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QCD Phase Diagram and LHC Analysis

Introduction

I Phase diagram at µ = 0

II Phase diagram at µ 6= 0
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Introduction

at high temperature and/or density

QCD undergoes a transition from the hadronic phase to the quark-gluon plasma

confinement - deconfinement

quenched: full QCD:
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Introduction

Chiral symmetry restoration SUV (NF ) → SUL(NF ) × SUR(NF )
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T < Tc: VT = VL 6= AT = AL T > Tc: VT = AT 6= VL = AL

• at T > Tc, chiral symmetry restoration: V = A

• at T 6= 0, for spatial correlations: rotational SO(3) → SO(2) × Z(2)

⇒ VT 6= VL, AT 6= AL possible
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Introduction

Quantum Statistics in equilibrium :

partition function Z = tr
{

e−Ĥ/T
}

→ Feynman path integral

Z(T, V ) =
∫
Dφ(~x, τ ) exp

{
−

∫ 1/T

0
dτ

∫ V

0
d3~xLE[φ(~x, τ )]

}

- integral over all configurations φ(~x, τ )

- weighted by Boltzmann factor exp(−SE)

- euclidean “time” τ = it

- (anti-) periodic boundary conditions in τ

apply standard thermodynamic relations, e.g.

energy density ε = T 2

V
∂ ln Z
∂T

∣∣∣∣
V

specific heat cV = 1
V T 2

∂2 ln Z
∂(1/T )2

∣∣∣∣∣
V

in general

〈O〉 =
1

Z
tr
{
Ôe−Ĥ/T

}
=

1

Z

∫
DφO[φ]e−SE [φ]
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also : starting point of perturbation theory i.e. expansion in coupling strength g
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Recall Introduction

numerical treatment of QCD ⇒ discretize (Euclidean) space-time

⇒ lattice

N 3
σ × Nτ

τ
a N   a = 1/T

L = N   aσ

Z(T, V ) =
∫ NτN3

σ∏

i=1
dφ(xi) exp {−S[φ(xi)]}

finite yet high-dimensional path integral

→ Monte Carlo

• thermodynamic limit, IR - cut-off effects LT = Nσ
Nτ

→ ∞ (finite size scaling)

• continuum limit, UV - cut-off effects aT = 1
Nτ

→ 0 improved actions

• chiral limit m → mphys ' 0

numerical effort ∼ (1/m)p
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Phase diagram at vanishing baryon density (µ = 0)

as expected in the mu,d − ms plane
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[Pisarski, Wilczek;

Rajagopal, Wilczek;

Gocksch et al.]
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Phase diagram at µ = 0

critical temperature NF = 2 + 1, physical K mass
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p4fat3: nf=2+1

combined continuum/chiral extrapolation (d = 1.08 for O(4), d = 2 for first order )

(Tc r0)ml,Nτ = Tc r0 + A(mPS r0)
d + B/N 2

τ

chiral limit Tcr0 = 0.444(6)+12
−2 Tc/

√
σ = 0.399(5)+10

−1

phys. point Tcr0 = 0.456(7)+3
−1 Tc/

√
σ = 0.408(7)+3

−1

with new T = 0 MILC (lattice) results for r0 = 0.469(7)fm obtain: Tc = 192(5)(4)MeV
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Phase Diagram at µ = 0

NF = 3

Binder cumulant B4

B = 〈δM4〉
〈δM2〉2

- intersection for various V
yields critical value of m

- value of B4 is universal
- corrections from V finite and

‘order parameter not matched
correctly’
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mc ' 4 mphys
u → mPS ' 290 MeV std

→ 70 MeV improved

indicating large lattice artefacts

standard action

[Bielefeld;

deForcrand, Philipsen]
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not identical with chiral condensate 〈qq〉

(chiral symmetry broken by mq 6= 0 anyway)

M = 〈qq〉 + s S
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Equation of State preliminary Phase Diagram at µ = 0
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Phase Diagram at µ = 0

LHC → properties of the Quark-Gluon Plasma

e.g. J/Ψ suppression
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technical side remark: Phase Diagram at µ = 0

the difficulty
p

T 4
= N 4

τ × {signal ± statistical error}

ideal gas limit at finite aT = 1/Nτ :

gluon part fermion part
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⇒ improved actions mandatory

improving thermodynamics: Naik action, p4 action

improving flavor symmetry: fat links, stout links
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Phase diagram at non-vanishing baryon density (µB = 3µq 6= 0)

it is generally believed that the fireball expansion follows a line of fixed S/NB
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Phase diagram at µ 6= 0

expected properties :
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???
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GSI

in detail dependent on
masses of light flavors

mu,d � ms NF = 2

mu,d < ms NF = 2 + 1

mu,d ' ms NF = 3

chemical potential µ

∼ baryon density [see e.g. Rajagopal, Wilczek]
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Phase Diagram at µ 6= 0

the problem :

ZGC(T, V, µ) =
∫
DUµ DqDq exp {−SG(U) + qM(µ)q}

integrate over quark fields

ZGC(T, V, µ) =
∫
DUµ det M(µ) exp {−SG(U)}

• for µ 6= 0 : det M(µ) complex ⇒ can not be used as statistical weight in Monte Carlo

• reformulate: det M(µ) = | det M(µ)| eiΘ and use phase Θ as (part of the) observable:

〈O 〉det M = 〈O eiΘ 〉| detM | / 〈 eiΘ 〉| detM |

• but : 〈 eiΘ 〉| detM | ∼ e−V ‘sign problem’
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Phase Diagram at µ 6= 0

∗ ‘Reweighting’ [Glasgow; Fodor,Katz]

simulate at parameters p0 = (g, m, µ)0 and reweight to p = (g, m, µ)

DUe−SG(p) det M(p) = DUe−SG(p0) det M(p0) ? e−[SG(p)−SG(p0)]
det M(p)
det M(p0)

simulation correction-factor
Glasgow

T

µ

New

• limited by overlap

∗ ‘Taylor-expansion’ [Bielefeld-Swansea; Gavai,Gupta]

〈O〉
(µ

T

)
= 〈O〉µ=0 + 〈Õ2〉µ=0 ?

(µ

T

)2
+ 〈Õ4〉µ=0 ?

(µ

T

)4
+ ... with Õk =

1

k!

∂kO det M

∂µk

• limited by convergence radius

∗ ‘imaginary µ’ [Forcrand,Philipsen; D’Elia,Lombardo]

- µ = iµI ⇒ det M real and positive

- analytic continuation to real µ

• limited by Z(µI/T ) = Z(µI/T + 2π/3)
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Phase Diagram at µ 6= 0

∗ ‘canonical’ [Forcrand,Kratochvila]

ZC(B) =
1

2π

∫
d
(µI

T

)
exp

{
−i3B

µI

T

}
ZGC(µ = µI)

- sample at fixed µI

- Fourier transform each determinant → work ∼ N 9
σ × Nτ

- combine with reweighting in µI

- back to ZGC(µ) by
∑

B exp
{
+3B µ

T

}
ZC(B)

16



Phase Diagram at µ 6= 0

• applicable at small values for µ in the phenomenologically relevant range for RHIC, LHC

• first, exploratory results in qualitative agreement, further systematic investigations required

• in particular at smaller quark masses :

NF = 3, improved action
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- considerable quark mass dependence
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Phase Diagram at µ 6= 0

pressure quark number density
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• comparison: up to O(µ4) (dashed) with up to O(µ6) (full) suggests rapid convergence

• contribution to total p is small: p(µ = 0)/T 4 ' O(4)

18



Phase Diagram at µ 6= 0

quark number susceptibility isovector susceptibility
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⇒ around T0 strong correlations between u and d fluctuations
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Phase Diagram at µ 6= 0

• χq rises rapidly with increasing µq, but rise to a large extent due to rise in pressure
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Critical endpoint Phase diagram at µ 6= 0

convergence radius
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nearest (complex) singularity determines convergence radius
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- SB limit: ρk = ∞ for k ≥ 4

- for T big: approaching SB limit

- at Tc(µ) : ρk ' 1

- ck > 0 ⇒ convergence radius indicates critical point

Results:

- Gavai, Gupta: µB,E ' 180MeV (Taylor expansion)

- Fodor, Katz: µB,E ' 360MeV (Lee-Yang zeroes)

- Bi-Swansea: LGT consistent with HRG, HRG analytic (Taylor expansion)
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Phase Diagram at µ = 0

existence of a critical endpoint ?

standard scenario :
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critical region has the tendency to grow with µI ⇒ shrink with real µ [deForcrand, Philipsen]

under investigation on finer lattices/ with improved actions
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