do not originate from
an end-point singularity

22



On-Shell Expansion

Consider a collinear/jet configuration

Pi2=/1Q29 pi-vi~AQ, p;-v;,~Q, pi"}iJ_N\/zQ

Let us introduce a fourth (extra) loop momentum
and consider the mode with all k; collinear to p,

k'=0 <‘§in + AV + \/ZTiul.’“‘ + \/ZI/ﬂ”)

Botts, Sterman 89

Momentum conservation at H, vertex (k; + ky, = ks + k; )
implies not all £; are independent:

E =& — %\/E 0082(8)(tan <§> At — cot (g) ZT> + A, — k),

E =& + %\/E tan (g) AT + Ak, — Ky),

At=1+10,—13— 14

1 0
54=51—5\//_1C0t<5>ZT+/1(K2—K3). 21':11+1'2+’[3—|—T4

23



On-Shell Expansion

Now let us analyse the leading behaviour of this integrand for small 4,

3
1) Loop measure can be expressed as [deldedekg, = QP JdeidKidTidUi
i=1
2) Trade large components of k,, k5 for small components of k;, {&,, &3} = {ky, 74}
6(52’ 53)) . /13/2
= cos(@)cot(0)

a(K4, T4)

Jacobian of transformation: det(

Overall obtain the following scaling:

[ﬁd [1 ([ 3 1 1 1—2€>[ (a(fza 53))
& didrdy, ~ | dé | ||| Gdr)@rdr)azdy,) dx,dz, det
i=1 0 i=1 0(Ky, T4)

213/2

26—36

3 1
Expect this region to scale as|u = 6 — 3¢ + 5 8 = — 5 3e
A

Scaling of collinear propagators

24



On-Shell Expansion

Directly applying MoR in parameter space, we do not see this region...

vr (zo,T1,...,27) order
- P (—2,—1,-2,-1,-2,—1,-2,—1;1) | —6¢
(—1,-2,—-1,-2,—1,-2,—1,-2:1) | —6¢
I ~ (-1,—-1,-1,0,—1,0,—1,0;1) 1 — 3e
(—1,-1,0,—1,0,—1,0,—1;1) 1— 3¢
(—1,-1,0,0,0,0,0,0; 1) e
" P3 (0,0,0,0,0,0,0,0; 1) 0

Dissecting the polytope according to our resolution procedure eliminates
monomials of different sign, we now see the region in each of the 24 new polytopes

vr (Yo, T1, Y2, T3, Y4, T5, Y6, T7) vr (T0,71,...,%7) order 1
1/2 11/2 171/27_17(),_1;1) —1/2—36 4---- /"=___3€

( ( )
(0, ~1,0,—1;1) (—1,—1,—-1,—-1,—1,—1,—1,—-1;1) | —3¢
I ~ (1,— 10 ~1,0,—1;1) (=1,-1,-1,-1,-1,-1,—1,—1;1) | —3e
1 (— 1, ~1,-1,-1,-1,-1,-1;1) | (=2,-1,-2,—-1,-2,—-1,-2,—1;1) | —6e
(1,— 2,1, —2,1,-2,1,-2;1) (=1,-2,-1,-2,—1,-2,—1,-2:1) | —6e
(0,—1,0,0,0,0,0,0;1) (-=1,-1,0,0,0,0,0,0;1) —e
( (

0,0,0,0,0,0,0,0;1) 0,0,0,0,0,0,0,0;1) 0

25



On-Shell Expansion

Use MoR on each of the split integrals 1, ..., I,, and summing only the leading
region for each split (with y = — 1/2 — 3¢ )

10° 5
—+— Re[e?] (Full)
40000 - < power —— Tm[e 3 (Full)
—4— Re[e3] (MoR
enhanced ele™] (MoR)
*3] (MoR)
30000 - 7 107 5
= =
=) =)
< S
& 20000 - s
5, 5,
B e 10°
G ) ]
10000 -
102 A
0 ]
10—5 10~* 10-3 10~2 10! 10-5 10~4 10—3 102 101
m% mi

See strong numerical evidence that the split integrals (MoR) reproduce the
leading behaviour of the full integral in the limit pl2 — 0
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Forward Scattering

Inserting 6 ~ \/E into the Botts-Sterman

b2 b1 analysis leads to one of the loop
momenta becoming Glauber:
B et — ok :
ke — k=K — K~ Q(, A3\ 2)
D1 p3
We obtain y = — 1 — 3¢
Alternatively, can expand known analytic result in the foward limit x = — s;3/5,

Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21,

N N - .-- L =log(x
I(s)5,813:€) = 57,7 F(x36), F(xs¢€) Z FD(x) e = Z Z FER(L) xk e g2(x)
n=—4 n=—4 k=—1

J(x;¢) =LP {IXX}(L; ) + O(xY)

2 (7% —144) 4 (- 2 _ 430
LP{f}(L;e>=mx—1—3e<_ 3 16 2(x ) 4(=584(3) +3n° - 432)

3¢t €3 3e2 3¢

1
t= (—278408(3) + 71z* + 14407 — 207360) + > ,

gives J(x;€) ~ x~173¢

27



Forward Scattering

Directly applying MoR in parameter space, no region with correct scaling...

D2

P1

P4

P3

vr (2o, x1,...,27) order
(—1,—-1,-1,0,—1,—1,-1,0;1)) | —3¢
(—1,-1,0,-1,—1,-1,0,—1;1) | —3¢
(—1,0,—1,-1,-1,0,—1,—-1;1) | —3¢
(0,—1,—1,-1,0,—1,—1,—-1;1) | —3¢
(0,0,0,0,0,0,0,0; 1) 0

After resolution, in some polytopes we now directly see the leading region
observed in the analytic result!

IIN

UR (yoaxl,y2,$3,y4,$5,y6,$7) vr (To,%1,...,27) order
(0, —1,0,—1,1,—1;1) (—1, 1 —1,—1,—-1,—-1,—-1,—-1;1) | —1 — 3¢
(1,— 1 0,—1,0,—1;1) (—1 1,-1,—-1,-1,—-1,-1;1) | =1 — 3¢
(—1, O O —1,0,0,—1;1) (—1 -1,-1,0,—-1,-1;1) —3¢€
(000000001) (000000001) 0
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Conclusion

Pinched Feynman Integrals

» Studied an integral with a pinched contour independent of kinematics
 Found a resolution procedure to remove the pinch

 Can obtain stable numerical results only after removing pinch

MoR

 Expect regions can appear due to cancelling monomials either generically or at
particular kinematic points

* Have characterised some such regions for on-shell expansion and forward
scattering @ 3-loops

Outlook
* General/automated procedure to resolve these pinches/cancellations?
* New ways to analyse/compute Feynman integrals?

Thank you for listening!
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Sector Decomposition




Sector Decomposition in a Nutshell

[%(x)]N—(L+1)D/2

" [ ot X (o) Zaaperon 21~ HE)

Singularities
1. UV/IR singularities when some x — 0 simultaneously = Sector Decomposition

2. Thresholds when & vanishes inside integration region = i6

Sector decomposition

Find a local change of coordinates for each singularity that factorises it (blow-up)
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Sector Decomposition in a Nutshell

I~ I [dx] x"¥ (cl-xri)t
R

N (1) = convHull(r |, r,,...) = ﬂ {m e RV | (m, nf) +ap 2 O}
feF

Normal vectors incident to each extremal vertex define a local change of variables*
Kaneko, Ueda 10

— (ns.e;)
Xi = yf
fes,
( \'
—la r;)ta
50 [ L [T
GEAT fEG \ feo )
Singularities Finite

*|f |SJ-| > N, need triangulation to define variables (simplicial normal cones ¢ € AZV)
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Sector Decomposition in a Nutshell

2

YV N

1-2¢ [ dxldxz
I:Q:—F(—I—I—ZS) (mz) / 1.0 1.1 0.1 2—¢”
0 (xlx + XX, + XX )

e g = (D) ()0

n;3 =™ ap = 1 ay) — | az — —1

For each vertex make the local change of variables

RS B IR | NS ce =10 0, -1 ce 0ol 1]
€g. TiX =Y V3, o=V Y3, DX =Y Vo, o =V1Yo 0 I3 X =3, X0 =Y, )3

1—2¢ (1 y_gy_gy_1+8
I=-T(-1+2¢) (m*) dy dyrdy; ——2"——[5(1 —y2) + (1 —y3) + 8(1 —y1)]
0 01 +y2+33)* "

Schlenk 2016
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Applications




Applying Expansion by Regions

Ratio of the finite O(e") piece of numerical result R, to the analytic result R,

1.003

0000000000000 0000000/0000000000000000000000Ud
boogpooc

(at large m?2/s)
veocss . standard pySECDEC ~ day

‘000000
Poooooo

1.002 - Y v XY expansion by regions

LO\d A LS /lloonb; N, "‘:noooo °°°°°°°°oo°°noooooe°°°°°°°°°°0°ooo°°oooonOo°°°°°°°°°°°oﬂccoﬂoonooonuoooooql ~ 2 m I n
1 . O O 1 iscooll\ ,I° O~ A2000060C ,°°°°°° .. .. °°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°q|
:ooooo‘\ ,";d; oo y o o: g 0 O -o‘gtgtzt °°°°°°°°°°°°°°°°°°°°° oﬂoooooooooooooﬂodl
:oooood ) ooooo oooooa;\ '” % O D6 9'.0' D6 6 D6 1DE 9 f v-'o'v Veveve
1000 EER et § 0101910105070/ 010:0201010:010:0 30107
. 7] ¥$000000006060640000

gt-»o-c?tgfgﬁa?x?cgc93%321-?,9.0&;??3

0000Q¢0C ‘\‘

0000000000000 O0O
©00000000000000900000000000000000(00000!

oo
%00000000000000000000003d00000000000000000/0000o0!
b0OOO000OOOOOOOOO00000000000000000000000000001
\\000000000000000000000000000000000000000000000 /
\000000005000000000000000000000000000000000004
P000090000000000000000Q900000000000000000/00000) Ve
VWOOO0OO0000000000000000000000000000000000POOOOQ e

0.997 1

0.996

booojoooooo 00000 00000000000 coo0o0 pooooa \
IOOOOOOOOOOOO 000000 ° 00000 o ©000000000I!
000/00000000000000000(00000000000000000p0OOOd \
|00°°°°O°°O°° 000000 ° 000000000 ° OOOOOI \
0995_ poooooo0o000 00000 00000000000 000 P 000#
. [0o0o09poOO 00000000000 ° 00000000 o 900009, \

IO00‘OOOO00000000OO°°Q0000000000000000000000:
—TTT T — T T T T T T T T — T T T T T

0_994 T L R L L | T L L L | T L B L | T L T T T
10° 10! 102 103 10% 10° 10°

m?2/s

For large ratio of scales (m?/s) the EBR result is faster & easier to integrate

36



Additional Regulators

MoR subdivides /' (I) — { A (I®)} = new (internal) facets F™"

New facets can introduce spurious singularities not regulated by dim reg

Lee Pomeransky Representation:

VAIE ﬂ {m e RV | (m,n;) +a, > O}

fer

NS

( \

D :
7~ Z | o | J [dyf] yf(nf,I/>+ 5 Ay c, yf(nf,rl)+af
ceAl, feo \ feo J

If f € F™ have ar = 0 need analytic requlatorsv — v + ov
Heinrich, Jahn, SJ, Kerner, Langer, Magerya, Poldaru, Schlenk, Villa 21; Schlenk 16
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Additional Regulators (ll)

Toy Example:
Pi(x,A) =1 + Ax; + x1x, + Ax, Py(x,4) = A+ x; + Ax1x%, + X,
2 2
0 SD;(A) 0 SDy(A)
I E fs
need

analytic fo ok!

fa
regulator N

pySecDec can find the constraints on the analytic regulators for you

extra_regulator_constraints(): | |
V=V #£0, v —v3#0
suggested_extra_regulator_exponent(): ‘ >

{6vy, buy, OU3, 614} = {0,0,n, — 11} Small m expansion
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Lee-Pomeransky and MoR




Building Bridges: LP < Propagator Scaling

Region vectors in momentum space and Lee-Pomeransky space are related, we
can see this using Schwinger parameters X,

~

1 1 [*dx 3 ,
— = [ — e g%l with x, « %,
D I,

0 e

(D7, .., DFY ~ By oo By) ~ (X s Xy)

Example: 1-loop form factor

Hard: (D', D;',Dy") ~ (2°,2°,19), (4123, 33) ~ (22,29, 2°)
Collinear to p; : (Dl_l,Dz‘l,Dgl) ~ (/1_1,/10,/1‘1), (X5 X9, X3) ~ (/1_1,/10,/1‘1)
(D7, DL DY ~ (A% 47147, (oty5 X9, X3) ~ (A%, 471,471

Soft: (DL, DL, DY~ @A A7h270),  (xpxp) ~(A7LATLATY)
Can connect the regions in mom. space with those we determine geometrically

Next step: automatically find (Sudakov decomposed) loop momentum scalings
compatible with region vectors WIP w/ Yannick Ulrich
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Building Bridges: Landau <> Regions

The Landau equations give the necessary conditions for an integral to diverge
1) alk,p,gg=0 VeeG

0
2) —Dk,p,qia)=

0
EYY! Wzae (—lf(k,p,q)—ie) =0 Vae {l,...,L}

eeG

Solutions are pinched surfaces of the integral where IR divergences may arise

Idea is to explore the neighbourhood of a pinched surface, defined by
1) al*k,p,q ~i VeeG, with pe {12}

0 . 172
2) a_kg@(kap9Q9a)S/1 Va e {laaL}

with the goal of further understanding the connection between

Solutions of the Landau equations < Regions

Gardi, Herzog, Ma, Schlenk 22
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Method of Regions (Details/Examples)




Geometric Method

In Feynman parameter space, there is a geometric method for finding regions
Pak, Smirnov 10

Each region will be defined by a region vector v = (v, ..., vy; 1), in each region we
will perform a change of variables x; = A"ix; and series expand about 4 =0

Let us start by considering some polynomial
m

P(X, /1) = Z C; xlrl'J x;]i,N ATiN+1

i=1

c; - non-negative coefficients
X; - integration variables

A - small parameter

N+1
l'l —_ (Vi,l, ...,Fi,N_|_1) < N +

- exponent vectors
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Geometric Method

Ignoring, for now, the coefficients c¢; we can introduce a simple but useful picture for

such polynomials:
« For each variable x; or A draw an orthogonal axis

» For each monomial, draw a dot at position r;,

Example: P(x,1) = 1+ x + x* has exponent vectors
r, =(0,1),r, =(1,0),r; = (2,0)

(0,1)

(1,0) (2,0)
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Geometric Method

We may define a Newton polytope of the polynomial, this is the convex hull of the
exponent vectors:

A = convHull(r|,r,, ...) = {Z ar;|a; >O/\Za—1}

J

Example° P(x,1) = A+ x + x> has exponent vectors

(0,1)

(1,0) (2,0)
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Geometric Method

Alternatively, this polytope can also be described as the intersection of half spaces:
A= ﬂ {m e RV+! | (m, vp) +a; > O}
feF

F' - set of polytope facets, a, € Z

Vv, - inward-pointing normal vectors for each facet (co-dimension 1 face)

Several public tools exist for computing Newton polytopes/convex hulls and their
representation in terms of facets exist, e.g. Normaliz and Qhull

Vi

(0,1)

V3

(1,0) (2,0)
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Geometric Method

Next, let us define a vector u such that x; = A" with u,_,; = 1 for each point X in the
integration domain, we can write:

m

Pu, ) = 2 A

i=1

Since 4 <« 1, the largest term in the polynomial has the smallest (r;, u)

Note that we can have several points with the same projection on u, i.e. we can
have several largest terms

Example: P(x, 1) = A+ x + x> withu = (3,1) gives P(w, 1) = A + A% + 1°

P

AN

(0,1) u=(3,1)

(1,0) (2,0)
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Geometric Method

Next, let us define a vector u such that x; = A" with u,_,; = 1 for each point X in the
integration domain, we can write:

Pu, ) = 2 A
i=1
Since 4 <« 1, the largest term in the polynomial has the smallest (r;, u)

Note that we can have several points with the same projection on u, i.e. we can
have several largest terms

Example: P(x,1) = A+ x + x> with u = (1,1) gives P(w, 1) = 1 + 1 + A?

P

AN

(0,1) u=(1,1)

(1,0) (2,0)
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Expanding Regions

Rewrite our polynomial as: P(x) = OQ(X) + R(X)
With O(x) defined such that it contains all of the lowest order terms in A

The binomial expansion of

Px)" = Q(x)””(l + R&) > converges forx = A% if R(x)/Q0(x) < 1

O(x)

Some observations:

« An expansion with region vector v converges at a point u if the terms with
minimum < r;,u > are contained in the terms with minimum <r;, v >

« For any u the vertices with the smallest < r;, u > must be part of some facet F

 Since uy,; > 0, the lowest order terms for any u must lie on a facet whose

inwards pointing normal vector has a positive (N + 1)-th component, let us call
the set of such facets F™ or lower facets

Claim: regions are defined by vectors normal to the facets in F'¥, the integrand
in each region consists of the monomials lying on the facet
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Scaleless Integrals

Scaleless integrals seem to play quite an interesting role

Momentum space
In dimensional regularisation, scaleless integrals are O

I(tki} o Lcki}y) = cTI({K}) = I(1k}) =0, {1k} = 1k}, U ik,
Where ¢ # 1 and g # 0 is some scaling dimension

Feynman parameter space
(UF)(c"X) = cUUF)(x), u#nl, neR

Important consequences:

Geometrical view
For A built from % + &

Faces of co-dimension > 1 are scaleless

“Region” vectors not normal to a facet
dim(A) = dim(x) < [Iscaleful give scaleless integrals

dim(A) < dim(x) < [scaleless

Overlap contributions i.e. rescaling by

two region vectors, are scaleless
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Triangle Example

Consider the on-shell limit pl2 ~ ]922 ~ /1q12 forA - 0

q1

k+p /. \k+p,

44—
D1 k D2

1) Split integrand up into regions
Hard : k;‘l ~ (1,1,1) O

Collinear to p; : k;‘l ~ (A,1,47) o

Collinear to p, : k;‘z ~ (1,4, A7) 9,
Soft : kg ~ (A,1,1) 0

Analysis follows:
Becher, Broggio, Ferroglia 14

1
(k + p)*(k + py)*(k?)

I = iﬂ.D/Z,u4—D“de

p = (pF,pi,pi) ~ 0(4,1,17)
py ~ O(1,4, A7)

2) Series expand each region in 4

" ]
.. =i dli2  .4—-D de
H= WK (2 + 2k* - p)(k2 + 2k— - p) (kD)
" 1
]Cl — i]Z'd/Z//t4_D de > -
(k + p)~Q2k= - pF)(k?)
| 1
]C~> — iﬂd/2ﬂ4_D de
’ u (2k= - pk + py)*(k?)
" 1
IS — iﬂd/2ﬂ4_D de
(2k* - pr + p?)(2k= - p5 + p3)(k?)
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Triangle Example

3-5) Integrate each expansion over the whole integration domain, discard scaleless, sum

1 1 2 1 2 2
I, d Tl Pl R Y6 )
0 Q- 2 Q0= 6

I+ 1 1. w1 2 n?
RGN L P R AT
Q3 e2 € Ps 2 2 6
I'(1 + 1 1 0% 1 20? 2
o= (1 +e) N < +—1m2E < +—+ 0(1)
Q2 €2 e P3P 2 P3P; 6
1 QZ Q2 2
I=1,+1. + +IS——2<nP221n 12+—+@(/1)

This reproduces the expected result, but why does this work (and does it always)?
1) How did we find all the regions?

2) Did we not double-count when integrating over the whole domain ?
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pySecDec: EBR Box Example

Example: 1-loop massive box expanded for small mt2 < s, ||

y /mH Requires the use of analytic regulators

my Can regulate spurious singularities by adjusting
y \m 7 propagators powers

® 4Pk 1
G, = 26‘[
T oo 1P [k2 — mZ]O[(k + p1)? — mZ]2[(k + py + pp)? — mP]%[(k — py)? — m?]%

Can keep 6, ...,0, symbolicor 6, = 1 +n,/2,6, =1 +n,/3,... and take n; —» 0F

Output region vectors: Result: s = 4.0, t = -2.82843, mt2 = 0.1, m}% = ()
v = (0,0,0,0,1) I=-130718+£2.7- 1075+ (1.85618 =3.0- 107%)
v, =(—1,—-1,0,0,1
7 | mt
V3 — (0,0, — 1, — 1,1) +@ €, nla S ’ /

v, = (-1,0,0, - 1,1)
ve=(0,-1,—1,0,1)
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Transform the expression for the full integral: /kip\
_ _ (h’) (3) g m m
F= /Dk1+ /Dk] Z /DkT I+ /DkT I k /
k€Dp, k€D ke Dy, J keD,
= Z( / DETMT =" / Dk T(S)T(h)l> + Z( / DETVT - / Dk T,L.(h)Tj(S)I>
© kerd J keD, kCRd * keDy

The expansions commute: Tz.(h)Tj(S)I = Tj(S)TZ.(h)I — Ti(’i;’s)l

= ldentity: F = Z/DkT(h)I + Z/DkT( T — Z/DkT(h )

J

F(h) F(s) F(h s)

All terms are integrated over the whole integration domain R? as prescribed for the
expansion by regions = location of boundary A between Dy,, D, is irrelevant.

Slide from: Bernd Jantzen, High Precision for Hard Processes (HP2) 2012
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‘ The general formalism (details) I

|dentities as in the examples are generally valid, under some conditions.

Consider
e a (multiple) integral F' = [DFk I over the domain D (e.g. D = R%),
e aset of N regions R ={x1,...,Tn},

e for each region x € R an expansion T(*) = D Tj("j>
which converges absolutely in the domain D, C D.

Conditions
.U:I:GRDCU:D [DCEQD:E/:@\VZIZ#Q?/]

e Some of the expansions commute with each other.
Let Re = {x1,...,xn.} and Roc = {xnN_+1,..-,xn} with 1 < N, < N.
Then: T@ 7T ) = @)@ = 7@2) ve e R.. 2/ € R.

e Every pair of non-commuting expansions is invariant under some expansion from R.:
V&t ah € Rue, &) # xh, 3z € Re : TETE)TE) = Tlaz) )

e - regularization for singularities, e.g. dimensional (+ analytic) regularization.
— All expanded integrals and series expansions in the formalism are well-defined.

Slide from: Bernd Jantzen, High Precision for Hard Processes (HP2) 2012
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The general formalism (2)
Under these conditions, the following identity holds: [Fle) =37 [Dk Tj(f.’.“')l]
(Re + (RC + 1)
I = ZF(CL’) ZF(xl,xz) N ZF(%, 4 (—I)NC ZF(x/axla--wac)
x € R {«}, 24} C R {xl,... z/} CR z' € Rnc

where the sums run over subsets {z7,...} containing at most one region from R..

Comments

e This identity is exact when the expansions are summed to all orders. v/
Leading-order approximation for F' ~~ dropping higher-order terms.

e It is independent of the regularization (dim. reg., analytic reg., cut-off, infinitesimal
masses/off-shellness, ...) as long as all individual terms are well-defined.

e Usually regions & regularization are chosen such that multiple expansions
F@170) (> 2) are scaleless and vanish.

[v' if each Fém) is a homogeneous function of the expansion parameter with unique scaling.]

o If 3 F(*1:%2:) £ ()~ relevant overlap contributions (— “zero-bin subtractions” ).

They appear e.g. when avoiding analytic regularization in SCET. e.g. Manohar, Stewart '06:
Chiu, Fuhrer, Hoang, Kelley, Manohar '09; ...

Slide from: Bernd Jantzen, High Precision for Hard Processes (HP2) 2012
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