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2Introduction

▶ The general structure of the NNLO correction:

dσNNLO

dX =
∫

dΦn VV δn(X) +
∫

dΦn+1 RV δn+1(X) +
∫

dΦn+2 RR δn+2(X)

▶ In the Local Analytic Sector Subtraction scheme this is rewritten as:

dσNNLO

dX =
∫

dΦn VV sub(X) +
∫

dΦn+1 RV sub(X) +
∫

dΦn+2 RR sub(X) ,

where

RR sub(X) ≡ RR δn+2(X) − K (1) δn+1(X) −
(

K (2) − K (12)
)

δn(X) ,

RV sub(X) ≡
(

RV + I (1)
)

δn+1(X) −
(

K (RV) + I (12)
)

δn(X) ,

VV sub(X) ≡
(

VV + I (2) + I(RV)
)

δn(X) .

▶ See Adam’s talk for the discussion regarding RR sub

▶ Focus of this talk: RV sub and VV sub
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3Subtraction terms

RR sub(X) ≡ RR δn+2(X) − K (1) δn+1(X) −
(

K (2) − K (12)
)

δn(X) ,

RV sub(X) ≡
(

RV + I (1)
)

δn+1(X) −
(

K (RV) + I (12)
)

δn(X) ,

VV sub(X) ≡
(

VV + I (2) + I(RV)
)

δn(X) .

▶ K (1) - captures the single unresolved singularities
▶ K (2) - captures the double unresolved singularities
▶ K (12) - accounts for the overlap of K (1) and K (12)

▶ K (12) - accounts for the overlap of K (1) and K (12)

▶ K (RV) - captures the phase-space singularities of RV
▶ I-terms - the integrated versions of the above terms

The beauty of the LASS scheme: The clever design of K-terms
▶ Every contribution is free of explicit ϵ-poles and phase-space singularities
▶ All the subtraction terms are analytical expressions, requiring only numerical

evaluation for each phase-space point during the integration process
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4
The strategy of an implementation of LASS

▶ All the building blocks of the scheme are given in the references [arXiv:1806.09570],
[arXiv:2010.14493], [arXiv:2212.11190] (Magnea et al. 2019, 2020, 2022)

Implementation strategy:

1. Rederive every analytical expression given in these papers
▶ Protects against accidental typos in lengthy equations
▶ Confirmation that one has a correct understanding of the procedure

2. Check the explicit ϵ-pole cancellation

3. Check the singular behavior during the phase-space integration

4. Design an automatic generator of the subtraction terms for any process

5. Implement an efficient MC generator

6. Study the physical processes e+e− → 3 jets, 4 jets, . . .

Bakar Chargeishvili et al. | Analysis of (n + 1) and n-parton contributions for computing QCD jet cross sections in the LASS scheme
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Derivation of the integrated subtraction terms

▶ In some cases the analytical integration of the subtraction terms can be quite involved
▶ Following the strategy of [arXiv:2010.14493] every integral can be reduced to the

following form

Ia,A,B,C,D,E,F,G =

∫ 1

0

dy′

∫ 1

0

dz

∫ 1

0

dz′

∫ 1

0

dw′×

×

(
w′
(

1 − w′
))−1/2+ϵ (

1 − y′
)A (

y′
)B

(1 − z)C zD
(

1 − z′
)E (

z′
)F

[
1 −
(

1 − y′
)

z′
]G−1

[
z
(

1 − z′
)

+ y′(1 − z)z′ + 2
(

1 − 2w′
)√

y′
√

(1 − z)z

√(
1 − z′

)
z′

]a .

▶ For the specific values of (a, A, B, C , D, E , F , G) which appear in the problem, this
was possible to integrate analytically.

▶ Some of the master integrals were double-checked using pySecDec (Heinrich et al.).
▶ The procedure was automatized in FORM and Mathematica packages.
▶ FORM package can rederive all the integrated subtraction terms from the LASS papers

within ∼ 5 seconds.
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Rederived expressions
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where one easily recognises in the five lines the five possible partonic channels
involving the production of a cluster of three collinear particles: in the first line, the
final quark-antiquark pair can have any flavour (including that of the grandparent
(anti)quark, which is the same as that of the final (anti)quark q′), while in the
second line all three (anti)quarks have the same flavour.

• The most intricate channel for flavour sums arises when going from an (n+ 2)-body
phase space to an n-body phase space by replacing two pairs of particles i, j and k, l
with their parent particles, p and t respectively. In this case, the sum over particles
i, j, k, l can be replaced by a sum over p and t according to the following rules.

ςn+2
ςn

∑

i, j>i

∑

k 6=j
k>i

∑

l 6=j
l>k

f qq̄ij f
q′q̄′
kl =

N2
f

2
∑

p,t 6=p
fggpt ,

ςn+2
ςn

∑

i, j>i

∑

k 6=j
k>i

∑

l 6=j
l>k

[
f qq̄ij (fgq

′
kl + fgq̄

′
kl ) + (fgq

′
ij + fgq̄

′
ij )f qq̄kl

]
= Nf

2
∑

p,t 6=p
(fgqpt + fgq̄pt ) ,

ςn+2
ςn

∑

i, j>i

∑

k 6=j
k>i

∑

l 6=j
l>k

(f qq̄ij f
gg
kl + fggij f

qq̄
kl ) = Nf

2
∑

p,t 6=p
fggpt ,

ςn+2
ςn

∑

i, j>i

∑

k 6=j
k>i

∑

l 6=j
l>k

(fgqij + fgq̄ij )(fgq
′

kl + fgq̄
′

kl ) = 1
2
∑

p,t 6=p
(f qp + f q̄p )(f q

′
t + f q̄

′
t ) ,

ςn+2
ςn

∑

i, j>i

∑

k 6=j
k>i

∑

l 6=j
l>k

[
(fgqij + fgq̄ij )fggkl + fggij (fgqkl + fgq̄kl )

]
= 1

4
∑

p,t 6=p
(fgqpt + fgq̄pt ) ,

ςn+2
ςn

∑

i, j>i

∑

k 6=j
k>i

∑

l 6=j
l>k

fggij f
gg
kl = 1

8
∑

p,t 6=p
fggpt . (4.39)

We emphasise that the flavour sum rules listed in this section apply for any final-state
multiplicity and flavour structure. We now have all the tools to assemble the complete in-
tegrated counterterms, which will be naturally organised according to the flavour structures
of the (n+ 1)-particle and of the n-particle phase spaces, as needed.

4.4 Assembling the complete integrated counterterms

After summing all contributions that were differently mapped, relabelling momenta, and
making use of the flavour rules listed in section 4.3, the resulting integrated counterterms
do not bear any remaining trace of the original (n+ 2)-body phase space, and we can
actually get full results for I (1), I (2), I (12), as defined in eq. (2.35). The simplest case is
the integral of the single-unresolved counterterm I (1), which reads

I (1) =
∑

i,j 6=i
I

(1)
ij Wij =

∑

i,j>i

I
(1)
ij Zij , (4.40)

I
(1)
ij = −

∑

c,d 6=c
Js(scd)Rcd +

∑

k

J khc(skr)R , r = rijk .
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Here R is the full squared matrix element for single-real radiation, defined in eq. (2.4), and
Rcd is its colour-correlated counterpart, defined in eq. (A.7). The single-soft integral Js is
given in eq. (E.2), and the collinear integral J khc is given in eq. (E.9). Because of the rule
r = rijk, a dependence of J khc(skr) on i and j is left, excluding the possibility to sum over
sectors in the hard-collinear part of I (1).

The integral of the double-unresolved counterterm, I (2), is more intricate, and we
assemble it according to

I (2) = I
(2)

SS + I
(2)

SHC + I
(2)

HCC + I
(2)

HCHC , (4.41)

distinguishing double-soft, soft-times-hard-collinear and double-hard-collinear contribu-
tions, the last of which may involve three or four Born-level particles. For I (2)

SS we get
contributions containing Born-level colour correlations involving four, three and two par-
ticles, and we write

I
(2)

SS = 1
4
∑

c,d 6=c

{ ∑

e 6=c,d

[ ∑

f 6=c,d,e
J

(4)
s⊗s(scd, sef )Bcdef + 4 J (3)

s⊗s(scd, sed)Bcded
]

(4.42)

+ 2 J (2)
s⊗s(scd)Bcdcd + 2

[
2Nf TR J

(qq̄)
ss (scd)− CA J (gg)

ss (scd)
]
Bcd

}
,

where the constituent integrals are given in eq. (E.4). The soft-times-hard-collinear con-
tribution yields

I
(2)

SHC = −
∑

k

{
J khc(skr)

∑

c,d 6=c
Js(scd)Bcd + J kshc(skr)B + Jk,Ashc (skr)Bkr (4.43)

+
∑

c 6=k,r

[
Jk,Bshc (skr, skc)Bkc + Jk,Bshc (skr, scr)Bcr

]}
, r = rk ,

where the rule r = rk, as defined in eq. (A.14), prevents r from being equal to k. In
eq. (4.43) we have introduced the following soft-times-hard-collinear integrals

J kshc(s) = (f qk+f q̄k )
{

2CF Jgqgs⊗hc(s)+CA
[
Jggqs⊗hc(s)−J

gqg
s⊗hc(s)

]}

+fgk CA
[
2Nf J

gqq
s⊗hc(s)+Jgggs⊗hc(s)

]
,

J k,Ashc (s) = (f qk+f q̄k )
{

2Jgqgs⊗hc(s)+ CA
CF

[
Jggqs⊗hc(s)−J

gqg
s⊗hc(s)

]
−2J 4(2g)

s⊗hc (s,s)
}

+fgk

{
2Nf

[
Jgqqs⊗hc(s)−J

4(1g)
s⊗hc (s,s)

]
+Jgggs⊗hc(s)−J

4(3g)
s⊗hc (s,s)

}
,

J k,Bshc (s,s′) = (f qk+f q̄k )
[
2J 3(2g)

s⊗hc (s,s′)−2J 4(2g)
s⊗hc (s,s′)

]

+fgk

{
2Nf

[
J

3(1g)
s⊗hc (s,s′)−J 4(1g)

s⊗hc (s,s′)
]
+J

3(3g)
s⊗hc (s,s′)−J 4(3g)

s⊗hc (s,s′)
}
, (4.44)

whose constituent integrals can be found in eq. (E.15). Next, we turn to the double-hard-
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collinear integral involving three Born-level particles, which reads

I
(2)

HCC =
∑

k

{
(f qk+f q̄k )

[
Nf J

(0g)
hcc (skr) + 1

2 J
(0g,id)
hcc (skr) + 1

2 J
(2g)
hcc (skr)

]

+ fgk

[
Nf J

(1g)
hcc (skr) + 1

6 J
(3g)
hcc (skr)

]}
B , r = rk ,

where the relevant constituent integrals are given in eq. (E.11). Finally, we come to the
double-hard-collinear integral involving four Born-level particles, which reads

I
(2)
HCHC = 1

2
∑

j,l 6=j

{
(f qj +f q̄j )(f q

′
l +f q̄

′
l )Jqgqg

hc⊗hc
(
sjrslr

)
(4.45)

+(fgqjl +fgq̄jl )
[
Nf J

qqqg
hc⊗hc

(
sjrslr

)
+ 1

2 J
qggg
hc⊗hc

(
sjrslr

)]

+fggjl

[
N2
f J

qqqq
hc⊗hc

(
sjrslr

)
+NfJ

qqgg
hc⊗hc

(
sjrslr

)
+ 1

4J
gggg
hc⊗hc

(
sjrslr

)]}
B , r= rjl ,

where the constituent integrals are given in eq. (E.13). Similarly to I (1), for the integral of
the strongly-ordered counterterm, I (12), we provide expressions with both unsymmetrised
and symmetrised sector functions, so as to make it straightforward to prove that I (12)

compensates sector by sector the phase-space singularities of I (1). Beginning with the
expression involving the original sector functions Wij , we write

I (12) =
∑

i,j 6=i
I

(12)
ij , I

(12)
ij = I

(12)
S,ij Ws,ij + I

(12)
C,ij − I

(12)
SC,ij , (4.46)

where the soft limit of sector functionsWs,ij is given in eq. (C.4). The soft integral I (12)
S,ij can

again be organised in terms of quadruple, triple and simple Born-level colour correlations,
which in this case will be multiplied times eikonal kernels for the second radiation, and
NLO-type soft and hard-collinear integrals. We find (r = rik, r′ = rij , r′′ = rijk)

I
(12)
S,ij = N1

∑

c 6=i
d 6=i,c

E(i)
cd

{ 1
2
∑

e 6=i
f 6=i,e

Js(sef ) B̄(icd)
cdef +

∑

e 6=i,d
Js(sde)

(
B̄

(icd)
cded − B̄

(idc)
cded

)
(4.47)

−CA
[
Js(sic) + Js(sid)− Js(scd)

]
B̄

(icd)
cd − J ihc(sir′)B̄

(icd)
cd

}

−N1
∑

k 6=i
J khc(skr′′)

[ ∑

c 6=i,k,r
d 6=i,c,k,r

E(i)
cd B̄

(icd)
cd + 2

∑

c 6=i,k,r
E(i)
cr B̄

(icr)
cr + 2

∑

c 6=i,k
E(i)
kc B̄

(ick)
kc

]
,

where the component integrals are given in eq. (E.2) and in eq. (E.9). We notice that the
expression contains three different reference particles r, r′, and r′′, all both built according
to the rule in eq. (A.14). In particular r′ = rij and r′′ = rijk introduce a dependence
in I

(12)
S,ij on the particle j of the soft sector function Ws,ij . The collinear integral I (12)

C,ij
is expressed in terms of spin-correlated Born-level squared matrix elements, which in this
case are multiplied times LO collinear kernels for the least-unresolved collinear splitting,
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and times suitable combinations of the same constituent integrals as in eq. (4.47). We find
(with r = rij , r′ = rijk)

I
(12)
C,ij = −N1

Pµνij(r)
sij

{∑

c 6=i,j

∑

d 6=i,j,c
Js(scd)B̄(ijr)

µν,cd+Cf[ij]ρ
(C)
[ij]Js(sij)B̄

(ijr)
µν (4.48)

+
[ ∑

c 6=i,j
Js(sic)

(
ρ(C)
ij B̄

(jri)
µν,[ij]c+f̃

qq̄
ij B̄

(jri)
µν,[ij]c

)

+Cf[ij]ρ
(C)
ij Js(sir)

(
B̄(jri)
µν −B̄(ijr)

µν

)
+(i↔j)

]}
Wc,ij(r)

+N1
Pµνij(r)
sij

[
J ihc(sir)+J

j
hc(sjr)

]
B̄(ijr)
µν Wc,ij(r)+N1

∑

k 6=i,j

Pµνij(r′)
sij

Jkhc(skr′)B̄(ijr′)
µν Wc,ij(r′),

where the collinear limit of sector functions Wc,ij is given in eq. (C.5), and again two
reference particles have to be introduced. Finally, the soft-collinear integral has a similar
structure and reads (with r = rij , r′ = rijk)

I
(12)
SC,ij = − 2N1 E(i)

jr

{
Cfj

∑

c 6=i,j

∑

d 6=i,j,c
Js(scd) B̄(ijr)

cd − CfjCA Js(sij) B̄(ijr) (4.49)

+CA

[ ∑

c 6=i,j
Js(sic) B̄(jri)

[ij]c + Cfj Js(sir)
(
B̄(jri)− B̄(ijr)

)]

+ (2Cfj−CA)
[ ∑

c 6=i,j
Js(sjc) B̄(irj)

[ij]c + Cfj Js(sjr)
(
B̄(irj)− B̄(ijr)

)]}

+ 2N1CfjE
(i)
jr

[
J ihc(sir) + J jhc(sjr)

]
B̄(ijr) + 2N1CfjE

(i)
jr′
∑

k 6=i,j
J khc(skr′) B̄(ijr′).

As already noted, a more compact expression can be obtained using symmetrised sector
functions. We can write

I (12) =
∑

i,j>i

I
(12)
{ij} , I

(12)
{ij} = I

(12)
S,ij Zs,ij + I

(12)
S,ji Zs,ji + I

(12)
HC,ij , (4.50)

where the soft contributions are given by eq. (4.47) and the hard-collinear contribution
I

(12)
HC,ij reads (r = rij , r′ = rijk)

I
(12)
HC,ij = I

(12)
C,ij + I

(12)
C,ji − I

(12)
SC,ij − I

(12)
SC,ji

= −N1
P hc,µν
ij(r)
sij

{ ∑

c 6=i,j

∑

d 6=i,j,c
Js(scd) B̄(ijr)

µν,cd + Cf[ij] ρ
(C)
[ij] Js(sij) B̄

(ijr)
µν

+
[ ∑

c 6=i,j
Js(sic)

(
ρ(C)
ij B̄

(jri)
µν,[ij]c + f̃ qq̄ij B̄

(jri)
µν,[ij]c

)

+Cf[ij] ρ
(C)
ij Js(sir)

(
B̄(jri)
µν − B̄(ijr)

µν

)
+ (i↔ j)

]}

+N1
P hc,µν
ij(r)
sij

[
J ihc(sir) + J jhc(sjr)

]
B̄(ijr)
µν +N1

∑

k 6=i,j

P hc,µν
ij(r′)
sij

J khc(skr′) B̄(ijr′)
µν . (4.51)

– 38 –

J
H
E
P
0
7
(
2
0
2
3
)
1
4
0

Furthermore, we can enforce the desired cancellation between K
(RV)
ij and I

(12)
ij for each

component. Specifically, we require that
[
SiRV Wij +

(
∆S,i + I

(12)
S,ij

)
Ws,ij

]
poles

= 0 ,
[
Cij RV Wij +

(
∆C,ij + I

(12)
C,ij

)]
poles

= 0 ,
[
Si Cij RV Wij +

(
∆SC,ij + I

(12)
SC,ij

)]
poles

= 0 . (5.18)

Since the pole parts of both I
(12)
ij and K

(RV)
ij, expected are explicitly known, the necessary

compensating terms are easily determined. An expression for the three components of ∆ij

can be constructed in a minimal way by considering all and only the single poles of I (12)
ij

with mismatching kinematics. Since they consist in differences of logarithms, or differences
of Born matrix elements (which vanish in the soft or collinear limit), we decided to promote
the differences of logarithms to ratios of scales, raised to a power vanishing with ε. This non-
minimal structure simplifies subsequent integrations, and it only affects finite parts, without
introducing new phase-space singularities. Beginning with the soft term ∆S,i, we define

∆S,i = − αs
2π N1

∑

c 6=i
d 6=i,c

E(i)
cd

{
1

2ε2
∑

e 6=i,c
f 6=i,c,e

[(
sef

s̄
(icd)
ef

)−ε
− 1

]
B̄

(icd)
efcd + 1

ε2
∑

e 6=i,d

[(
sed

s̄
(icd)
ed

)−ε
− 1

]
B̄

(icd)
edcd

+
[( 1
ε2

+ 2
ε

)
2Cfc + γhc

c

ε

](
B̄

(icd)
cd − B̄(idc)

cd

)}

− αs
2π N1

∑

k 6=i
c 6=i,k,r

E(i)
cr

γhc
k

ε

(
B̄(irc)
cr − B̄(icr)

cr

)
, r = rik . (5.19)

Thanks to the fact that in the soft limit the mapped momenta coincide with the unmapped
ones, the first eq. (5.17) is fulfilled in a straightforward way. The first relation in eq. (5.18)
is less evident, but can be proven by simply performing the ε expansion of SiRV , ∆S,i

and I (12)
S,ij . For the collinear component, we define (r = rij , r′ = rijk)

∆C,ij = αs
2π N1

Pµνij(r)
sij

1
ε2
∑

c 6=i,j

{ ∑

d 6=i,j,c

[(
scd

s̄
(ijr)
cd

)−ε
−1
]
B̄

(ijr)
µν,cd+2

[
1−

(
s̄

(ijr)
jc

s[ij]r

)−ε ]
B̄

(ijr)
µν,[ij]c

+
{
ρ(C)
ij

[(
s̄

(jri)
ic

s̄
(jri)
ir

)−ε
−
(
sirs̄

(jri)
ic

s̄
(jri)
ir sic

)−ε ]
B̄

(jri)
µν,[ij]c

+ f̃ qq̄ij

[(
s̄

(jri)
ic

µ2

)−ε
−
(
s̄

(jri)
ic

sic

)−ε ]
B̄(jri)
µν,[ij]c+(i↔ j)

}}
Wc,ij(r)

+αs
2π N1

∑

k 6=i,j

(
γhc
k

ε
+φhc

k

)[Pµνij(r)
sij

B̄(ijr)
µν Wc,ij(r)−

Pµνij(r′)
sij

B̄(ijr′)
µν Wc,ij(r′)

]
, (5.20)

where ρ(C)
ij , f̃ qq̄ij , γhc

k , φhc
k and B̄ are defined in appendix A, andWc,ij(r) is given in eq. (C.5).

The third eq. (5.17) can be verified by considering that in the collinear limit Cij we have

k̄
(ijr)
j , k̄

(jri)
i

Cij−−→ k[ij], k̄(ijr)
r , k̄(jri)

r

Cij−−→ kr, k̄(ijr)
c , k̄(jri)

c

Cij−−→ kc. (5.21)
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Again the second eq. (5.18) can be proven upon expansion in ε. Finally for the soft-collinear
component we introduce (with r = rij , r′ = rijk)

∆SC,ij = αs
2π 2N1Cfj E(i)

jr

1
ε2

∑

c 6=i,j

{ ∑

d 6=i,j,c

[(
scd

s̄
(ijr)
cd

)−ε
−1
]
B̄

(ijr)
cd +2

[(
sjr
s[ij]r

)−ε
−
(
s̄

(ijr)
jc

s[ij]r

)−ε ]
B̄

(ijr)
[ij]c

+ CA
Cfj

[(
s̄

(jri)
ic

s̄
(jri)
ir

)−ε
−
(
sir s̄

(jri)
ic

s̄
(jri)
ir sic

)−ε]
B̄

(jri)
[ij]c +

2Cfj−CA
Cfj

[(
s̄

(irj)
jc

s̄
(irj)
jr

)−ε
−
(
sjr s̄

(irj)
jc

s̄
(irj)
jr sjc

)−ε]
B̄

(irj)
[ij]c

}

+ αs
2π 2N1Cfj

∑

k 6=i,j

(
γhc
k

ε
+φhc

k

)[
E(i)
jr B̄

(ijr)−E(i)
jr′ B̄

(ijr′)
]
. (5.22)

With the latter definition we are able to prove the second and the fourth eq. (5.17), by
exploiting the colour algebra of the colour-connected matrix elements, and the cancellation
of the ε poles in the third eq. (5.18). The explicit expression of the components of ∆ij in
eq. (5.16) completes the list of definitions required to implement the subtracted real-virtual
squared matrix element RV sub. Given its finiteness in d = 4, we can now rewrite eq. (5.9) as

RV sub(X) =
∑

i,j 6=i

[(
RVfin + I

(1)
fin,ij

)
Wij δn+1(X)−

(
K

(RV)
fin,ij + I

(12)
fin,ij

)
δn(X)

]
, (5.23)

where the subscript emphasises that, at this stage, all the explicit poles have already been
cancelled. The finite component I (1)

fin,ij is given in eq. (5.5), while I (12)
fin,ij can easily be derived

from eqs. (4.47)–(4.49). Finally, we obtain the finite contribution K
(RV)
fin,ij by computing

the expansion in powers of ε of the sum of eqs. (5.12) and (5.19)–(5.22). We refrain from
giving here the explicit expression for the quantities in eq. (5.23), as we will derive a more
compact result for RV sub(X), in terms of symmetrised sector functions in the next section.

5.1 RV sub with symmetrised sector functions

In the previous section we presented the construction of the subtracted real-virtual matrix
element. We started by introducing the general properties of RV sub, and we discussed
the main steps necessary to provide an explicit form for all the terms that contribute to
its definition, according to eq. (5.9). We then proved that RV sub is free of both explicit
poles and phase-space singularities in each Wij sector separately. As was mentioned in
section 2.1 and in section 3.6, however, one can improve the numerical performance of
the scheme by appropriately symmetrising the sector functions. In this section we present
explicit expressions for RV sub in terms of symmetrised sector functions.

In analogy to the procedure applied at NLO in eq. (2.28), and later generalised to
RR sub in section 3.6, we rewrite the real-virtual counterterm K(RV) in terms of the sym-
metrised sector counterterms K(RV)

{ij} , defined as

K
(RV)
{ij} = K

(RV)
ij +K

(RV)
ji , K(RV) =

∑

i,j 6=i
K

(RV)
ij =

∑

i,j>i

K
(RV)
{ij} . (5.24)

Starting from eq. (5.23), it is then straightforward to obtain

RV sub(X) =
∑

i,j>i

{[
RVfin + I

(1)
fin,ij

]
Zij δn+1(X) +

[
K

(RV)
fin,{ij} + I

(12)
fin,{ij}

]
δn(X)

}
, (5.25)
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with I
(1)
fin,ij given in eq. (5.5). To present explicitly the other finite terms featuring in

eq. (5.25), we organise them in terms of soft and hard-collinear components, writing

K
(RV)
fin,{ij} + I

(12)
fin,{ij} = K

(RV+12)
S,ij Zs,ij +K

(RV+12)
S,ji Zs,ji +K

(RV+12)
HC,ij , (5.26)

where the soft limit of the symmetrised sector functions, Zs,ij , is defined in eq. (3.33).
The finite soft counterterm K

(RV+12)
S,ij is obtained by combining eq. (4.47) with eqs. (5.12)

and (5.19), dropping the explicit poles. The result is extremely compact, and, except for
the process-dependent finite part of the single-virtual squared matrix element, it displays
only simple logarithmic dependence on the kinematics. We find (r = rik, r′ = rij , r′′ = rijk)

K
(RV+12)
S,ij = 4α2

s

∑

c 6=i
d 6=i,c

E(i)
cd

{ ∑

e 6=i
f 6=i,e

(
Lef−

1
4L

2
ef

)
B̄

(icd)
cdef +2

∑

e 6=i,d

(
Led−

1
4L

2
ed

)(
B̄

(icd)
cded −B̄

(idc)
cded

)

+
∑

e 6=i,d
ln2 s̄

(icd)
de

sde
B̄

(icd)
cded −

1
2 ln2 s̄

(icd)
cd

scd
B̄

(icd)
cdcd −2π

∑

e 6=i,c,d
ln sidsie
µ2sde

B̄
(icd)
cde

+
[(

6− 7
2 ζ2

)(
ΣC+2Cfd−2Cfc

)
+
∑

k

φhc
k −

∑

k 6=i
γhc
k Lkr′′−γhc

i Lir′

+CA
(

6−ζ2−ln sic
scd

ln sid
scd
−2ln sicsid

µ2scd

)]
B̄

(icd)
cd

}

+4α2
s

∑

k 6=i

(
φhc
k −γhc

k Lkr′′
)[ ∑

c 6=i,k
E(i)
kc

(
B̄

(ick)
kc −B̄

(ikc)
kc

)
+
∑

c 6=i,k,r
E(i)
cr

(
B̄(icr)
cr −B̄(irc)

cr

)]

+8παs
∑

c 6=i
d 6=i,c

E(i)
cd V̄

(icd)
fin,cd , (5.27)

where V̄ (icd)
fin,cd is the finite part of the colour-correlated, single-virtual squared matrix element,

expressed in the mapped kinematics. We notice that, as happened for I (12)
S,ij , the presence

of the reference particle r′ = rij introduces a dependence on the particle j of the soft sector
function Zs,ij which multiplies K(RV+12)

S,ij .

To conclude this section, we also report the finite hard-collinear counterterm K
(RV+12)
HC,ij ,

which is the result of summing eqs. (4.48) and (4.49) with eqs. (5.12), (5.20), and (5.22).
We find (with r = rij , r′ = rijk)

K
(RV+12)
HC,ij = 4α2

s

P hc,µν
ij(r)
sij

{ ∑

c 6=i,j

[
ln2 s̄

(ijr)
jc

s[ij]r
B̄

(ijr)
µν,[ij]c−

1
2
∑

d 6=i,j,c

(
4Lcd−L2

cd

)
B̄

(ijr)
µν,cd

]

−
∑

c 6=i,j,r

[
ln2 s̄

(ijr)
cr

scr
B̄(ijr)
µν,cr+

ρ(C)
ij

2 Lijcr B̄
(jri)
µν,[ij]c+

ρ(C)
ji

2 Ljicr B̄
(irj)
µν,[ij]c

]

− 1
2
∑

c 6=i,j
f̃ qq̄ij

(
L̃ijcr B̄(jri)

µν,[ij]c−L̃jicr B̄
(irj)
µν,[ij]c

)
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−
[(

6− 7
2 ζ2

)(
ΣC−Cf[ij]ρ

(C)
[ij]

)
+Cf[ij]

ρ(C)
[ij]
2
(
4Lij−L2

ij

)

−Cf[ij]

ρ(C)
ij

2
(
4Lir−L2

ir

)−Cf[ij]

ρ(C)
ji

2
(
4Ljr−L2

jr

)
+Σhc

φ

]
B̄(ijr)
µν

}

−4α2
s

[
2Cfj E

(i)
jr Cf[ij] ln2 sjr

s[ij]r
B̄(ijr) +(i↔j)

]

+4α2
s

[
P hc,µν
ij(r)
sij

(
γhc
i Lir+γhc

j Ljr
)
B̄(ijr)
µν +

∑

k 6=i,j

P hc,µν
ij(r′)
sij

γhc
k Lkr′ B̄

(ijr′)
µν

]

−4α2
s

P̃ hc,µν
fin,ij(r)
sij

B̄(ijr)
µν −8παs

P hc,µν
ij(r)
sij

V̄
(ijr)

fin,µν , (5.28)

where we introduced the shorthand notation

Lijcr = 2 ln sic
sir

[
2− Lic + ln s̄

(jri)
ic

s̄
(jri)
ir

]
, L̃ijcr = 2Lic

[
2− Lic + ln s̄

(jri)
ic

µ2

]
. (5.29)

Notice that also in eq. (5.28) the kinematic dependence is expressed only in terms of simple
logarithms. Our next step is now to integrate the real-virtual counterterm, and add back
the result to complete eq. (2.37).

6 Integration of the real-virtual counterterm

In eqs. (5.14), (5.24) we have defined the counterterm K(RV), that enabled us to build
the subtracted real-virtual squared matrix element RV sub, integrable in the whole (n+ 1)-
body phase space, and free of poles in ε. The K(RV) counterterm needs to be integrated in
d = 4−2ε dimensions in the radiation phase space, and then the result must be added back,
according to the subtraction structure given in eqs. (2.36)–(2.38). In order to compute the
integrated counterterm, I(RV), as defined in eq. (2.35), we proceed by summing over all
sectors Wij , so that sector functions drop out of the calculation, owing to the sum rules
they satisfy (like for example those in (2.11)). We then perform the integration over the
radiative phase space, with the measure dΦ(acd)

rad , naturally induced by the mapping (acd),
according to
∫
dΦn+1({k}) = ςn+1

ςn

∫
dΦ(acd)

n

∫
dΦ(acd)

rad , dΦ(acd)
n ≡ dΦn({k̄}(acd)) , (6.1)

where dΦ(acd)
rad is defined in eq. (4.3). The integration of K(RV) is carried out following

the methods described in ref. [92], and using the fact that the spin-correlated contribu-
tions proportional to the kernels Qµνij(r) and Q̃

µν
ij(r) vanish upon integration, as discussed in

appendix D. The formal expression for the integrated version of K(RV) can be written as
∫
dΦn+1K

(RV) =
∫
dΦn+1

[∑

i

(
SiRV + ∆S,i

)
+
∑

i, j>i

(
HCij RV + ∆HC,ij

)]
, (6.2)
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and the integrals of Qµνij(r), Q̃
µν
ij(r) and Qµνijk(r) vanish in all counterterms:

∫
dΦ(τ)

rad
Qµνij(r)
sij

=
∫
dΦ(τ)

rad
Qij(r)
sij

[
− gµν +(d−2) k̃

µ
i k̃

ν
i

k̃2
i

]
→ 0 , τ = ijr, irj,jri ;

∫
dΦ(τ)

rad
Q̃µνij(r)
sij

=
∫
dΦ(τ)

rad
Q̃ij(r)
sij

[
− gµν +(d−2) k̃

µ
i k̃

ν
i

k̃2
i

]
→ 0 , τ = ijr ;

∫
dΦ(τ)

rad,2
Qµνijk(r)
s2
ijk

=
∑

a=i,j,k

∫
dΦ(τ)

rad,2
Q

(a)
ijk(r)
s2
ijk

[
− gµν +(d−2) k̃

µ
a k̃

ν
a

k̃2
a

]
→ 0 , τ = ijkr . (D.7)

E Constituent integrals

In the following we report the constituent integrals relevant for the analytic integration of
all counterterms at NNLO. Such integrals are schematically denoted as J `t , where t indicates
the type of integral, while ` is a set of labels whose different indices denote distinguished
particles.

The soft integrated kernel is

J ilms ≡ N1

∫
dΦ(ilm)

rad E(i)
lm ≡ δfig Js(s̄

(ilm)
lm ) , (E.1)

with

Js(s) = αs
2π

(
s

eγEµ2

)−ε Γ(1− ε)Γ(2− ε)
ε2 Γ(2− 3ε)

= αs
2π

(
s

µ2

)−ε [ 1
ε2

+ 2
ε

+ 6− 7
12π

2 +
(

18− 7
6π

2 − 25
3 ζ3

)
ε

+
(

54− 7
2π

2 − 50
3 ζ3 −

71
1440π

4
)
ε2 +O(ε3)

]
. (E.2)

The double-soft integrated kernels read

J ijcdefs⊗s ≡ N 2
1

∫
dΦ(icd,jef)

rad,2 E(i)
cd E

(j)
ef ≡ J

(4)
s⊗s
(
s̄

(icd,jef)
cd , s̄

(icd,jef)
ef

)
fggij ,

J ijcdes⊗s ≡ N 2
1

∫
dΦ(icd,jed)

rad,2 E(i)
cd E

(j)
ed ≡ J

(3)
s⊗s
(
s̄

(icd,jed)
cd , s̄

(icd,jed)
ed

)
fggij ,

J ijcds⊗s ≡ N 2
1

∫
dΦ(ijcd)

rad,2 E
(i)
cd E

(j)
cd ≡ J

(2)
s⊗s
(
s̄

(ijcd)
cd

)
fggij ,

J ijcdss ≡ N 2
1

∫
dΦ(ijcd)

rad,2 E
(ij)
cd ≡ 2TR J (qq̄)

ss
(
s̄

(ijcd)
cd

)
f qq̄ij − 2CA J (gg)

ss
(
s̄

(ijcd)
cd

)
fggij , (E.3)
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with

J
(4)
s⊗s(s,s′) =

(
αs
2π

)2(ss′
µ4

)−ε[ 1
ε4

+ 4
ε3

+
(

16−7
6π

2
) 1
ε2

+
(

60−14
3 π

2−50
3 ζ3

)1
ε

(E.4)

+216−56
3 π

2−200
3 ζ3+ 29

120π
4+O(ε)

]
,

J
(3)
s⊗s(s,s′) =

(
αs
2π

)2(ss′
µ4

)−ε[ 1
ε4

+ 4
ε3

+
(

17−4
3π

2
) 1
ε2

+
(

70−16
3 π

2−68
3 ζ3

)1
ε

+284−68
3 π

2−272
3 ζ3+13

90π
4+O(ε)

]
,

J
(2)
s⊗s(s) =

(
αs
2π

)2( s

µ2

)−2ε[ 1
ε4

+ 4
ε3

+
(

18−3
2π

2
) 1
ε2

+
(

76−6π2−74
3 ζ3

)1
ε

+312−27π2−308
3 ζ3+ 49

120π
4+O(ε)

]
,

J (qq̄)
ss (s) =

(
αs
2π

)2( s

µ2

)−2ε[ 1
6

1
ε3

+17
18

1
ε2

+
(116

27 −
7
36π

2
)1
ε

+1474
81 −

131
108π

2−19
9 ζ3+O(ε)

]
,

J (gg)
ss (s) =

(
αs
2π

)2( s

µ2

)−2ε[ 1
2

1
ε4

+35
12

1
ε3

+
(487

36 −
2
3π

2
) 1
ε2

+
(1562

27 −
269
72 π

2−77
6 ζ3

)1
ε

+19351
81 −3829

216 π
2−1025

18 ζ3−
23
240π

4+O(ε)
]
.

The soft real-virtual integrated kernels are

J̃ icds ≡ N1

∫
dΦ(icd)

rad Ẽ
(i)
cd ≡ δfig CA J̃s

(
s̄

(icd)
cd

)
,

J icd(e)
∆s ≡ N1

2
ε2

∫
dΦ(icd)

rad E
(i)
cd

[(
sed

s̄
(icd)
ed

)−ε
− 1

]
≡ fgi J

(3)
∆s

(
s̄

(icd)
cd

)
,

J icd∆s ≡ N1
1
ε2

∫
dΦ(icd)

rad E
(i)
cd

[(
scd

s̄
(icd)
cd

)−ε
− 1

]
≡ fgi J

(2)
∆s

(
s̄

(icd)
cd

)
,

J̃ icdes ≡ N1

∫
dΦ(icd)

rad Ẽ
(i)
cde , (E.5)

with

J̃s(s) = αs
2π

(
s

eγEµ2

)−2ε Γ3(1 + ε)Γ3(1− ε)
4 ε4 Γ(1 + 2ε)Γ(2− 4ε) (E.6)

= αs
2π

(
s

µ2

)−2ε [ 1
4ε4 + 1

ε3
+
(
4− 7

24π
2
)1
ε2

+
(
16− 7

6π
2 − 14

3 ζ3

)1
ε

+ 64− 14
3 π

2 − 56
3 ζ3 −

7
480π

4 +O(ε)
]
,

J (3)
∆s (s) = αs

2π

(
s

µ2

)−ε[(
2− π2

3

) 1
ε2

+
(
16− 2

3π
2 − 12 ζ3

)1
ε

+92− 7
2π

2 − 24 ζ3 −
7
18π

4 +O(ε)
]
,
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J (2)
∆s (s) = αs

2π

(
s

µ2

)−ε[(
2− π2

3

) 1
ε2

+
(
14− 2

3π
2 − 10 ζ3

)1
ε

+74− 23
6 π

2 − 20 ζ3 −
7
36π

4 +O(ε)
]
,

∑

c 6=i,d 6=i,c
e 6=i,c,d

J̃ icdes Bcde = − fgi
αs
2π

∑

c 6=i,d 6=i,c
e 6=i,c,d

Bcde

[1
2 ln s̄ce

s̄de
ln2 s̄cd

µ2 + 1
6 ln3 s̄ce

s̄de
+ Li3

(
− s̄ce
s̄de

)
+O(ε)

]
.

The hard-collinear integrated kernels are given by

J ijrhc ≡ N1

∫
dΦ(ijr)

rad
P hc
ij(r)
sij

≡ J
(0g)
hc

(
s̄

(ijr)
jr

)
f qq̄ij + J

(1g)
hc

(
s̄

(ijr)
jr

)
(fgqij + fgq̄ij ) + J

(2g)
hc

(
s̄

(ijr)
jr

)
fggij , (E.7)

where

J
(0g)
hc (s) = αs

2π

(
s

eγEµ2

)−ε Γ(1− ε)Γ(2− ε)
εΓ(2− 3ε) TR

−2
3− 2ε

= αs
2π

(
s

µ2

)−ε
TR

[
− 2

3
1
ε
− 16

9 −
(140

27 −
7
18π

2
)
ε

−
(1252

81 − 28
27π

2 − 50
9 ζ3

)
ε2 +O(ε3)

]
,

J
(1g)
hc (s) = αs

2π

(
s

eγEµ2

)−ε Γ(1− ε)Γ(2− ε)
εΓ(2− 3ε) CF

(
− 1

2

)

= αs
2π

(
s

µ2

)−ε
CF

[
− 1

2
1
ε
− 1−

(
3− 7

24π
2
)
ε−

(
9− 7

12π
2 − 25

6 ζ3

)
ε2 +O(ε3)

]
,

J
(2g)
hc (s) = αs

2π

(
s

eγEµ2

)−ε Γ(1− ε)Γ(2− ε)
εΓ(2− 3ε) CA

(
− 1

3− 2ε

)
(E.8)

= αs
2π

(
s

µ2

)−ε
CA

[
− 1

3
1
ε
− 8

9 −
(70

27 −
7
36π

2
)
ε

−
(626

81 −
14
27π

2 − 25
9 ζ3

)
ε2 +O(ε3)

]
.

A useful combination of these constituent integrals is

J khc(s) = (f qk+f q̄k ) J (1g)
hc (s) + fgk

[
Nf J

(0g)
hc (s) + 1

2 J
(2g)
hc (s)

]

= αs
2π

(
s

µ2

)−ε [γhc
k

ε
+ φhc

k +O(ε)
]
. (E.9)

The hard double-collinear integrated kernels are given by

J ijkrhcc ≡ N 2
1

∫
dΦ(ijkr)

rad,2
P hc
ijk(r)
s2
ijk

≡ J
(0g)
hcc

(
s̄

(ijkr)
kr

)
(f qq̄q

′
ijk + f qq̄q̄

′
ijk ) + J

(0g,id)
hcc

(
s̄

(ijkr)
kr

)
(f qq̄qijk + f qq̄q̄ijk ) (E.10)

+ J
(1g)
hcc

(
s̄

(ijkr)
kr

)
f qq̄gijk + J

(2g)
hcc

(
s̄

(ijkr)
kr

)
(fggqijk + fggq̄ijk ) + J

(3g)
hcc

(
s̄

(ijkr)
kr

)
fgggijk ,
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with

J
(0g)
hcc (s) =

(
αs
2π

)2( s

µ2

)−2ε
CFTR

[1
6

1
ε2

+
(13

36 + 1
9π

2
) 1
ε
− 119

216 + 17
108 π

2 + 14
3 ζ3 +O(ε)

]
,

J
(0g,id)
hcc (s) =

(
αs
2π

)2( s

µ2

)−2ε
CF

(
2CF −CA

)

×
[
−
(13

8 −
1
4 π

2 +ζ3

) 1
ε
− 227

16 +π2 + 17
2 ζ3−

11
120 π

4 +O(ε)
]
,

J
(1g)
hcc (s) =

(
αs
2π

)2( s

µ2

)−2ε

×
{
CFTR

[
− 2

3
1
ε3
− 31

9
1
ε2
−
(889

54 −π
2
) 1
ε
− 23833

324 + 31
6 π2 + 160

9 ζ3 +O(ε)
]

+CATR

[
− 1
ε3
− 89

18
1
ε2
−
(1211

54 −
3
2π

2
)1
ε
− 2620

27 + 89
12π

2 + 80
3 ζ3 +O(ε)

]}
,

J
(2g)
hcc (s) =

(
αs
2π

)2( s
µ2

)−2ε
{
C2
F

[
− 2
ε3
− 37

4
1
ε2
−
(307

8 −3π2 +4ζ3

) 1
ε

− 2361
16 + 111

8 π2 + 136
3 ζ3−

π4

3 +O(ε)
]

+CFCA

[
− 1

2
1
ε3
− 23

12
1
ε2
−
(241

36 −
1
18 π

2−4ζ3

) 1
ε

− 4609
216 + 53

216 π
2− 47

6 ζ3 + 7
20 π

4 +O(ε)
]}

,

J
(3g)
hcc (s) =

(
αs
2π

)2( s
µ2

)−2ε
C2
A

[
− 5

2
1
ε3
− 77

6
1
ε2
−
(

48− 11
4 π2 +3ζ3

) 1
ε

− 16943
108 + 61

4 π2 + 56
3 ζ3−

9
40 π

4 +O(ε)
]
. (E.11)

For the hard-collinear times hard-collinear integrated kernels we have

J ijklrhc⊗hc ≡ N 2
1

∫
dΦ(ijr,klr)

rad,2
P hc
ij(r)(sir, sjr)

sij

P hc
kl(r)(skr, slr)

skl

≡ Jqqqq
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

)
f qq̄ij f

q′q̄′
kl

+ Jqqqg
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

) [
f qq̄ij (fgq

′
kl +fgq̄

′
kl )+(fgq

′
ij +fgq̄

′
ij )f qq̄kl

]

+ Jqqgg
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

)
(f qq̄ij f

gg
kl + fggij f

qq̄
kl )

+ Jqgqg
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

)
(fgqij + fgq̄ij )(fgq

′
kl + fgq̄

′
kl )

+ Jqggg
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

) [
(fgqij +fgq̄ij )fggkl +fggij (fgqkl +fgq̄kl )

]

+ Jgggg
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

)
fggij f

gg
kl , (E.12)

– 86 –

J
H
E
P
0
7
(
2
0
2
3
)
1
4
0

with

Jqqqq
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
T 2
R

[4
9

1
ε2

+ 64
27

1
ε

+ 284
27 −

16
27 π

2 +O(ε)
]
,

Jqqqg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
TR CF

[1
3

1
ε2

+ 14
9

1
ε

+ 181
27 −

4
9 π

2 +O(ε)
]
,

Jqqgg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
TR CA

[2
9

1
ε2

+ 32
27

1
ε

+ 142
27 −

8
27 π

2 +O(ε)
]
,

Jqgqg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
C2
F

[1
4

1
ε2

+ 1
ε

+ 17
4 −

1
3 π

2 +O(ε)
]
,

Jqggg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
CACF

[1
6

1
ε2

+ 7
9

1
ε

+ 181
54 −

2
9 π

2 +O(ε)
]
,

Jgggg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
C2
A

[1
9

1
ε2

+ 16
27

1
ε

+ 71
27 −

4
27 π

2 +O(ε)
]
. (E.13)

The soft-times-hard-collinear integrated kernels read

J jkricds⊗hc ≡ N 2
1

∫
dΦ(jkr,icd)

rad,2
P hc
jk(r)

sjk
E(i)
cd

≡ fgi

[
J

4(1g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cd

)
fqq̄jk +J

4(2g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cd

)
(fgqjk+fgq̄jk )+J

4(3g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cd

)
fggjk

]
µ=jkr,icd

,

J jkricrs⊗hc ≡ N 2
1

∫
dΦ(jkr,icr)

rad,2
P hc
jk(r)

sjk
E(i)
cr

≡ fgi

[
J

3(1g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cr

)
fqq̄jk +J

3(2g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cr

)
(fgqjk+fgq̄jk )+J

3(3g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cr

)
fggjk

]
µ=jkr,icr

,

J krjics⊗hc ≡ N 2
1

∫
dΦ(krj,icj)

rad,2
P hc
jk(r)

sjk
E(i)
jc

≡ fgi

[
J

3(1g)
s⊗hc

(
s̄

(µ)
jr , s̄

(µ)
jc

)
fqq̄jk +J

3(2g)
s⊗hc

(
s̄

(µ)
jr , s̄

(µ)
jc

)
(fgqjk+fgq̄jk )+J

3(3g)
s⊗hc

(
s̄

(µ)
jr , s̄

(µ)
jc

)
fggjk

]
µ=krj,icj

,

J krjirs⊗hc ≡ N 2
1

∫
dΦ(µ)

rad,2
P hc
jk(r)

sjk
E(i)
jr

≡ fgi

[
Jgqqs⊗hc

(
s̄

(µ)
jr

)
fqq̄jk +Jggqs⊗hc

(
s̄

(µ)
jr

)
fgj (fqk+f q̄k )

+Jgqgs⊗hc

(
s̄

(µ)
jr

)
(fqj +f q̄j )fgk +Jgggs⊗hc

(
s̄

(µ)
jr

)
fggjk

]
µ={krj,irj; krj,ijr}

, (E.14)

with

J
4(1g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
TR

[
−2

3
1
ε3
− 28

9
1
ε2
−
(

344
27 −

7
9π

2
)

1
ε
− 3928

81 + 98
27π

2 + 100
9 ζ(3)+O(ε)

]
,

J
4(2g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
CF

[
−1

2
1
ε3
− 2
ε2
−
(

8− 7
12π

2
)

1
ε
−30+ 7

3π
2 + 25

3 ζ(3)+O(ε)
]
,

J
4(3g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
CA

[
−1

3
1
ε3
− 14

9
1
ε2
−
(

172
27 −

7
18π

2
)

1
ε
− 1964

81 + 49
27π

2 + 50
9 ζ(3)+O(ε)

]
,

J
3(1g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
TR

[
−2

3
1
ε3
− 28

9
1
ε2
−
(

362
27 −

8
9π

2
)

1
ε
− 4504

81 + 112
27 π

2 + 136
9 ζ(3)+O(ε)

]
,

J
3(2g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
CF

[
−1

2
1
ε3
− 2
ε2
−
(

17
2 −

2
3π

2
)

1
ε
−35+ 8

3π
2 + 34

3 ζ(3)+O(ε)
]
,
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J
3(3g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
CA

[
−1

3
1
ε3
− 14

9
1
ε2
−
(

181
27 −

4
9π

2
)

1
ε
− 2252

81 + 56
27π

2 + 68
9 ζ(3)+O(ε)

]
,

Jgqqs⊗hc(s) =
(
αs
2π

)2(
s

µ2

)−2ε
TR

[
−2

3
1
ε3
− 28

9
1
ε2
−
(

344
27 −

17
18π

2
)

1
ε
− 4225

81 + 128
27 π

2 + 139
9 ζ(3)+O(ε)

]
,

Jgqgs⊗hc(s) =
(
αs
2π

)2(
s

µ2

)−2ε
CF

[
−1

2
1
ε3
− 2
ε2
−
(

9−5
6π

2
)

1
ε
−38+ 19

6 π
2 + 101

6 ζ(3)+O(ε)
]
,

Jggqs⊗hc(s) =
(
αs
2π

)2(
s

µ2

)−2ε
CF

[
−1

2
1
ε3
− 2
ε2
−
(

8−2
3π

2
)

1
ε
−32+ 17

6 π
2 + 59

6 ζ(3)+O(ε)
]
, (E.15)

Jgggs⊗hc(s) =
(
αs
2π

)2(
s

µ2

)−2ε
CA

[
−1

3
1
ε3
− 14

9
1
ε2
−
(

199
27 −

5
9π

2
)

1
ε
− 2477

81 + 119
54 π

2 + 101
9 ζ(3)+O(ε)

]
.

Finally the hard-collinear real-virtual integrated kernels read

J̃ ijrhc ≡ N1

∫
dΦ(ijr)

rad
P̃ hc
ij(r)

sij
≡ J̃ (0g)

hc

(
s̄

(ijr)
jr

)
fqq̄ij + J̃

(1g)
hc

(
s̄

(ijr)
jr

)
(fgqij +fgq̄ij )+ J̃

(2g)
hc

(
s̄

(ijr)
jr

)
fggij ,

J ijr
∆hc
≡ N1

2
ε2

∫
dΦ(ijr)

rad
P hc
ij(r)

sij

[(
scr

s̄
(ijr)
cr

)−ε
−1
]

≡ J (0g)
∆hc

(
s̄

(ijr)
jr

)
fqq̄ij +J (1g)

∆hc

(
s̄

(ijr)
jr

)
(fgqij +fgq̄ij )+J (2g)

∆hc

(
s̄

(ijr)
jr

)
fggij ,

J ijrc
∆hc

≡ N1
2
ε2

∫
dΦ(ijr)

rad

{
P hc
ij(r)

sij

[
1−
(
s̄

(ijr)
jc

s[ij]r

)−ε]
+2CfjE(i)

jr

[
1−
(
sjr
s[ij]r

)−ε]
+2CfiE(j)

ir

[
1−
(
sir
s[ij]r

)−ε]}

≡
[
J (0g)
∆hc,A

(
s̄

(ijr)
jr

)
+J (0g)

∆hc,B

(
s̄

(ijr)
jc

)]
fqq̄ij +

[
J (1g)
∆hc,A

(
s̄

(ijr)
jr

)
+J (1g)

∆hc,B

(
s̄

(ijr)
jc

)]
(fgqij +fgq̄ij )

+
[
J (2g)
∆hc,A

(
s̄

(ijr)
jr

)
+J (2g)

∆hc,B

(
s̄

(ijr)
jc

)]
fggij ,

Jjri,c
∆hc

≡ N1
ρ(C)
ij

ε2

∫
dΦ(jri)

rad
P hc
ij(r)

sij

[(
s̄

(jri)
ic

s̄
(jri)
ir

)−ε
−
(
sir s̄

(jri)
ic

s̄
(jri)
ir sic

)−ε]

≡
[
Jqq
∆hc,A

(
s̄

(jri)
ir

)
+Jqq

∆hc,B

(
s̄

(jri)
ic

)]
fqq̄ij +

[
Jqg
∆hc,A

(
s̄

(jri)
ir

)
+Jqg

∆hc,B

(
s̄

(jri)
ic

)]
(fqi +f q̄i )fgj

+
[
Jgq
∆hc,A

(
s̄

(jri)
ir

)
+Jgq

∆hc,B

(
s̄

(jri)
ic

)]
fgi (fqj +f q̄j )+

[
Jgg
∆hc,A

(
s̄

(jri)
ir

)
+Jgg

∆hc,B

(
s̄

(jri)
ic

)]
fggij ,

J̃jri,c
∆hc

≡ N1
ε2

∫
dΦ(jri)

rad
TR
sij

(
1− 2

1−ε
sirsjr
s2

[ij]r

)[(
s̄

(jri)
ic

µ2

)−ε
−
(
s̄

(jri)
ic

sic

)−ε]
≡ J̃c

∆hc

(
s̄

(jri)
ir , s̄

(jri)
ic

)
, (E.16)

where

J̃
(0g)
hc (s) = αs

2π

(
s

µ2

)−2ε
TR

{
NfTR

[4
9

1
ε2

+64
27

1
ε

+284
27 −

2
3π

2+O(ε)
]

+CF
[2

3
1
ε3

+31
9

1
ε2

+
(431

27 −π
2
)1
ε

+5506
81 −

31
6 π

2−124
9 ζ3+O(ε)

]

+CA
[
− 1

3ε3−
31
18

1
ε2
−
(211

27 −
1
2π

2
)1
ε
−5281

162 +31
12π

2+62
9 ζ3+O(ε)

]}
,

J̃
(1g)
hc (s) = αs

2π

(
s

µ2

)−2ε
CF

{
CF

[
−
(5

4−
π2

3

) 1
ε2
−
(15

2 −
2
3π

2−10ζ3

)1
ε

−141
4 +109

24 π
2+20ζ3−

7
45π

4+O(ε)
]

+CA
[ 1

4ε3 + 1
2ε2 +

(
1−π

2

24−4ζ3

)1
ε

+9
4+ 7

12π
2−67

6 ζ3−
11
90π

4+O(ε)
]}
,
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J̃
(2g)
hc (s) = αs

2π

(
s

µ2

)−2ε
CA

{
NfTR

[1
3

1
ε

+25
9 +O(ε)

]

+CA
[ 1

6
1
ε3
−
(28

9 −
2
3π

2
) 1
ε2
−
(61

3 −
7
4π

2−12ζ3

)1
ε

−15805
162 +38

3 π
2+221

9 ζ3−
5
9π

4+O(ε)
]}

; (E.17)

J (0g)
∆hc (s) = αs

2π

(
s

µ2

)−ε
TR

[
−
(4

3−
2
9π

2
)1
ε
−104

9 +16
27π

2+8ζ3+O(ε)
]
,

J (1g)
∆hc (s) = αs

2π

(
s

µ2

)−ε
CF

[
−
(

1−π
2

6

)1
ε
−8+π2

3 +6ζ3+O(ε)
]
,

J (2g)
∆hc (s) = αs

2π

(
s

µ2

)−ε
CA

[
−
(2

3−
π2

9

)1
ε
−52

9 + 8
27π

2+4ζ3+O(ε)
]
; (E.18)

J (0g)
∆hc,A(s) = αs

2π

(
s

µ2

)−ε
TR

[
−4

3
1
ε3
−32

9
1
ε2
−
(280

27 −
7
9π

2
)1
ε
−2504

81 +56
27π

2+100
9 ζ3+O(ε)

]
,

J (0g)
∆hc,B(s) = αs

2π

(
s

µ2

)−ε
TR

[4
3

1
ε3

+32
9

1
ε2

+
(244

27 −
5
9π

2
)1
ε

+1784
81 −

40
27π

2−52
9 ζ3+O(ε)

]
,

J (1g)
∆hc,A(s) = αs

2π

(
s

µ2

)−ε
CF

[
− 1
ε3
−
(

6−2
3π

2
) 1
ε2
−
(

30−23
12π

2−16ζ3

)1
ε

−126+49
6 π

2+121
3 ζ3+π4

9 +O(ε)
]
, (E.19)

J (1g)
∆hc,B(s) = αs

2π

(
s

µ2

)−ε
CF

[ 1
ε3

+ 2
ε2

+
(

5− 5
12π

2
)1
ε

+12−5
6π

2−13
3 ζ3+O(ε)

]
,

J (2g)
∆hc,A(s) = αs

2π

(
s

µ2

)−ε
CA

[
−2

3
1
ε3
−
(88

9 −
4
3π

2
) 1
ε2
−
(1436

27 −
55
18π

2−32ζ3

)1
ε

−18748
81 +406

27 π
2+626

9 ζ3+2
9π

4+O(ε)
]
,

J (2g)
∆hc,B(s) = αs

2π

(
s

µ2

)−ε
CA

[2
3

1
ε3

+16
9

1
ε2

+
(122

27 −
5
18π

2
)1
ε

+892
81 −

20
27π

2−26
9 ζ3+O(ε)

]
;

Jqq
∆hc,A(s) = αs

2π

(
s

µ2

)−ε
TR

[2
3

1
ε3

+16
9

1
ε2

+
(122

27 −
4
9π

2
)1
ε

+1108
81 −

44
27π

2−47
9 ζ3+O(ε)

]
,

Jqq
∆hc,B(s) = αs

2π

(
s

µ2

)−ε
TR

[
−2

3
1
ε3
−16

9
1
ε2
−
(140

27 −
7
18π

2
)1
ε
−1252

81 +28
27π

2+50
9 ζ3+O(ε)

]
,

Jqg
∆hc,A(s) = αs

2π

(
s

µ2

)−ε
(2CF−CA)

[1
2

1
ε3

+ 1
ε2

+
(7

2−
11
24π

2
)1
ε

+23
2 −

2
3π

2−32
3 ζ3+O(ε)

]
,

Jqg
∆hc,B(s) = αs

2π

(
s

µ2

)−ε
(2CF−CA)

[
− 1

2ε3−
1
ε2
−
(

3− 7
24π

2
)1
ε
−9+ 7

12π
2+25

6 ζ3+O(ε)
]
,

Jgq
∆hc,A(s) = αs

2π

(
s

µ2

)−ε
CA

[ 1
2ε3 + 1

ε2
+
(5

2−
7
24π

2
)1
ε

+13
2 −

5
6π

2−5
3ζ3+O(ε)

]
, (E.20)

Jgq
∆hc,B(s) = αs

2π

(
s

µ2

)−ε
CA

[
− 1

2ε3−
1
ε2
−
(

3− 7
24π

2
)1
ε
−9+ 7

12π
2+25

6 ζ3+O(ε)
]
,
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Jgg
∆hc,A(s) = αs

2π

(
s

µ2

)−ε
CA

[ 1
3ε3 +8

9
1
ε2

+
(88

27−
11
36π

2
)1
ε

+716
81 −

17
54π

2−64
9 ζ3+O(ε)

]
,

Jgg
∆hc,B(s) = αs

2π

(
s

µ2

)−ε
CA

[
− 1

3ε3−
8
9

1
ε2
−
(70

27−
7
36π

2
)1
ε
−626

81 +14
27π

2+25
9 ζ3+O(ε)

]
.
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Cancellation of the poles

▶ The cancellation of the explicit poles of RV by I (1) is manifest

▶ In case of VV , upon expansion of I(2) + I(RV) we could obtain the general pole structure
of VV [Catani 1998] with the opposite sign (as advertised by the LASS papers):

VVpoles = 2 Re

[
−

1
2

〈
M(0)

∣∣I(1)(ϵ)I(1)(ϵ)
∣∣M(0)

〉
−

β0

ϵ

〈
M(0)

∣∣I(1)(ϵ)
∣∣M(0)

〉
+
〈

M(0)
∣∣I(1)(ϵ)

∣∣M(1)
〉

+ e−ϵγ Γ(1 − 2ϵ)
Γ(1 − ϵ)

(
β0

ϵ
+ K
)〈

M(0)
∣∣I(1)(2ϵ)

∣∣M(0)
〉

+
〈

M(0)
∣∣H(2)(ϵ)

∣∣M(0)
〉]

+ Re

[
2
〈

M(1)
∣∣I(1)(ϵ)

∣∣M(0)
〉

−
〈

M(0)
∣∣I(1)†(ϵ)I(1)(ϵ)

∣∣M(0)
〉]
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9Explicit check of the cancellation for e+e− → 3 jets

(
I(2) + I(RV)

)
poles

= B
(

αs

2π

)2[ 1
ϵ4

(
CA2

2
+
(

2CF −
17
3

)
CA + 2CF2 −

34CF
3

)
+

1
ϵ3

((
log
(

µ
2
)

+ log(s12) − log(s13) − log(s23) +
11
24

)
CA2

+

(
−

nfTr
6

−
34 log

(
µ2
)

3
− 6 log(s12) +

26 log(s13)
3

+CF
(

4 log
(

µ
2
)

− 2 log(s13) − 2 log(s23) +
47
12

)
+

26 log(s23)
3

−
164
9

)
CA

+
34nfTr

9
+ CF2

(
4 log
(

µ
2
)

− 4 log(s12) + 6
)

+CF

(
−

nfTr
3

−
68 log

(
µ2
)

3
+

32 log(s12)
3

+ 6 log(s13) + 6 log(s23) −
98
3

)
+

1
ϵ2 (. . . ) +

1
ϵ

(. . . )
]

▶ With the opposite sign this exactly agrees with the standarde+e− → 3 jet
references [Garland, Gehrmann et al. 2001], [Gehrmann-De Ridder,
Gehrmann et al. 2007].
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RVsub(X) ≡
(

RV + I(1)
)

δn+1(X) −
(

K (RV) + I(12)
)

δn(X) (1)

▶ Automatic generation of I(1), K (RV) and I(12) using FORM.

▶ The RV matrix element is extracted from [Bern, Dixon, Kosower 1997].

▶ Everything is fed to the MC integrator (see Adam’s talk).

▶ Time to perform ymin study (see Adam’s talk for the definition).
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11Saturation plots for e+e− → qq̄gg
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12Saturation plots for e+e− → qq̄qq̄
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13Saturation plots for e+e− → qq̄r r̄
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Event shapes

▶ After reassuring in the stability of the integration procedure, one can fix the ymin value
and produce the distributions of some event shape observables.

▶ In the following we will examine following event shape observables:
1. τ -parameter (thrust):

T = max
n⃗

(∑
i |⃗n · p⃗i |∑

i |⃗pi |

)
, τ ≡ 1 − T .

2. C-parameter:

Cpar =
3
2

∑
i,j |⃗pi ||⃗pj | sin2 θij(∑

i |⃗pi |
)2 .

3. Energy-energy correlation:

EEC(χ) =
1

σhad

∑
i,j

∫
Ei Ej

Q2 dσe+e−→i j+X δ(cos χ + cos θij ).

4. Jet-cone energy fraction:

dΣJCEF
d cos χ

=
∑

i

∫
Ei
Q

dσe+e−→i+X δ

(
cos χ −

p⃗i · n⃗T
|⃗pi |

)
.
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τ -parameter and C -parameter: qq̄qq̄-channel
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τ -parameter and C -parameter: qq̄r r̄ -channel
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τ -parameter and C -parameter: qq̄gg-channel
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EEC and JCEF: qq̄qq̄-channel
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EEC and JCEF: qq̄r r̄ -channel
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EEC and JCEF: qq̄gg-channel
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▶ We demonstrated a proof-of-concept implementation of the LASS scheme.

▶ Numerous expressions from the LASS papers were successfully cross-checked.

▶ We have full analytic and numeric control of RR, RV , and VV contributions.

▶ Efficient automatic generation and integration of the subtraction terms were achieved.

▶ First distributions of the event shape observables using the LASS scheme were
obtained.

▶ Significant progress was made towards the full automation of the current LASS
scheme.
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