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beyond General Relativity

! ongoing search for a unified description of

! gravity

! gauge interactions of the Standard Model

↪→ string theories as the most promising proposal

! low-energy effective action in string theories

! dilaton (φ): a scalar field accompanying gravity

! at the leading order (when restricted to gravity and the dilaton)

↪→ Einstein gravity coupled to the dilaton

! additional spatial dimensions

! required by the string theories’ formulation

! have to be compactified or warped

↪→ dilaton gravity in a 5d brane scenario
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scalar-tensor theories of gravity & conformal frames

! dilaton gravity: a scalar-tensor theory of gravity

↪→ can be formulated in various conformally-related frames
! gravitational Lagrangians differ e.g. in the coefficient of the Ricci scalar

↪→ (generically) scalar field dependent coefficients

! Einstein frame: L = 1
2κ R + · · · (coefficient: a constant)

! Jordan frame: e.g. L = 1
16π φR + · · ·

(coefficient: a polynomial function of the scalar field)

! string frame: e.g. L = e−φ α1
2 R + · · ·

(coefficient: an exponential function of the dilaton)

! related (gµν & egµν ) by a conformal (Weyl) transformation: gµν = Ω(x)2 egµν
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non-minimal matter-dilaton coupling

! if a matter term Lm is included into the Lagrangian in one frame

! conformal transformation to another frame will change its coefficient

↪→ if constant in one frame, it will become dilaton dependent in the other

! which conformal frame is the natural physical frame?

! no clear consensus

↪→ in which frame the matter-dilaton coupling should be minimal?

! thus: a general non-minimal coupling f (φ)Lm

of the dilaton to the brane matter Lagrangian

! choice: working in the Einstein frame
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dilaton gravity at the brane with general matter-dilaton coupling

! 5d Lagrangian density:

L = α1
2

h
R− 2

3∇
σ∂σφ− 1

3 (∂φ)2
i
− V (φ) + f (φ)LB δB

! f (φ)LB δB : brane localized term

↪→ position of the co-dimension 1 brane: Dirac delta type distribution δB

! ‘cosmological constant’-type term (λ) on the brane:

f (φ)LB = f (φ)Lm + λ(φ) (Lm : matter content of the universe)

! induced (projected) brane metric: hµν = gµν − nµnν (covariant approach)

! nµ: vector field orthonormal to the brane at its position

! gµν : Rµν
ρσ & ∇µ vs hµν : Rµν

ρσ & Dµ

! assume a Z2 symmetry for the bulk (with its fixed point at the brane position)

! usually imposed ‘automatically’

! crucial for the existence of the effective brane equations
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at the brane: effective Einstein-like equation

! consequently, the effective Einstein-like equation at the brane reads

Rµν − 1
2 hµνR = 8πG τµν − hµνΛ(φ) + f 2(φ)

4α2
1

πµν − Eµν

+ 2
9 (∂µφ)(∂νφ)− 5

36 hµν (∂φ)2

! G = −1
48πα2

1
f (φ)λ(φ) (effective brane Newton’s constant)

! τµν = hµν Lm−2 δLm
δhµν , τφ = f ′(φ)

f (φ) Lm + δLm
δφ (brane localized sources)

! Λ = 1
2α1

V − 1
4α2

1

h
3f 2

4 τ2
φ −

1
3 λ2 + 3

4 λ′2 + 3f
2 λ′τφ

i
(eff. brane cosmol. const.)

! πµν ≡ − τµρτρ
ν + 1

3 τ τµν + 1
2 hµντσ

ρ τρ
σ − 1

6 hµν τ2

! bulk’s influence on the brane gravity: Eµν = nαhβ
µnγhδ

ν Cαβγδ

(bulk Weyl tensor projected on the brane)

! consistency condition (on the brane sources): Dλ
`
f (φ)τλ

µ

´
= f (φ) τφ(∂µφ)

(brane: ‘generalized’ covariant conservation of the energy-momentum tensor)
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on the brane: spatial derivative of the energy density

! effective Einstein-like equation at the brane:

Rµν − 1
2 hµνR = 8πG τµν − hµνΛ(φ) + f 2(φ)

4α2
1

πµν − Eµν

+ 2
9 (∂µφ)(∂νφ)− 5

36 hµν (∂φ)2

! assumptions:
! bulk: anti de Sitter type spacetime: AdS5 → Eµν = 0

! brane: perfect fluid → τµν = ρm tµtν + pm γµν (ρm : (dark) matter & radiation)

! calculus ingredients
! 4d Bianchi identity: Dν

`
Rµν − 1

2 hµνR
´

= 0

! consistency condition: Dλ
`
f (φ)τλ

µ

´
= f (φ) τφ(∂µφ)

! consequently, the spatial derivative of the energy density reads

ρm,i = −
“

f ′
f ρm − λ′

f

”
φ,i +

α2
1

3f 2(ρm+pm)

h
Dν∂iφ− φ̇−1φ,i Dν∂tφ

i
(∂νφ)
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on the brane: late universe

! φ ≈ const (induces variation of fundamental constants)

! terms O
`
(∂φ)

´
still treated as non-negligible

! terms O
`
(∂φ)D∂φ

´
can be dropped, as φ̈ % φ̇2 expected

(if φ̈ /#φ̇2: currently observed φ ≈ const would be another coincidence problem)

! also: typically φ,i " c1 φ̇ where c1 ∼ O
`
1

´

! spatial variation of the fundamental constants

expected to be smaller than their time variation
(any initial inhomogeneities of the dilaton washed out by inflation)

! to start with: λ &= λ(φ)

(‘cosmological constant’-type term in the energy-momentum tensor on the brane)

Dominika Konikowska University of Würzburg, Institute for Theoretical Physics and Astrophysics

Dilaton gravity at the brane with general matter-dilaton coupling



introduction at the brane: effective Einstein-like equation inhomogeneous perfect fluid on the brane in AdS5? conclusions

late universe: spatial derivative of the energy density

! hence for the late universe we obtain

ρm,i ' − f ′
f ρm φ,i

spatial inhomogeneities in the matter energy density

are highly constrained

for the ‘popular’ assumptions of AdS5 bulk and perfect fluid on the brane

! inhomogeneous perfect fluid (ρm,i &= 0) on the brane is allowed

only if the matter on the brane non-minimally coupled to the dilaton (f ′ &= 0)
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example: observationally allowed values

! experimental limits: Ġ/G < 10−12 yr−1

(observations: solar system, pulsar timing, CMB, BBN)

↪→ for λ′ = 0 → f ′
f φ̇ < 10−12 yr−1

! with φ,i " c1 φ̇

↪→ observationally allowed values: f ′
f φ,i " c1 · 10−12 ly−1

! thus spatial inhomogeneities in the energy density:

ρm,i "−c1 ρm · 10−12 ly−1

↪→ to be compared with the observational data!. . .

however: perhaps not so restrictive for λ = λ(φ)?
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on the brane: late universe

! again: the spatial derivative of the energy density reads

ρm,i = −
“

f ′
f ρm − λ′

f

”
φ,i +

α2
1

3f 2(ρm+pm)

h
Dν∂iφ− φ̇−1φ,i Dν∂tφ

i
(∂νφ)

! ingredients: late universe approximations
! φ ≈ const

! terms O
`
(∂φ)

´
still treated as non-negligible

! terms O
`
(∂φ)D∂φ

´
can be dropped

! G ≈ const

! experimental limits: Ġ/G < 10−12 yr−1

! G,i " c1Ġ as G = G(φ) and φ,i " c1 φ̇

↪→ λ′(φ) ≈ − f ′(φ)
f (φ) λ(φ)
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late universe: spatial derivative of the energy density

! hence for the late universe we obtain

ρm,i ' − f ′
f

`
ρm + λ

f
´
φ,i

↪→ similar conclusions as for the λ &= λ(φ) case!

! spatial inhomogeneities in the matter energy density are highly constrained

for the ‘popular’ assumptions of AdS5 bulk and perfect fluid on the brane

↪→ inhomogeneous perfect fluid (ρm,i %= 0) on the brane is allowed

only if the matter on the brane non-minimally coupled to the dilaton (f ′ %= 0)

! inhomogeneities in the matter energy density suppressed by small φ,i :
! φ̇0 " 2.5 H0 ≈ 1.8 · 10−10 yr−1

! (model-independent) bound set by current observational data

! analysis: deceleration parameter q0 < 0 for [ρ2
m]& [ρm] (in modified Friedmann eq.)

with Ωtot = Ωm + ΩΛ + Ωφ = 1, Ωm0 > 0.2, H0 ≈ 70 km
s·Mpc

! φ,i " c1 φ̇, where c1 ∼ O
`
1

´

↪→ φ0,i " 1.8 c1 · 10−10 ly−1
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example: maximal observationally allowed values

! ingredients (late universe):

! φ0,i ≈ 1.8 c1 · 10−10 ly−1 (max.)

! observations:
P

i Ωi = 1 up to 2%

dilaton gravity at the brane - modified Friedmann equation:
P

i Ωi = 1 + Ωm
f〈ρm〉

2λ (AdS5, perfect fluid; Ωm = 〈ρm〉/ρc )

thus for Ωm
f〈ρm〉

2λ ≈ 2% (max.) → f 〈ρm〉/λ ≈ 0.14 (for Ωm = 0.28)

! thus spatial inhomogeneities in the energy density:

ρm,i ' − f ′
f

`
0.14 ρm + 〈ρm〉

´
1.3 c1 · 10−9 ly−1

! a bit less restrictive than for λ &= λ(φ) . . .

↪→ but will it be possible to adjust f ′/f to fit our universe?. . .
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conclusions & outlook

! dilaton gravity addressed in a 5d brane scenario

! brane: non-minimal dilaton–matter coupling f (φ)

! assumptions (popular in the literature):
! bulk: anti de Sitter type spacetime

! brane: perfect fluid (matter content of the universe)

" energy density inhomogeneities constrained
! non-minimal dilaton–matter coupling essential

↪→ λ &= λ(φ): an upper bound on ρm,i ,

to be compared straight away with the observational data!

↪→ λ = λ(φ): can f ′/f be appropriately adjusted,

so that our universe’s structures can be described?

! or: no pure AdS5 bulk if on the brane minimal matter-dilaton coupling?
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