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The flavor puzzle
‣ Mixing in neutrino and quark 

sectors is non-trivially 
different

‣ CKM mixing small, mass 
hierarchies large

‣ PMNS mixing large, mass 
hierarchy much smaller

‣ Is this the result of anarchy 
or is some kind of structure 
behind it?
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One answer: discrete symmetries

‣ Produce mixings via Yukawa sector

‣ All kinds of non-abelian discrete symmetries like 
S3, A4, S4, … can be used to approach the flavor 
puzzle (e.g. Bhattacharyya, Leser, Päs, arXiv:1006.5597)

‣ through specific choice of representations for 
particle content

‣ through vacuum alignment of extra scalars 
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A different approach

‣ Masses and mixings of neutrinos are very different 
from other particles of SM.

‣ Through a seesaw model, a link between low energy 
neutrino physics and New Physics at a high scale 
can be constructed. 

‣ Idea: Leptonic flavor structure arises from 
topological configuration of knotted strings.
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Knots and links

‣ Motivation:

‣ Closed strings can have the correct quantum 
numbers of a right-handed neutrino 
(e.g., Arkani-Hamed, Dimopoulos, Dvali, arXiv:hep-ph/9811448)

‣ String configurations such as knots and links can 
contribute to the mass of closed string states.

‣ As string tension tends to minimize string length, 
knot and link lengths can be assumed to be 
proportional to string spectrum.
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Knots and links

‣ Previous applications:

‣ This idea using QCD flux tubes has been used to 
explain the spectrum of glueball candidates by 
Buniy, Kephart, Holmes. (arXiv: 0209339, 0408027, 1010.5832)

‣ Mapping of Standard Model particle spectrum to 
knotted flux tubes. (Finkelstein, hep-th/0408218)

6



Philipp Leser | DESY, 2011-09-28

Description of the model

‣ generic type I seesaw

‣ flavor structure originates from right-handed sector

7

M =

0
BB@

mK
1 mL

1 mL
2

mL
1 mK

2 mL
3

mL
2 mL

3 mK
3

1
CCA mD =

0
B@
mD

1 0 0
0 mD

2 0
0 0 mD

3

1
CA

�L �L�R �RM

h�i h�i

Mflv
� =m¸DM

�1mD



Philipp Leser | DESY, 2011-09-28

Mass spectrum
‣ Majorana masses mK/L are 

proportional to the spectrum 
of knots and links lengths:

‣ Caveat: We assume model, 
there is no detailed UV 
completion at the moment.
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Some Knots

All possible prime knots 

ranging from 31 to 949. 

Diagrams by Ali Roth/Cabinet, 

from Knots and Links by 

Dale Rolfsen 
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933 82.7691 82.7541
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Determining the hierarchy

‣ After applying the seesaw formula, it is possible to 
diagonalize the mass matrix approximately for three 
scenarios:

‣ normal, inverted, degenerate hierarchies.

‣ Each scenario leads to some conditions on the 
mass parameters:
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Inverted / 
Degenerate
‣ Both are disfavored by the 

model:

‣ Inverted hierarchy leads to 
conditions that require all 
the neutrino masses to be 
zero.

‣ Degenerate spectrum would 
force off-diagonal entries of 
M to be zero.
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Expectations
‣ The model predicts a normal 

neutrino mass hierarchy.

‣ It should provide a better fit 
than a random spectrum for 
MK/L.

‣ Almost degenerate spectrum 
of knots and links lengths 
should fulfill conditions for 
normal hierarchy easily.
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62 57.0381 57.0235
63 57.8531 57.8392

6

2
1 54.3919 54.3768
6

2
2 56.7087 56.7000
6

2
3 58.1142 58.1013

6

3
1 57.8286 57.8141
6

3
2 58.0112 58.0070
6

3
3 50.5602 50.5539

71 61.4234 61.4067
72 63.8684 63.8556
73 63.9430 63.9285
74 64.2836 64.2687
75 65.2705 65.2560
76 65.7068 65.6924
77 65.6235 65.6086

7

2
1 64.2484 64.2345
7

2
2 65.0363 65.0204
7

2
3 65.3414 65.3257
7

2
4 65.0759 65.0602
7

2
5 66.2068 66.1915
7

2
6 66.3281 66.3147
7

2
7 55.5177 55.5095
7

2
8 57.7714 57.7631

7

3
1 65.8157 65.8062

81 70.9833 70.9669
82 71.4141 71.3985

Link Ropp Rop

82 71.4141 71.3985
83 71.1736 71.1575
84 71.4872 71.4704
85 72.1519 72.1344
86 72.4903 72.4725
87 72.2292 72.2137
88 72.7438 72.7241
89 72.4568 72.4399
810 72.9580 72.9379
811 72.9110 72.8966
812 73.9707 73.9518
813 72.8194 72.8000
814 73.7784 73.7612
815 73.9076 73.8977
816 73.5207 73.5054
817 74.5075 74.4912
818 74.9114 74.9063
819 60.9970 60.9858
820 63.1066 63.0929
821 65.5387 65.5248

8

2
1 68.4208 68.4045
8

2
2 71.0493 71.0311
8

2
3 72.7292 72.7133
8

2
4 72.5995 72.5855
8

2
5 73.9503 73.9331
8

2
6 73.2133 73.1955
8

2
7 74.3917 74.3752
8

2
8 73.7714 73.7540
8

2
9 73.2196 73.2038
8

2
10 73.6729 73.6548
8

2
11 72.9786 72.9608
8

2
12 73.8018 73.7846
8

2
13 74.1522 74.1369
8

2
14 73.6878 73.6695
8

2
15 64.3105 64.2996
8

2
16 66.8148 66.8046

8

3
1 72.2765 72.2603
8

3
2 72.9357 72.9181
8

3
3 74.8824 74.8656
8

3
4 75.0026 74.9866
8

3
5 73.4072 73.3932
8

3
6 74.7320 74.7159
8

3
7 60.5897 60.5754
8

3
8 65.0195 65.0042

Link Ropp Rop

8

3
8 65.0195 65.0042

8

3
9 66.7076 66.6936

8

3
10 68.4580 68.4503

8

4
1 75.2748 75.2592

8

4
2 67.4087 67.3937

8

4
3 66.2969 66.2865

91 75.5663 75.5461
92 78.1231 78.1066
93 78.2040 78.1892
94 78.2793 78.2665
95 78.6615 78.6447
96 79.5802 79.5597
97 79.6924 79.6731
98 80.0276 80.0080
99 79.8965 79.8778
910 79.8009 79.7855
911 80.1355 80.1180
912 80.0997 80.0834
913 80.2657 80.2498
914 80.0193 80.0001
915 80.8941 80.8725
916 80.1334 80.1143
917 80.4718 80.4530
918 81.5816 81.5673
919 80.9196 80.9004
920 80.2421 80.2219
921 81.1083 81.0920
922 81.0587 81.0390
923 81.2922 81.2733
924 80.9626 80.9451
925 81.1348 81.1198
926 80.9241 80.9053
927 81.1838 81.1813
928 81.0878 81.1352
929 81.2019 81.1821
930 81.4811 81.4883
931 81.6751 81.6581
932 81.5343 81.5175
933 82.7691 82.7541
934 82.1884 82.1706
935 79.2390 79.2165
936 80.2275 80.2064
937 81.1744 81.1674
938 81.7858 81.7697

38

TABLE 3. Part 1 of Ropelengths of Tight Knots and Links by Knot Type
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Numerical analysis
‣ Dirac masses are set to 

electroweak order, but are 
allowed to vary in fit.

‣ Squared mass differences 
are mostly determined by 
Dirac sector.

‣ Mixing parameters are 
calculated for each possible 
combination of links and 
knots.

12

‣ Double beta decay parameter 
mββ, lightest neutrino mass 
m0 and angle θ13 are 
calculated.

‣ Comparison with random 
numbers.
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Numerical results
‣ Of all possible 107 combinations, 

3% yield an acceptable fit.

‣ About 300000 models with normal 
hierarchy, 400 with inverted.

‣ The best fit lies in the normal hierarchy 
regime.

‣ Consistently higher number of acceptable 
models than runs with random numbers.

13

4

In order to assess the viability of these models we compare them with an approach based on random numbers:
The same model structure is assumed, but the list of characteristic lengths is replaced by a list of random numbers
between 0 and the largest knot length of the actual list of knot lengths. This is repeated for several sets of random
numbers. The results of this comparison can be found in Tab. II. In all cases, the best fit model is in the normal
hierarchy regime and the total number of viable models with a normal neutrino mass hierarchy is much larger than
the number of models with an inverted mass hierarchy. There are two e↵ects that explain this discrepancy: In our
models with an inverted mass hierarchy, ✓13 is usually predicted to be larger than the current bound, while the models
with normal mass hierarchy predict a naturally small ✓13. This explains the discrepancy observed within each set of
random numbers, as can be seen in Tab. II.

In addition to this, the relative number of models with a normal neutrino mass hierarchy is even larger in the case
of knots and links. This can be explained by the conditions of Eqs. 7–11, which lead to the the spectrum of knots
and links being able to fit the requirements for a normal mass hierarchy easier than random numbers.

For all random cases considered the total number of acceptable models is lower than the total number of acceptable
models in the case of knots and links. This means that the models using the characteristic lengths of knots and links
are more suitable to fit the neutrino data than a fit using random numbers.

hierarchy �

2
K1 K2 K3 L1 L2 L3 m

D
1 [GeV] mD

2 [GeV] mD
3 [GeV] Scale factor [GeV]

normal 0.002 01 05 11 11 12 06 100.391 104.155 101.971 5.9 · 1013

inverted 7.262 01 11 06 12 00 13 202.484 126.717 80.652 1.6 · 1013

TABLE I. The model parameters giving the best fit for normal and inverted hierarchies. The knots and links indices refer to
table III.

To determine the phenomenological consequences of the allowed models, the following observables are calculated:

• the double beta decay parameter m�� , given by the 11-entry of Eq. 4,

• the lightest neutrino mass m0,

• the neutrino mixing angle ✓13.

In the normal hierarchy case, m�� tends to be small, i.e. between 0.001 eV and 0.01 eV. Note that the best fits yield
values for m�� between 0.001 eV and 0.007 eV. In the case of an inverted neutrino mass hierarchy, m�� takes on
values between 0.01 eV and 0.02 eV. As is to be expected for a model with inverted hierarchy, the double beta decay
parameter m�� is larger than in the normal case.

As the angle ✓13 is small and the contribution from m0 is negligible, this is in line with the results from Ref. [14],
where the double-beta parameter m�� is given as:

m�� ⇡
(p

�m2
12 sin

2 (✓12) for normal hierarchyp
�m2

23 resp.
p

�m2
23 cos (2✓12) for inverted hierarchy

. (14)

The lightest neutrino mass in the normal hierarchy case is below 0.003 eV. This is illustrated in Fig. 1. The
corresponding plot for an inverted neutrino mass hierarchy shows that a slightly larger lightest mass of up to 0.007 eV
is possible in that case. In both cases, the neutrino masses are well below the current bound on the sum of the
neutrino masses

P
mi . 0.5 eV[20–29].

The neutrino mixing angle ✓13 has not been measured directly yet and only reliable upper bounds are available,
although a recent measurement from the T2K experiment[30, 31] suggests a non-zero lower bound for ✓13 at 2.5�.
Within the framework of the global fit of experimental data used here[19], a best fit value of the angle can be calculated.
That best fit value has been used to fit the model parameters of this work. If one takes only the angles and squared
mass di↵erences into account that have actually been observed and fits the model parameters to those values, it is
possible to predict the mixing angle ✓13. This has been done for normal and inverted neutrino mass hierarchies and
the results are shown in Figs. 3 and 4. It can be seen that in the case of a normal neutrino mass hierarchy, a small
angle ✓13 close to zero is strongly preferred. In the case of inverted mass hierarchy, a large angle ✓13 is preferred,
although some results are still below the applicable bound.

Taking the results from the recent T2K publication[30] into account a range for sin2 2✓13 is given as 0.03(0.04) <
sin2 2✓13 < 0.28(0.34) for a normal (inverted) neutrino mass hierarchy at 90% CL. Within the allowed �2 range
assumed here, the results of this paper are compatible with these bounds.

7

number of accepted samples

set normal hierarchy inverted hierarchy

knots and links 321952 400

random 0 120619 3685

random 1 231748 2957

random 2 266868 1941

random 3 142333 3598

random 4 145388 3427

random 5 167163 3376

random 6 244459 1283

random 7 189467 5200

random 8 256586 4078

random 9 229931 1649

TABLE II. Comparison of the number of accepted mode in the case of knots and links vs. ten cases where the list of knots and
links is replaced by sets of random numbers.

index knot length [a.u.] link length [a.u.]

00 32.7436 25.1334

01 42.0887 40.0122

02 47.2016 49.7716

03 49.4701 54.3768

04 56.7058 56.7000

05 57.0235 58.1013

06 57.8392 57.8141

07 61.4067 58.0070

08 63.8556 50.5539

09 63.9285 64.2345

10 64.2687 65.0204

11 65.2560 65.3257

12 65.6924 65.0602

13 65.6086 66.1915

14 66.3147

15 55.5095

16 57.7631

17 65.8062

TABLE III. Characteristic lengths of knots and links up to knot order 7, taken from Ref. [15]
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Numerical results
‣ mββ is smaller than 0.01 eV for 

all normal hierarchy models.

‣ The lightest neutrino mass is 
below 0.003 eV which gives a 
sum of all masses well below 
the current bound of 0.5 eV.

‣ θ13 close to zero is preferred, 
but the results are still 
compatible with the recent 
results from T2K: 
(0.03 ＜ sin2 2θ13 ＜ 0.28)
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Conclusions 

‣ The discrete spectrum of knots and links can be 
used to derive the neutrino mixing parameters.

‣ It produces a larger number of viable models than a 
spectrum of random numbers.

‣ The model favors a normal neutrino mass hierarchy 
and predicts a small mixing angle θ13.
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links is replaced by sets of random numbers.
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