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Higher-order QCD corrections (at NNLO)

Subtraction methods
Analytically removes 1/¢" poles by constructing integrable counterterms

® Antenna subtraction ® Projection-to-Born
Gehrmann-De Ridder, Gehrmann, Glover - hep-ph/0505111 Cacciari et al. - hep-ph/1506.02660
@ CoLoRFul subtraction ® Nested soft-collinear subtraction
Somogyi, Trécsanyi, Del Duca - hep-ph/0502226 Caola, Melnikov, Réntsch - hep-ph/1702.01352
@ Sector subtraction ® | ocal analytic sector subtraction
Czakon - hep-ph/1005.0274, Boughezal et al. - hep-ph/1111.7041 Magnea et al. - hep-ph/1806.09570

Slicing methods
Imposes cuts in some variable to split the phase space. Below the cut a soft-collinear approximation is used

® g;-subtraction & N-jettiness subtraction
Catani, Grazzini - hep-ph/0703012 Boughezal et al. - hep-ph/1504.02131, Gaunt et al. - hep-ph/1505.04794
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N-jettiness subtraction

The N-jettiness variable, defined by

2PxPh; 2PxPh, 2pxpha
T(R,U) = )%;ml { P Pn By

3

Can be used to perform a slicing of the phase space (like in g7 subtraction)

To

and, thanks to the factorization theorem from SCET, we can calculate

To
a7 9% _ B®B®S®H®HJ+O75)
dT
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N-jettiness subtraction

To do N
/ dT == [ B8B® S®H®HJ;+(9(TO)

@ The beam function and jet functions (B and J;) describe the initial- and final-state collinear radiation, the
soft function S describes the soft radiation, and the (process dependent) hard function H encodes the
virtual corrections

@ At NNLO, all ingredients are known since years ago. The soft function was available for 0-, 1- and
2-jettiness, but only recently for generic N-jettiness (hep-ph/2312.11626, hep-ph/2403.03078)

@ At N3LO, only the soft function is missing. There are current efforts to obtain the analytic N3LO 0-jettiness
soft function (see Pikelner’s talk)
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Soft function calculation

® Previous calculations of the NNLO were mainly based on mapping the available phase space of soft-gluon

emissions onto hemispheres and computing the required integrals numerically.
(Boughezal et al. - hep-ph/1504.02540, Campbell et al. - hep-ph/1711.09984, Bell et al. - hep-ph/2312.11626)

® Here, we use the well established subtraction methods to calculate this ingredient of a phase space slicing method,
showing the explicit analytical cancellation of divergences. Also, in our calculation N is treated genuinely as a
parameter.

@ We show that borrowing ideas from generic NNLO QCD subtraction schemes is beneficial for computing ingredients of
modern slicing calculations.
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Soft function renormalization ﬂ(IT

Since loop-corrections are not present, the IR divergences in the soft function turn into UV ones that require
renormalization. It is convenient to work in Laplace space

S(u) = /0OO d7 Sr(T)e "

Since there the renormalization is multiplicative (with matrices in color space)

S=2z87
If we write the expansion in powers of ag
Z=14+2Z+2, N Si=si-z-2, (Z2 =322+ Z)
S=1+5+85,, 42———5 32:32—22—2 +Z1Z1+ZTZT—Z1S1—S1Z1T+Z1Z1T
& _ - - 1. .
8=1+58+5, — 288+ 7[21,zf] . [31 7y — zﬂ + S~ 2o 2L,
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Soft function at NLO
If we take P, = E; with and unresolved gluon m, the N-jettiness is given by

T(m) = Em¢m = Em min{pﬂna P2ms P3my -5 me}a

where p; = 1 — fij; - fi;. Then, the soft function is given by

dQ (d—1) dEn 1 &l
S(r)=-Y T, T, &2 2T B Ep O(7 = Entom) (Sy(m)) . Sy(m) = PimP)j
3 T m FimfPjm

We integrate over energy and use that we know the limit lim,|; ¥, = pim., S0 we can rewrite

2e 1—2¢ 1—2¢
2c  Pi [ Ympi Pjj (2 Pij
m _( ) 125125—(1—&—269,] )p1 2c 1-_2¢

PimPjm PimPjm Pim ~ Pjm Pim
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Soft function at NLO ﬂ(IT
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Knowing that (n; = p;/2)

1—2¢
2 205 T(1 + €)?
<pl]> = iy = 2 R et - et
€

pjm zep;m 2e U € r(1 + 26)

in Laplace space we arrive to the following bare soft function
1—2¢
e nj (2 Pj
Sy = as (u )2 E»YEZT -T; UK)+ 9,5,)n L )
e Pim pjm m

By combining S; with the renormalization matrices Z; and Zf, we finally obtain (L; = In (MU\/rT,-,-))

~ 7T2 ij i
m

- PimPjm PimPjm
(i) ! g
Introduction Soft function at NLO Soft function at NNLO Results Conclusions
00000 oe 00000000000 000 o

9/24 18.4.2024 Ivan Pedron: N-jettiness soft function at NNLO in QCD IAP - TTP - KIT



AKIT

Soft function at NNLO

The NNLO contribution to the bare soft function is
So = Sopr+ So,pv — s %51
We further split the double-real contribution into correlated and uncorrelated pieces

1 Ca
SZ,F{R,T = SZ,FIH,T“ + SZ,RF[‘,TZ = E (')Z(EI){T/ . Tj,Tk . T/} IT“,ij,kl — ? (z): T - Tj /T2,"f
7)(K,s U}

The real-virtual contribution reads

[as] 27€
2

47N, ],
CAAK(G) Z T,‘ . T]’ I/qv),'j + [as] s Z Ii,'ijI/Ik,'j
(i) (kif)
where kj = A\j — A\im — A\jm, With A; = 1 if both / and j refer to incoming/outgoing partons and zero otherwise.
We have defined F*/ = fo TETP T¢, while Ax(e) and N, are normalization factors.

So.rv,r = Spv,72 + ShRvic =
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The calculation of the renormalized soft function is organized as follows
éz _ égncorr + é(z:orr + étzc
Where the pieces are given by the following contributions

Uncorrelated emission Correlated emission

asﬂo s

1,

- 1. - -
Sy = 581 S S5™" = Sz.mp,12 + Shv,12 — Zor — ZZT,r -
Triple color terms
. 1 1
Sy = > [217Z1T] 4 5 {31721 - ZJ] + Savte
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Uncorrelated emission

The S, contains an iterated contribution of the NLO soft function S;

[as]Z </Oo dEm dEn p,-j Pkl >
Irs ji = ———= (7 — Epm — _ry P
THRK T TN, B glee ( meme ")p;mp/m PknPin |

If we integrate over both energies

_ TR — 26) YRT(1 — 2¢)
I(—4e) 2¢ 2¢

* dE, dE
| Fra g o = Enin = Ent)
m

The Laplace transform allows us to identify this iteration

2
[as]? <u2€r(1 —26)) < o Pi > < oe PKI > 1
S = E T, -T;, T T — e . =-5S
2,AR, T¢ 4 o (k/){ AR l} 2¢€ ¥m PimPjm /| m Yn PknPin/ , 2 e

Introduction Soft function at NLO Soft function at NNLO Results Conclusions
00000 [e]e] 00e00000000 000 o

12/24  18.4.2024 Ivan Pedron: N-jettiness soft function at NNLO in QCD IAP - TTP - KIT



AKIT

Triple color terms

This contribution depends on triple products of color charges
=~ 1 1
Stc = E |:Z1,Z1T:| + E |:S1,Z1 — Zj] + SFIV,tc

The commutators can be computed as shown in (Devoto et al. - hep-ph/2310.17598).

1 ond? ) P )
E[ZHZ” T s Z)\k/‘Li/FkU == 625 Z)\kjln Nij F¥i
(Kif) (Kif)
1 8 2¢ gec[(1 — 2 . )
R Y < rznepkl> FHi
2 € r(1 — E) (k’/) Pkmpim m

The real-virtual triple-color correlated contribution is

&r(pu)*N2=c T(1-4 - O\ ;
Shvie = s (p ) ( €) Z Kig < 4¢Pk ( Pk ) > i
m

m
2¢2 r2(1 — e)e?vee 0 PkmPim \ PkmPjm
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Triple color terms ﬂ(IT
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Following the NLO case,

1—2¢
e Pki @ Pri
V2 > :<(1+269' )H> )
< ™ pkmpim m Km p;(m2 p;m 2 m
. . € 1—4e ) €
<wi‘;pk’, <’0k’_ ) > = <(1 +4eglih) i ( P ) > .
PkmPim \ PkmPjm m Pkm  Pim PkmPjm m
It is easy to show that the N-jettiness dependent poles cancel
z 2w Pik 2 4 i
S5 = ——= Z Kkj <I (g/(d,)m - I(w)m) F'7 = O(%)
€ (ki) PimPkm m

While the N-jettiness dependent finite reminder is

e zaiﬂzﬁk/ < P ( YmpPri > In ((Dﬂ)zwmpimpkj)> ki

- PimPkm PkmPim 20jmPrki
(ki)
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Triple color terms

What about the rest of the finite part?

The idea is to use the integral of
€
< Pki < Pkj > >
PkmPim \ PkmPjm m ’
which was already calculated in Devoto et al. - hep-ph/2310.17598, and take the difference of the two results
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The calculation of the correlated terms are the main bulk of the calculation

asfo

€

acorr t
S =S+ Spvre — L — 2, — S1,

The last three renormalization term do not require any integration, and the real-virtual one is simply

o 2 . 1+e€
SHV,T2 XX —[ ‘;] CA E T,‘ . Tj ;tne (pll)
) pimiojm m

The first term, that involves the correlated emission eikonal term S,-?g(m, n), is the one that requires atention

Ca Ca g4 ~
S2,RFI,T2,T = _? ZTI . T/ Il'/',T = _? ZTI . T/' Es [dpm] [dpn] d (T - EmT/)m - nwn) Si?g(ma n)
(i) (i)
(there is also an analogous and simpler quark contribution, but we focus on the gluon case)
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We perform a nested subtraction of all divergent limits in the correlated term as follows
lj= Suly +Sulj,  withS, =(1—8,)
S, l,;’c + _wl,-;? (Introduce partitions)

i btract =
(sectors + subtract) {deCm,, n (1 B deCmn) [Comn + (1 — Cfmn)]} Swl,‘j‘c

Introduction Soft function at NLO Soft function at NNLO Results Conclusions
00000 [e]e] 0000000e000 000 o

17/24  18.4.2024 Ivan Pedron: N-jettiness soft function at NNLO in QCD IAP - TTP - KIT



AKIT

Karlsruher Institut fur Technologie

@ We perform a nested subtraction of all divergent limits. The first one is the strongly ordered one, the
double soft limit with energy ordering

C _
So pr,T2 = —?A %TI T[Sl + Suli]
ij

with S, being the operator that enforces the strongly-ordered limit

® Divergent terms of S, /; can be calculated analytically. The N-jettiness dependent ones cancel against
those of the RV term

@ There are only collinear divergences remaining in Sl = (1-=8.,) 1
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@ Now, we introduce partition functions (see hep-ph/2310.17598) to separate double-collinear and
triple-collinear singularities _ _ _
Sulli] = Sullf] + Sullf

® The double-collinear contribution

1
.01 = T [ S (vl (0w ) 8, 8

€ mn

0

has poles independent of the N-jettiness, which can be obtained from the calculation done in
hep-ph/1807.05835. The jettiness dependent part can be calculated numerically.
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® For the triple-collinear contribution (with w’ = w™:" 4 w™:")

1 o, " "
‘_sw IltC — & dw ;lnen Wtc ~_sw wzégg M; | — / = 2 4
/ ]

h Y
3
NE

+ (Mmen)

€ w1 +2¢ mn

0 (sectoring)

we will also introduce sectors to handle the m||n singularity

® Again, the strategy is to identify the terms that correspond to the calculation without the N-jettiness
constraint

® This allows us to avoid calculating complicated finite terms, leaving only the jettiness dependent ones for
numeric evaluation
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The final result

® The NLO contribution reads

, . 72 )
Si = as E T,‘~Tj |:2L,-2/-+L12(1 —’17,])+12+< L:-ﬁmilp’/' > :| 5
@) PimPim /- m

where L; = In(a,/m;1) and L,”f{m =In (%) :
@ The NNLO one is

1

~ P > > 2 Kij triple
S =58+ BCaY T T Gy+anmTay T,-TQ+a&ry F kG,
(i) (i) (Kif)
where Gj, Q; and G}:}/P'e are finite function with analytical terms along with a low number numerical
integrations over one- and two-particle phase space in four-dimensions
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Numerical checks

a® We compared results for the N-Jettiness soft function obtained in this paper with those of the Ref:

The NNLO soft function for N-jettiness in hadronic collisions

Bell, Dehnadi, Mohrmann, Rahn, arXiv hep-ph/2312.11626.

@ Here, we focus in the (new) 3-jettiness case. We consider the configuration with two back-to-back beams.
The five directions are
n = (0, 07 1), no = (0, 0, —1), N = (sin 913, O, C05913),
Ny = (sin 014 cos ¢4, sin O14 sin Pg, cos b14), ns = (sin 45 cos Ps, sin H15 sin s, cos O1s5),

in the following phase space point

9 3r 0 er 0 o 8 3 " 6
183 = T4 14 = 7~ 15 = T~ 4 = 5= &
10’ 10’ 10’ 5’ 5
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Numerical checks

Dipole configurations
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Soft function at NLO
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Dipoles Gluons Quarks TrIpOIG S
G Bell et al. Qf Bell et al. [ [ Cripoles [ Belletal. |
12 | 116.20 £ 0.01 | 116.20 & 0.16 || -36.249 + 0.001 | -36.244 + 0.009 227 | 683,25 1 0.01 | -683.23 - 0.04
ripoles a 6 b d

TS0l [ st [ Etoon [ smarone] || o | e | e

: : : 1 e : RS : g&v) | 6,324+ 0.004 | -6.325 + 0.04
15 | 107.17 £ 0.01 | 106.99 & 0.12 || -35.268 & 0.001 | -35.256 + 0.009 N S 237 . g ggs ﬁzsﬁ N g 239
23 97.11 £ 0.01 | 96.97 +0.10 || -32.875 + 0.002 | -32.872 + 0.008 Cuipoles | - il :
24 67.36 - 0.02 | 67.51 - 0.08 || -26.821 &+ 0.003 | -26.815  0.007 The triol dtoth
25 30.87 £ 0.03 | 30.73 & 0.04 || -21.561 + 0.009 | -21.561 & 0.005 € lripole sums correspond to the
34 69.43 £ 0.01 | 69.24 + 0.07 || -25.854 + 0.002 | -25.861 - 0.006 four independent color structures as
35 106.13 & 0.02 | 105.97 & 0.13 || -34.799 & 0.002 | -34.796 = 0.008 specified by Bell et al.
45 74.45 £ 0.02 | 74.36 £ 0.09 || -28.247 + 0.004 | -28.251 & 0.007
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.
Conclusions

® We calculated the N-jettiness soft function for generic N and demonstrated the analytical
cancellation of poles against renormalization matrix

& We derived a simple representation for the finite, jettiness-dependent remainder, allowing for
faster implementations

@ We found excellent agreement between our numerical results for N = 1,2 and N = 3 and
previous calculations

® We have shown the significant benefits of applying subtraction-inspired methods to derive
representations for building blocks of slicing methods
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Introducing sectors, we arrive to
N, / d
— w - ~
S. [/tc] — 7“/ e <Cmn [den] gP+d tcw [s/?g]>mn

0
1

N, dw ~ -
+ ? > e ((1 = 0°79 Conn) [dQmn] Comn WS [S2])

N, dw mx,nx, | 4€ @
+ ? Z W <( 6b+dcmn) [den] men w ¢4 S [899} >mn’

where Cynn = | — Cymn and [dQmn] = [dQ,][dQ,]. The idea is to calculate the first two terms explicitly, and
expand the last integrand in e.

Back-up
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