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Outline

Improved theoretical description of inclusive B — X;v and B — X, /U decays
enables a more reliable future determination of |V/|

> Extraction of |V,,| CKM matrix element from B-meson decay B — X,/

> Factorization of decay rates in Soft-Collinear Effective Theory (SCET) into perturbative
and nonperturbative ingredients.

> Impact of different definitions of the b-quark mass my,
> Improved theoretical results for differential B — Xsv and B — X,/? decay rates



Cabibbo-Kobayashi-Maskawa matrix

Via| [Vas| Vil 973.73 £ 0.31 224.3+0.8 3.82+0.2
Veal [Vis| [V | = 221 + 4 975+6  40.8+1.4]|-1073
Vil [Vis| [Vas| 8.6+£02 415+9 1014429

|Vyp| is the smallest element of the CKM matrix,
and is known with the largest relative uncertainty.



CKM unitarity triangle
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A more precise determination of | V| is important to constrain
the small side of the CKM unitarity triangle.



B-meson decays

Vub

Properties of the b-quark can be determined in B-meson decays,
such as B — X5y and B — X, I7.



Inclusive and exclusive B — X, /v

this work
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X,
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Determinations of |V | from B — X,/7 can be classified as inclusive or exclusive.
Matteo Fael, Jian Wang, and Long Chen presented total ' and d/dg? at N3LO.
Our work is focused on the inclusive decay rate, but differential in kinematics of /, 7, .



Tension between inclusive and exclusive determinations of | V|
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In spite of increasing precision there's a persistent tension
between inclusive and exclusive determinations of |V



B — X.Iv background

%104 [Phys.Rev.D 104 (2021), 1, 012008, Belle collaboration]
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The signal of B — X, I is obscured by large B — X /U background,
which is relatively enhanced by a factor |V / V5|2 ~ 100.


https://doi.org/10.1103/PhysRevD.104.012008

Reducing B — X /v background 8

%106 [Phys.Rev.D 104 (2021), 1, 012008, Belle collaboration]
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Because the lightest u-meson, 7, is lighter than the lightest c-meson, D,
the B — X/ background is absent in the endpoint region of B — X, /7.


https://doi.org/10.1103/PhysRevD.104.012008

Factorization in the endpoint region

In the endpoint region the final hadronic state X consists of
a strongly boosted jet and wide-angle soft radiation.



Factorization in the endpoint region

LH ~ My [y ~mx ~ /myAgcp ps ~ Aqep

Soft-Collinear Effective Theory (SCET) separates physics at hard, jet, and soft energy scales.



Factorization in the endpoint region
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As a result, the transition probabilities factorize into
perturbative hard, jet, (partonic) soft functions, and nonperturbative shape function.



Shape function from B — X,y photon energy spectrum
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The nonperturbative shape function F can be extracted
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from measurements of B — Xy photon energy spectrum.


https://arxiv.org/pdf/2007.04320.pdf

Motivation

B — X~ shape function

:E * Y measure V\

use to
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measure X
| Vub |
B — X,/ v

The shape function F can be extracted from B — Xy spectrum and used
to describe B — X, /7, which is sensitive to |V|.



Matching

SCET, resummed fixed-order
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reproduces full QCD when resummation is off

SCET factorization enables resummation of singular contributions,
which improves the predictions in the endpoint region.
The remaining, non-singular contributions, are included at fixed order (not resummed).



Known perturbative ingredients
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Impact of b-quark mass definition on the
B — Xs7v photon energy spectrum




Pole mass scheme
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Pole mass scheme suffers from a renormalon ambiguity,

and predictions in this scheme are not stable.



1S mass scheme
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However, the 1S mass scheme, which has been used in the NNLL/4+NNLO shape function fit
in [Bernlochner et al.: 2007.04320], starts to break down at N3LO
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https://arxiv.org/pdf/2007.04320.pdf

MSR mass scheme
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The MSR mass is a natural extension of the MS mass for scales below the mass of the quark.
The MSR mass mll\)/[SR(R) depends on scale R as a parameter.
Masses at different R-scales are related by the R-evolution equation.


https://arxiv.org/pdf/1704.01580.pdf
https://arxiv.org/pdf/0803.4214.pdf

MSR mass scheme
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The MSR scheme yields much more stable results because we can pick the R-scale R ~ jis




B — Xy photon energy spectrum

B — X v spectrum 0 relative to N3LL’ + N3LO[%]
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The predictions at different orders are converging well,
and the uncertainty at the highest order is reduced despite the missing 3-loop corrections
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Improved predictions for inclusive B — X, /v
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Kinematic regimes of B — X, /v
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Either SCET or full QCD with local operator-product expansion (OPE) are appropriate in
different kinematic regions. In the resonance region the inclusive approach is not valid.



Double-differential B — X,/ decay rate
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Most of the B — X, /7 events are in the SCET region.



B — X,Iv py spectrum
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The 2-loop singular corrections reduce the theoretical uncertainty in the shape-function region.



B — X,V lepton energy spectrum
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However, outside of the shape-function region, singular results by themselves are not reliable.
At the 2-loop order nonsingular corrections are also needed.



B — X,Iv ¢* and pj spectra

Data from [Phys.Rev.Lett. 127 (2021) 26, 261801, Belle collaboration]
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(N3LL+NLO results are unreliable due to missing nonsingular contributions)

The dI/dg® and dl/dpy spectra, which are insensitive to the shape function F,
agree with Belle measurements.


https://doi.org/10.1103/PhysRevLett.127.261801

B — X,V lepton energy spectrum

Data and right plot from [Phys.Rev.Lett. 127 (2021) 26, 261801, Belle collaboration]
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Discrepancies between theory and data are similar for different inclusive models.
The difference near the endpoint could be due to subleading shape functions.


https://doi.org/10.1103/PhysRevLett.127.261801

B — X,Iv py spectrum

Data and right plot from [Phys.Rev.Lett. 127 (2021) 26, 261801, Belle collaboration]
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Discrepancies between theory and data are similar for all inclusive models, while the hybrid
model agrees with the data. This shows that the resonant contributions are important.
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B — X,V mx spectrum

Data and right plot from [Phys.Rev.Lett. 127 (2021) 26, 261801, Belle collaboration]
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The invariant-mass spectrum dI'/dmy is dominated by resonances
and cannot be adequately described by an inclusive model.


https://doi.org/10.1103/PhysRevLett.127.261801

Conclusions

» The shape function F can be determined from measurements of B — X,y decay and used
to describe B — X,/ decay, which is sensitive to |Vp|.

> The MSR mass scheme works better than the 1S and pole schemes, especially at 3-loop
order.

> Uncertainties in theoretical predictions for B — Xy decay are reduced at the 3-loop order
despite some missing 3-loop corrections.

> 2-loop singular corrections reduce uncertainty of B — X,/ predictions in the SCET region

v

Outside of the SCET region the 2-loop nonsingular corrections for B — X,/7 are needed.
> The B — X, /v predictions are in good agreement with Belle measurements in absence of
resonances.

Improved theoretical description of inclusive B — X;v and B — X, /U decays
enables a more reliable future determination of |V/]
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Thank you for your attention!
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Definition of the unitarity triangle
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The most popular unitarity triangle illustrates unitarity constraint
on the first and third columns of the CKM matrix



Wolfenstein parametrization of the CKM matrix
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Wolfenstein parametrization highlights the size hierarchy of the CKM matrix elements



References for perturbative ingredients
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Shape function moments
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Shape function in a short-distance scheme
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To avoid this problem we redefine the shape function such that
its moments are given in terms of renormalon-free parameters mp, A1, 1.



Shape function in a short-distance scheme
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The renormalon ambiguity cancels between the correction series dmy, dA1, dp1
and the series of the partonic soft function S



Hard function

H(p)
the only unknown term fixed by RGE
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For the hard function H the only missing piece is the 3-loop constant hs.
We set its central value to 0 and use Padé approximation to estimate its possible magnitude.



Nonsingular terms
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For the nonsingular terms W,,s only the 3-loop function ng)(x) is unknown.

We parameterize it using six parameters cg ... Cs.



Nonsingular terms
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L(z)~ —= —Ilnx 3
2 2.0f

1.5

shape in the tail similar to known
nonsingular functions

1.0
1 9 —7
= - (1) - — L(1)=0
- I 1 I I I 1 I I I 1 I I I I I x
0.2 04 0.6 0.8 1.0
peak region tail region

The function L(x) used in the parameterization is similar to —In x, but has a more realistic
shape in the transition region 0 < x < 1.



Nonsingular terms

In the peak region, where x — 0:

43:0(1)( )~ —T7.0— 4Inx
)similar
W(z)~ —38— 4Inz
dzo®(z) ~ 288+ 46.7lnz+ 265n*z+ 2.7’z
9 3 )mmllar
oW (x)~ 161+ 339Inz+ 25In’z+ 270z
4m0(3)(x)%4063+142 5nz — 113.2In*z — 125.5In° z — 21.7In* z — 0.91n° 2

~ 258.5 + 95.0L(z) + 189.0L%(z) + 15.5L%(z) — 15L*(x) + 0.9L°(z)
c+ al@)+ Ll (z)+ 03L3( )+ C4L (@) + s L3 (z) — o (1)

o2 (z)

0=0420 ¢ =04£100 cy=0+80 é3=0%10 ‘c4:0¢5"'c5:0:t1

(estimated differently)

(k).

The asymptotics of nonsingular functions a( )(x) are similar to asymptotics of 4xog
We exploit this to estimate the possible magnitude of model coefficients cy.
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7 1
4 2
20 — 4.28 = 2.92

oM (1) +oJ (1) =

Q

~N s ©

o{? (1) + a2 (1)

2.922
co =03 (1) + 0P (1) ~ 101.57+?7 expect ¢o ~ o5 20

There's a somewhat large finite cancellation between singular and nonsingular in the tail region,
where x — 1



Strong-electroweak factorization in B — X, /v

no F
d3r — kinematically allowed phasespace

—OCWI/ +a X LHV +a _7E

hadronic tensor leptonic tensor N 3
(difficult) (easy) Px/GeV 2

mp

The hadronic tensor W, in inclusive B — X, /7 depends only on the momentum (p;, px ) of
the final hadronic state X, and does not depend on the lepton energy E;.



B — X, profile functions

dI" (Wresum(,UJHa KT, ,uS) + Wns(/vtns)) ® F

S T T T T T T I T T T ™]
I I 1
P I - M H
L I
C ! HH =€gmyp
= 3 o Profil VI L. l—ens 34ens
> - Profile Iamatmn /Lns(Eﬂy) — IUS(E’Y) T ug 4
g [ Renorm. scales ) .
-~ s I—°J —teJg
Ep) = /11 (€ys variation) E — E D) D)
C == pns (e:J variation) L ( ’Y) ,LLS( ’Y) 12254
C i .
[ E=== s (uy variation) I’NO s (E) interpolates between ju and jup
1 — oy ]
C : ! ]
C 2 | By a1
0 1 1 | 1 1 | 1 1 | 1 1 | 1
1.3 1.6 1.9 2.2 2.5 By [GeV]

We use profile functions to smoothly turn off the resummation away from the peak region by
setting all scales to the same value. The profile functions depend on parameters
€H, €ns, €J, o, E1, which are varied to estimate the perturbative uncertainty



B — X,Iv profile functions

dI' (Wresum(,uHa K, US) + Wns(ﬂns)) X F p}/[GeV]
2 4
fE = enmp . pp
Jne(E5) = 1 (E)l ens 3+ens - 4
ns — HKS B ns
RO 1/[GeV] 3
17 (By) = ps(By) = pgr 3 mkatd 2
its (E5) interpolates between po and i ® s 1

2
3

4
px/[Gev] ®

We use profile functions to smoothly turn off the resummation away from the peak region by
setting all scales to the same value. The profile functions depend on parameters ey, ens, €5, fo,

P, e efo, pf}o, which are varied to estimate the perturbative uncertainty

resum



B — X,I7 boundaries of resummation and fixed-order regions

3.0 B —» X, Iv
dre/(dre+dres)
.5f SCETLB fixed-order region

0.8
0.6
0.4

0.2

pk/[GeV]

1 -0.2

F -0.4

-0.6

-0.8

px/[GeV]
The edges of resummation and fixed-order regions are determined by examining

singular

r= singular+-nonsingular

The nominal edges are chosen to correspond to r = 3/4 and r = —4/5.



Components of perturbative uncertainty

Atotal = \/A%osum + AIzls + A?na’cch +£%L3 + ZZ:O Aé

. Y
variations of nuisance parameters
(only for B — X¢v at N3LO)

A csum = envelope of (e, ey, o) variations

scale variations in resummed and fixed-order terms
Aps = A, = scale variations in nonsingular terms

A aten = variations of transition points between resummed and fixed-order regions

Uncertainty is estimated as a sum in quadrature
of resummation, nonsingular, matching, and nuisance-parameter uncertainty.



B — Xsy components of relative uncertainty

AtOta’l = \/A;Z‘QSHIH + Ags + A2 + A%LS + Agns

match

w
o
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- B— Xy - B— Xy

20— N°LL'+N’LO(cx)

[ MSR mass, A\; & py

[\
(=]

F p=4,A=0.6 -

[y
(=)
T

10

relative variation/%

T -1or SCETLIB —-——" -
] B —— Avesum — A ]
- _20__ - Ans - Ah3 ]
—— Ay —— Atotal 7 C -=== Amnatch —— Atotal ]
_30|||||||||||||||||||||||| _30|||||||||||||||||||||||
1.6 1.8 2.0 2.2 2.4 2.6 1.6 1.8 2.0 2.2 2.4 2.6
E, [GeV] E, [GeV]

The unknown 3-loop nonsingular terms are not relevant in the peak region,
but increase the uncertainty towards the tail



B — X,I7 lepton energy spectrum: MSR vs 1S scheme

|Vip| ~2dL/dE;/[ps™ /GeV]

80 T 1T ‘ T 1T ‘ T 1T T 1T T 1T T 1T T
r B — X,lv 7
[ MSR. scheme :
SCETwLB 7
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= NNLL+NLO _
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I I I I I - I I
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E;/[GeV]

|Vi| ~2dT/dEy/[ps ™" /GeV]

80 B —

T
r B — X,lv
I 1S scheme

SCETwLB
—— NLL
== NNLL+NLO
== N°LL+NLO

2.0
E/[GeV]

The results in the MSR and 1S schemes are similar.

2.5



B — X,V lepton energy spectrum:

SR vs 1S scheme

\\\\‘\\\\‘\\\\\
B — X,lv
MSR scheme
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E/[GeV]

The results in the MSR and 1S schemes are similar.
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— L B XJv I _ C B — X v 7
2 120 MSR schemeD % 120[ 1S scheme
o r E >1GeV 7 Q C E; > 1GeV 7
= 100 — > 100 —
‘g r ] '3 C ]
< O -0 << 80 -
3 F 1 L ]
Q - 4 E :

T _— SCETwLB -0 T 60 SCETwLB =
g F = NLL 15 - == NLL ]
o - E=NNLL+NLOJ| 3 40[ == NNLL+NLOT]
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= 0 = 20r -
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Px/[GeV] P /1GeV]

2.0

The convergence in the MSR scheme is a bit better than in the 1S scheme.



B — X,Iv pf spectrum: MSR vs 1S scheme

[Vao|~2dT /dp /[ps™" /GeV]
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E; > 1GeV
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—4— Belle data
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The difference between MSR and the 1S does not explain the disagreement with the data at
px > 1GeV.



Convergence problem in the 1S scheme

3
mP — S = smdS (1) = R () (Z (as_(“)) ai’? + terms with In RlSL(,u) + (’)(aﬁ))

™
k=1

intrinsic scale of 1S mass scheme [K.Melnikov, A.Yelkhovsky: hep-ph/9805270]
J [A.Pineda, F.J.Yndurdin: hep-ph/9711287]

R (n) = my®as(u)Cr
RY(mi%) =~ R™(4.75) = 1.36 ~ 15 ok!

Rls(us) ~ R15(1.3) ~ 24> g too large!
(all values in GeV)

This is because the intrinsic scale of 1S scheme R'°
is small at the hard scale, but becomes too large at the soft scale


https://arxiv.org/pdf/hep-ph/9805270.pdf
https://arxiv.org/pdf/hep-ph/9711287.pdf

Convergence problem in the 1S scheme

2
RMSR — s
p N oo
(MR —m i) (w =pp) =~ —0.35 — 0.12 — 0.04 < converges
( %/ISR m S)(,LL =/ ) ~ —0.15 — 0.06 4+ 0.02 < converges
(my, MSR _ mbs)( =5 ) ~ —0.06 — 0.06 + 0.10 <« does not converge
(all values in GeV)

The perturbative series of correction between MSR and 1S schemes
seems to start diverging as the scale ;1 approaches the soft scale 1.



B — X,I7 lepton energy spectrum with SIMBA shape function

80T T 1

| V| ~2dT /dE;/[ps '/ GeV]

T
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[ 1S scheme
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SCETwLB
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The default shape function is already close to the shape function fitted by SIMBA.

|Vap|~2dT/dEy/[ps ™" /GeV]
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The results with the SIMBA shape function are similar.
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The default shape function is already close to the shape function fitted by SIMBA.
The results with the SIMBA shape function are similar.



B — X,I7 lepton energy spectrum with SIMBA shape function
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The default shape function is already close to the shape function fitted by SIMBA.
The results with exactly the SIMBA shape function are similar.
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The default shape function is already close to the shape function fitted by SIMBA.
The results with exactly the SIMBA shape function are similar.



B — X,V py spectrum
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It is important to include nonsingular corrections. Because of the missing NNLO nonsingular
corrections the N3LL-+NLO results do not agree with lower orders.



B — X, g° spectrum
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Nonsingular corrections are important. The N3LL-+NLO results do not agree with lower orders
because of the missing 2-loop nonsingular corrections.



B — X,Iv ¢* and pj spectra
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Belle data from
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The dI'/dg? and dl/dpy spectra, which are insensitive to the shape function F, agree with

Belle measurements, even at N3LL+NLO.


https://doi.org/10.1103/PhysRevLett.127.261801

B — X,lv m% spectrum

Belle data and right plot from
[Phys.Rev.Lett. 127 (2021) 26, 261801, Belle collaborat
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The invariant-mass-squared spectrum dr/dmi is dominated by resonances
and cannot be adequately described by an inclusive model.


https://doi.org/10.1103/PhysRevLett.127.261801

Tension between inclusive and exclusive determinations of | V|

5.5 1 T inclusive B=X,/b exclusive B-X, /v global unitarity fit
PDG CKM Review PDG CKM Review CKMfitter 2022

— 4.5 1 I 'I'

Q

S e fop oL Log}
> T T [11.40
—
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year

In spite of increasing precision there's a persistent tension
between inclusive and exclusive determinations of |V



Tension between inclusive and exclusive determinations of | V|

1 1T 7 inclusive B-X.Iv exclusive B-X /v global unitarity fit
44 PDG CKM Review PDG CKM Review CKMfitter 2022

2.50

2002 2004 2006 2008 2010 2012 2014 2016 2018 2020 2022
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In spite of increasing precision there's a persistent tension
between inclusive and exclusive determinations of | V)|



Lightcone coordinates 68

p = (Eapxapyapz) — %H—F %7—7"'_2”_
n (1 00 1)
(100 -1)

n

(n-p) = E — p, <—— small for strongly boosted

p
p~ :=(n-p) = FE+ p, < large for strongly boosted

Lightcone coordinates p—, p™ are convenient, because for strongly boosted state X Py > p;?.
Soft-Collinear Effective theory is appropriate in the region where pX/pX < L



Pole mass scheme @

Hadronic soft function S ® F B — X 47v spectrum
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Pole mass scheme suffers from a renormalon ambiguity,
and predictions in this scheme are not stable.



1S mass scheme

Hadronic soft function S ® F'

B — X v spectrum
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However, the 1S mass scheme, which has been used in the NNLL'-+NNLO shape function fit
in [Bernlochner et al.: 2007.04320], starts to break down at N3LO



https://arxiv.org/pdf/2007.04320.pdf
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MSR scheme yields much more stable results because we can pick the R-scale R ~ s



Double-differential B — X,/ decay rate
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The cut E; > 1GeV shifts the peak of the distribution towards smaller py .
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Reduction of uncertainty in B — X,/ due to 2-loop singular correctionll]
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2-loop singular corrections reduce the uncertainty in the peak region from ~ 20% to ~ 10%.



Impact of short-distance schemes for A\; and p;
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Short-distance schemes for hadronic parameters A1 and p; further improve the stability of the
spectrum



Impact of short-distance schemes for A\; and p;
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It does not seem possible to compensate the unexpectedly large correction in the 1S scheme at
the 3-loop order by a judicious redefinition of A\; and ps.



